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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 49 |. This is test number [ 193 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.

Mathematica 12.3 (64 bit) on windows 10.

. Rubi 4.16.1 in Mathematica 12.1 on windows 10.
. Maple 2021.1 (64 bit) on windows 10.

. Maxima 5.44 on Linux. (via sagemath 9.3)

2
3
4
5.
6
7
8

Fricas 1.3.7 on Linux (via sagemath 9.3)

. Giac/Xcas 1.7 on Linux. (via sagemath 9.3)
. Sympy 1.8 under Python 3.8.8 using Anaconda distribution on Ubuntu.
. Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 under win-

dows 10 (64 bit)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not
integrable, as this implies CAS could not determine that the integral is not integrable in
the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automat-
ically and this special result is listed in the introduction section of each individual test
report to make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi %93.88(46) | %6.12(3)

Mathematica | % 95.92 (47 ) | % 4.08 (2)

Maple %9796 (48) | %2.04(1)
Maxima % 59.18 (29 ) | % 40.82 (20)
Fricas % 32.65 (16 ) | %67.35(33)
Sympy %2041 (10) | %79.59 (39)
Giac % 34.69 (17 ) | %65.31 (32)
Mupad % 34.69 (17 ) | %65.31 (32)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antideriva-
tives generated by each CAS. The grading is given using the letters A,B,C and F with
A being the best quality. The grading is accomplished by comparing the antiderivative
generated with the optimal antiderivatives included in the test suite. The following table
describes the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf
size.

B Integral was solved and antiderivative is optimal in quality but leaf
size is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the opti-
mal antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 93.88 0.00 0.00 6.12
Mathematica 73.47 0.00 22.45 4.08
Maple 53.06 28.57 16.33 2.04
Maxima 40.82 18.37 0.00 40.82
Fricas 14.29 14.29 4.08 67.35
Sympy 20.41 0.00 0.00 79.59
Giac 18.37 16.33 0.00 65.31
Mupad 4.08 30.61 0.00 65.31

Table 1.3: Antiderivative Grade distribution of each CAS




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The following table shows the distribution of the different types of failure for each CAS.
There are 3 types of reasons why it can fail. The first is when CAS returns back the input
within the time limit, which means it could not solve it. This the typical normal failure F .

The second is due to time out. CAS could not solve the integral within the 3 minutes time
limit which is assigned F(-1).



The third is due to an exception generated. Assigned F(-2). This most likely indicates an
interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in CAS. This type of error
requires more investigations to determine the cause.

System Number failed | Percentage nor-| Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 3 100.00 % 0.00 % 0.00 %
Mathematica | 2 100.00 % 0.00 % 0.00 %
Maple 1 100.00 % 0.00 % 0.00 %
Maxima 20 100.00 % 0.00 % 0.00 %
Fricas 33 96.97 % 3.03 % 0.00 %
Sympy 39 66.67 % 33.33 % 0.00 %
Giac 32 93.75 % 6.25 % 0.00 %
Mupad 32 100.00 % 0.00 % 0.00 %

Table 1.4: Time and leaf size performance for each CAS




1.3 Performance
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The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time | Mean size | Normalized | Median Normalized
(sec) mean size median
Rubi 0.43 268.20 0.98 190.00 1.00
Mathematica | 5.72 301.87 1.26 272.00 1.08
Maple 0.58 2060.08 4.59 355.00 1.63
Maxima 0.42 233.38 1.37 209.00 1.38
Fricas 4.54 1185.88 4.83 361.50 2.35
Sympy 7.57 1960.50 12.68 501.50 2.99
Giac 8.61 728.29 4.84 374.00 1.63
Mupad 1.85 592.82 2.70 309.00 2.07

Table 1.5: Time and leaf size performance for each CAS

The following are bar charts for the normalized leafsize and time used columns from the

above table.
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Normalized mean size of antiderivative
Lower is better

Mean time used (seconds)
Lower is better

1.4 list of integrals that has no closed form an-
tiderivative

{BO,B1)
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1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}
Mupad {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it easier to do
further investigation to determine why it was not possible to verify the result produced.

Rubi {29]}

Mathl%rlla.ﬁca. @@l
A8, 49}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.
Giac Verification phase not implemented yet.

Mupad Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral
was aborted and considered to have failed and assigned an F grade. The time used by
failed integrals due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that
the antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. The exception message will indicate of the error is due to the interactive
question being asked or not.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_1lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffqrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result
back to SageMath syntax and not because these CAS system were not able to do the
integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and
XCAS syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for
this purpose at this time. Therefore the leaf size for Fricas and Sympy and Giac antideriva-
tives is determined using the following function, thanks to user slelievre athttps://


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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lask.sagemath.org/question/57123/could-we-have-a-leaf count-function-in-baseg-

def tree_size(expr):
i
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, wvectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

For Sympy, which is called directly from Python, the following code is used to obtain the
leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*count_ops(anti))

except Exception as ee:
leafCount =1

1.9.4 Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative, Maple was used to determine the leaf size of Mupad output by post
processing.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an
integral

integrand = evalin(symengine, 'cos(x)*sin(x)"')
the_variable = evalin(symengine, 'x')
anti = int(integrand,the_variable)

Which gives sin(x)~2/2


https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.

Mathematica script w

POST PROCESSOR PROGRAM
;/r\ :
Test files from Maple script E Program that

Albert Rich Rubi generates the
website = Ltex repor

using input

from the
’ Matlab script for Mupad/Symbolic toolbox ; result tables

— Giac 4>
SageMath/Python
SCF]Ptt0t§5t » SageMath —» Fricas
Maxima, Fricas,
— Maxima b

\

One record (line) per one integral result. The line is CSV comma separated. This is description of each record
. integer, the problem number.

.integer. O for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)

. integer. Leaf size of result.

. integer. Leaf size of the optimal antiderivative.

. number. CPU time used to solve this integral. 0 if failed.
. string. The integral in Latex format . .
. string. The input used in CAS own syntax. ngh level overview of the CAS

. string. The result (antiderivative) produced by CAS in Latex format independent integration test
. string. The optimal antiderivative in Latex format. .
.integer. 0 or 1. Indicates if problem has known antiderivative or not build SyStem
. String. The result (antiderivative) in CAS own syntax.
. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”
The following field present only in Rubi and Mathematica Tables
.integer. 1 if result was verified or 0 if not verified.
The following fields present only in Rubi Tables Nasser M. Abbasi
14. integer. Number of rules used. Ve 20m
15. integer. Integrand leaf size.
16. real number. Ratio of field 14 over field 15
17. integer. 1 if result was verified or 0 if not verified.
18. String of form “{n,n,..}” which is list of the rules used by Rubi
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=
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Chapter 2

detailed summary tables of results

2.1 Listofintegrals sorted by grade for each CAS
2.1.1 Rubi

A grade: { [1}2/3/ 45 (6/7]
30315263 65,66 57158
B grade: { }

C grade: { }
F grade: { }

elalentictozloclogle)

2.1.2 Mathematica

A grade
B9 ) T 2 A o A

B grade: { }
C grade: { BT )2 220 ARG

F grade: { }
2.1.3 Maple
;% grade: { {5 [6,[7}[8}[13}[14 22 23} 24} 25} 6} 27} [28) 30} 81} 32, 33] 85 36} 4} 45, 46} 47} 48} 49

B grade: {[1}2[8}[%} [10}[11} 21} B7}[38, B9} O} 1} 42} 3]}

C grade: {7215, 16789, 2054
17
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F grade: {29}

214 Maxima

A grade: {[2 3, 6712324 25272830} 1} 2 83} 35, B6}37, 38} 89}
B grade: {[8}[f}[10/[11} 22} 40} (4T} 42} 3]}

C grade: { }
F grade: {[5[12[13)[14[15/[16 17} 18} 19} 20} 21} 26} 29} 34} (14} 45, {46} A7} 48, 4]}
2.1.5 FriCAS

A grade: { 342324253031}
B grade: {[[ 26782728}
C grade: {B2,3]}

F grade: ()10} 12 13)4) 15, 16171819, 20} 21) 22 26y 29) B 35, 56) 7} 58, B9} O}
P2} ) 5 e A )

2.1.6 Sympy
A grade: {1 BB BR3LARI )

B grade: { }

[PO/21}[22 26}[2728}29) 30} 51} 82} 33} 3435,

2.1.7 Giac

A grade: {[23/2425 27,8031} 32,3335}
B grade: {[,2B/A0I7828 )

C grade: { }

F grade: {56} [10}[11)12}[13}[14[15}[16,[17}[18} 19 20}[21 22} 26} 29] B4} 36,37} B8} B9 O} 1} 42}
B3 EAE5 R U7 A8 )
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2.1.8 Mupad

A grade: { }
B grade: ([, 46171812324 25,271 [28/82 8335}

C grade: { }

F grade: { 59[10/[11]12}[13}[14)[15}[16}[17[18} 19 [20}21] 22} 26} 29} 54} 36} 37 38} B9} 4O} 4T} 42}
B3/ B4 45 ol 47} 48,49}
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given
as F(-2) if the failure was due to an exception being raised, which could indicate a bug
in the system. If the failure was due to integral not being evaluated within the time limit,
then it is given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — ———— ,
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 149 149 274 395 273 322 381 2351 272
normalized size | 1 1.00 1.84 2.65 1.83 2.16 256 1578  1.83
time (sec) N/A 0.141 0.189 0.034 0334 0493 2961 0.233 1.696
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 125 125 205 308 209 244 279 1375 197
normalized size | 1 1.00 1.64 2.46 1.67 1.95 223 11.00  1.58
time (sec) N/A 0.141 0.135 0.031 0326  0.800 1982 0.190 1.150
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 96 96 129 218 137 163 178 785 127
normalized size | 1 1.00 1.34 227 1.43 1.70 1.85 8.18 1.32
time (sec) N/A 0.122 0.099 0.032 0312  0.658 1264 0.390 0.941
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Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 84 84 96 92 83 98 92 292 67
normalized size | 1 1.00 1.14 1.10 0.99 1.17 1.10 3.48 0.80
time (sec) N/A 0.076 0.011 0.029 0.316 0.604 0.674 0.206 0.827
Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 114 114 257 148 0 0 0 0 -1
normalized size | 1 1.00 2.25 1.30 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.081 0.258 0.089 0.000 0.768  0.000 0.000  0.000
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 93 93 102 114 99 182 690 374 115
normalized size | 1 1.00 1.10 1.23 1.06 1.96 7.42 4.02 1.24
time (sec) N/A 0.067 0.123 0.036 0.317 0944 3.618 0.181 3.596
Problem 7| Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 130 130 133 154 190 454 3216 1197 427
normalized size | 1 1.00 1.02 1.18 1.46 349 2474 921 3.28
time (sec) N/A 0.129 0.156 0.039 0.332 0.854 7.126 0.195 3.998
Problem § Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A B B A B B
verified N/A Yes Yes TBD TBD TBD TBD TBD TBD
size 175 175 173 223 339 859 10946 3320 418
normalized size | 1 1.00 0.99 1.27 1.94 491 6255 1897 239
time (sec) N/A 0.188 0.271 0.040 0.336 1.705 12914 0.238 2.295
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Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 359 359 506 1430 782 0 0 0 -1
normalized size | 1 1.00 1.41 3.98 2.18 0.00 0.00 0.00 -0.00
time (sec) N/A 0.534 0.931 0.069 0.562  1.111  0.000 0.000  0.000
Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F(-1) F
verified N/A Yes NO TBD TBD TBD TBD TBD TBD
size 257 257 319 1050 524 0 0 0 -1
normalized size | 1 1.00 1.24 4.09 2.04 0.00 0.00 0.00 -0.00
time (sec) N/A 0.409 0.655 0.066 0565  1.736  0.000 0.000  0.000
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 160 160 174 462 313 0 0 0 -1
normalized size | 1 1.00 1.09 2.89 1.96 0.00 0.00 0.00 -0.01
time (sec) N/A 0.330 0.440 0.058 0.557  0.581 0.000 0.000 0.000
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 188 188 759 1170 0 0 0 0 -1
normalized size | 1 1.00 4.04 6.22 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.050 10.613 0.743 0.000 0552 0.000 0.000 0.000
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 321 321 317 605 0 0 0 0 -1
normalized size | 1 1.00 0.99 1.88 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.313 4.600 0.072 0.000 0970 0.000 0.000 0.000
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Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 480 480 470 824 0 0 0 0 -1
normalized size | 1 1.00 0.98 1.72 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.499 7.064 0.079 0.000  0.608 0.000 0.000 0.000
Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 614 614 830 6104 0 0 0 0 -1
normalized size | 1 1.00 1.35 9.94 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.183 2.111 11.293  0.000 1.217  0.000 0.000  0.000
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 387 387 591 4600 0 0 0 0 -1
normalized size | 1 1.00 1.53 11.89 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.804 1.314 6.212 0.000  0.815 0.000 0.000 0.000
Problem 17] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 244 244 331 12404 0 0 0 0 -1
normalized size | 1 1.00 1.36 50.84 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.602 0.746 1.246 0.000  0.740 0.000 0.000 0.000
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 272 272 0 2367 0 0 0 0 -1
normalized size | 1 1.00 0.00 8.70 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.057 98.024 0.655 0.000 0486 0.000 0.000 0.000
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Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C C F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 517 517 813 3497 0 0 0 0 -1
normalized size | 1 1.00 1.57 6.76 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.525 13.851 0.888 0.000  0.601  0.000 0.000 0.000
Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A F C F F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD  TBD
size 953 953 0 53538 0 0 0 0 -1
normalized size | 1 1.00 0.00 56.18 0.00 0.00 0.00 0.00  -0.00
time (sec) N/A 1.027 85.894 3.862 0.000  0.638  0.000 0.000 0.000
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C B F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 67 109 240 118 0 0 0 0 -1
normalized size | 1 1.63 3.58 1.76 0.00 0.00 0.00 0.00 -0.01
time (sec) N/A 0.070 0.278 0.043 0.000 0941 0.000 0.000 0.000
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 88 108 272 127 144 0 0 0 -1
normalized size | 1 1.23 3.09 1.44 1.64 0.00 0.00 0.00 -0.01
time (sec) N/A 0.066 0.100 0.043 0.417  0.698 0.000 0.000 0.000
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 182 220 254 306 240 519 622 290 823
normalized size | 1 1.21 1.40 1.68 1.32 2.85 3.42 1.59 4.52
time (sec) N/A 0.223 0.277 0.036 0424 0947 18.880 66.415 2.045
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Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 158 158 170 223 171 401 2907 194 309
normalized size | 1 1.00 1.08 1.41 1.08 2.54 1840 1.23 1.96
time (sec) N/A 0.210 0.171 0.031 0.410 0.684 15.808 1.038 1.385
Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A A A A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 117 94 104 91 95 249 294 143 242
normalized size | 1 0.80 0.89 0.78 0.81 2.13 2,51 1.22 2.07
time (sec) N/A 0.093 0.055 0.030 0.415 1.342 10478 0.365 1.310
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F C A F F F(-1) F F
verified N/A N/A Yes TBD TBD TBD TBD TBD  TBD
size 325 0 285 362 0 0 0 0 -1
normalized size | 1 0.00 0.88 1.11 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.063 17.365 0.072 0.000 0.702  0.000 0.000  0.000
Problem 27] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A B F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 166 166 261 181 172 634 0 271 727
normalized size | 1 1.00 1.57 1.09 1.04 3.82 0.00 1.63 4.38
time (sec) N/A 0.279 0.364 0.038 0.413 8201 0.000 0.226  2.598
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F A A A B F(-1) B B
verified N/A N/A Yes TBD TBD TBD TBD TBD TBD
size 226 0 379 310 311 1639 0 507 2016
normalized size | 1 0.00 1.68 1.37 1.38 7.25 0.00 224 8.92
time (sec) N/A 0.066 0.681 0.044 0.424  48.701 0.000 41.457 5.280
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Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A F F F F F F
verified N/A NO NO TBD TBD TBD TBD TBD  TBD
size 1085 1216 684 0 0 0 0 0 -1
normalized size | 1 1.12 0.63 0.00 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 2.438 3.002 0.421 0.000 0.458 0.000 0.000  0.000
Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.119 44.302 0.352 0.000 0.808  0.000 0.000  0.000
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A A A A F(-1) A A
verified N/A N/A N/A TBD TBD TBD TBD TBD  TBD
size 23 0 0 0 0 0 0 0 -1
normalized size | 1 0.00 0.00 0.00 0.00 0.00 0.00 0.00 -0.04
time (sec) N/A 0.369 42.011 0.612 0.000 0914 0.000 0.000  0.000
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD  TBD TBD
size 336 332 299 500 295 9282 0 383 1081
normalized size | 1 0.99 0.89 1.49 0.88 27.62 0.00 1.14 3.22
time (sec) N/A 0.511 0.280 0.035 0.418 2.842 0.000 4.759 1.819
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A C F(-1) A B
verified N/A Yes Yes TBD TBD TBD TBD TBD  TBD
size 285 285 333 362 248 3928 0 304 621
normalized size | 1 1.00 1.17 1.27 0.87 13.78  0.00 1.07 2.18
time (sec) N/A 0.452 0.104 0.031 0.422 2.098 0.000 2178 1.033
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Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A F C C F F F(-1) F F
verified N/A N/A Yes TBD TBD TBD TBD TBD  TBD
size 523 0 515 182 0 0 0 0 -1
normalized size | 1 0.00 0.98 0.35 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.062 100.895 0.150 0.000 0.589  0.000 0.000  0.000
Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F(-1) F(-1) A B
verified N/A Yes Yes TBD TBD TBD  TBD TBD TBD
size 414 414 534 591 394 0 0 595 2638
normalized size | 1 1.00 1.29 1.43 0.95 0.00 0.00 1.44 6.37
time (sec) N/A 0.773 0.520 0.043 0.427 0.000  0.000 28280  1.405
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 195 195 160 309 246 0 0 0 -1
normalized size | 1 1.00 0.82 1.58 1.26 0.00 0.00 0.00 -0.01
time (sec) N/A 0.601 0.571 0.057 0.558 1.107  0.000 0.000  0.000
Problem 37] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A F F F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 160 160 130 276 208 0 0 0 -1
normalized size | 1 1.00 0.81 1.72 1.30 0.00 0.00 0.00 -0.01
time (sec) N/A 0.429 0.391 0.056 0.556 0.567  0.000 0.000 0.000
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 120 120 96 243 166 0 0 0 -1
normalized size | 1 1.00 0.80 2.02 1.38 0.00 0.00 0.00 -0.01
time (sec) N/A 0.260 0.225 0.056 0.553 0.947  0.000 0.000 0.000
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Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B A F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 78 78 75 186 101 0 0 0 -1
normalized size | 1 1.00 0.96 2.38 1.29 0.00 0.00 0.00 -0.01
time (sec) N/A 0.125 0.098 0.051 0.597 0.649 0.000 0.000 0.000
Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 69 69 72 217 159 0 0 0 -1
normalized size | 1 1.00 1.04 3.14 2.30 0.00 0.00 0.00 -0.01
time (sec) N/A 0.244 0.129 0.059 0.523 0.725  0.000 0.000  0.000
Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 117 117 118 315 248 0 0 0 -1
normalized size | 1 1.00 1.01 2.69 2.12 0.00 0.00 0.00 -0.01
time (sec) N/A 0.363 0.336 0.067 0.565 1.048  0.000 0.000  0.000
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 157 157 158 348 291 0 0 0 -1
normalized size | 1 1.00 1.01 222 1.85 0.00 0.00 0.00 -0.01
time (sec) N/A 0.456 0.570 0.071 0.569 1.215 0.000 0.000  0.000
Problem 43 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A B B F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 192 192 187 381 330 0 0 0 -1
normalized size | 1 1.00 0.97 1.98 1.72 0.00 0.00 0.00 -0.01
time (sec) N/A 0.571 0.809 0.071 0.563 0.959 0.000 0.000 0.000
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Problem 44 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 460 460 558 651 0 0 0 0 -1
normalized size | 1 1.00 1.21 1.42 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.783 2934 0.097 0.000 0.834 0.000 0.000 0.000
Problem 45 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 374 374 337 539 0 0 0 0 -1
normalized size | 1 1.00 0.90 1.44 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.485 1.461 0.065 0.000 0.779  0.000 0.000  0.000
Problem 46 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A C A F F F F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 318 318 432 462 0 0 0 0 -1
normalized size | 1 1.00 1.36 1.45 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.322 1.617 0.062 0.000 0.610 0.000 0.000  0.000
Problem 47] Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD  TBD TBD
size 358 358 302 540 0 0 0 0 -1
normalized size | 1 1.00 0.84 1.51 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.587 1.149 0.070 0.000 0.710  0.000 0.000  0.000
Problem 48 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 413 413 360 620 0 0 0 0 -1
normalized size | 1 1.00 0.87 1.50 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.720 1.644 0.074 0.000 0.667  0.000 0.000 0.000
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Problem 49 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac Mupad
grade A A A A F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD  TBD
size 506 506 394 741 0 0 0 -1
normalized size | 1 1.00 0.78 1.46 0.00 0.00 0.00 0.00 -0.00
time (sec) N/A 0.872 2.741 0.081 0.000  0.702  0.000 0.000 0.000

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size

of the integrand. Finally the ratio

number of rules

integrand size

is given. The larger this ratio is, the harder

the integral was to solve. In this test, problem number [29] had the largest ratio of [2.167]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized
. integrand number of rules
# grade steps unique antiderivative oo et oe
' leaf 51ze md egran ear size
used rules leaf size

1 A 6 4 1.00 16 0.250
2 A 6 4 1.00 16 0.250
3 A 6 4 1.00 16 0.250
4 A 6 4 1.00 14 0.286
5 A 4 4 1.00 16 0.250
6 A 6 4 1.00 16 0.250
7| A 4 3 1.00 16 0.188
8 A 4 3 1.00 16 0.188
9 A 19 14 1.00 18 0.778
10 A 15 12 1.00 18 0.667

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized
# | grade steps unique antiderivative integrand %
L . - leaf size integrand leaf size
11 A 12 9 1.00 16 0.562
12| A 1 1 1.00 18 0.056
13| A 12 6 1.00 18 0.333
14| A 18 10 1.00 18 0.556
15/ A 29 15 1.00 18 0.833
16/ A 20 13 1.00 18 0.722
17| A 14 10 1.00 16 0.625
18| A 1 1 1.00 18 0.056
19| A 9 7 1.00 18 0.389
20| A 21 11 1.00 18 0.611
21 A 4 4 1.63 17 0.235
221 A 4 4 1.23 15 0.267
23| A 19 10 1.21 18 0.556
24| A 12 10 1.00 18 0.556
25| A 10 7 0.80 16 0.438
26 F 0 0 N/A 0 N/A
27| A 10 7 1.00 18 0.389
28 F 0 N/A 0 N/A
5 A 104 39 1.12 18 2.167
30| A 0 0 0.00 0 0.000
31 A 0 0 0.00 0 0.000
32| A 25 14 0.99 18 0.778
33| A 23 13 1.00 16 0.812
34 F 0 0 N/A 0 N/A
% A 20 12 1.00 18 0.667

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized

# | grade steps unique antiderivative ntegrand %

o . o leaf size integrand leaf size
36| A 19 10 1.00 26 0.385
37| A 14 10 1.00 26 0.385
38 A 9 9 1.00 24 0.375
39 A 5 4 1.00 23 0.174
401 A 5 7 1.00 26 0.269
41 A 9 9 1.00 26 0.346
42/ A 14 9 1.00 26 0.346
43 A 20 9 1.00 26 0.346
441 A 20 11 1.00 23 0.478
45 A 15 10 1.00 21 0.476
46/ | A 11 5 1.00 20 0.250
47/ A 15 11 1.00 23 0.478
48 A 19 13 1.00 23 0.565
49 A 24 13 1.00 23 0.565
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Chapter 3

Listing of integrals

31 [(d+ex)*(a+btanh (cx)) dx
Optimal. Leaf size=149

(d + ex)® (a + btanh_l(cx)) b(cd — ¢) log(cx +1) N b(cd + €)® log(1 — cx) +b62x2 (10c20l2 + ez) bdex (202d2 :

+
5e 10c%e 10c%e 10¢3 c3

[Out] b*d*xe*x(2*%c™2%d"2+e"2)*x/c”3+1/10%b*xe” 2% (10*xc~2*%d"2+e”2) *x"2/c"3+1/3*b*d*e”3
*x73/c+1/20*bxe~4*xx~4/c+1/5% (e*xx+d) ~5*x(a+b*arctanh(c*x))/e+1/10xb*x(cxd+e) "5
*1n(-c*xx+1)/c”5/e-1/10*%b* (c*xd-e) "5x1n(c*x+1)/c"5/e

Rubi [A] time = 0.14, antiderivative size = 149, normalized size of antiderivative =

. . ber of rul
1.00, number of steps used = 6, number of rules used = 4, integrand size = 16, qumber ot e

= 0.250, Rules used = {5926, 702, 633, 31}
(d + ex)® (a + btanh_l(cx)) be?x? (1Oc2d2 + ez) bdex (2c2d2 + ez) b(ed — ) log(cx +1) b(ed + ) log(L -

integrand size

+ + -
5e 10¢3 c3 10c%e 10c5e

Antiderivative was successfully verified.
[In] Int[(d + e*x) 4*(a + bxArcTanh[c*x]) ,x]

[Out] (b*d*ex(2xc™2*d"2 + e72)*x)/c”3 + (b*e™2*%(10%c™2*xd"2 + e72)*x72)/(10%c~3) +
(bxd*e~3%x73)/(3*c) + (bxe"4*xx74)/(20%c) + ((d + exx)"5*x(a + b*ArcTanh[c*x

1))/ (5*e) + (bx(cxd + e) b*Logl[l - c*x])/(10%xc”5*e) - (b*(cxd - e) 5xLogl[1

+ c*x])/(10*c”5%*e)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]
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Rule 633

Int[((d) + (e_)*x(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Dist[e/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQl[
-(axc)]

Rule 702

Int[((d_) + (e_)*x(x_))"(m_)/((a_) + (c_.)*x(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢c™2%x~2), x], x] /; FreeQ[{a,
b, ¢, d, e, qF, x] && NeQlq, -1]

Rubi steps
5
d +ex)® (a + btanh *(cx))  (bc) (@) iy
f (d +ex)* (a +btanh™ (cx)) dx = @+ en” = @) _ @[ é;czxz

5d€2(2C2d2+62) & (10C2d2+€2)x

5de*x?

_@+ex(a+btanh () (be) | (— y

A

2

5e

bde (2c2d2 + ez) x  be? (1Oc2d2 + ez) X2 pdedd betrt (d+ex) (a +
= +

= +

+ +
c3 10c¢3 3c 20c

!

bde (2c2d2 + ez) x  be? (1002d2 + ez) X2 pded3  betrt (d+ex) (a +
= + +

+

+
c3 10c¢3 3c 20c

!

_ bde (202112 + ez) x  be? (10C2d2 + ez) X2 pde3xd N betxt N (d + ex)® (a +

= + +
c3 10¢3 3¢ 20c

Mathematica [A] time = 0.19, size = 274, normalized size = 1.84

I

3c*e3x*(20acd + be) + 20c*de?x3(6acd + be) + 6¢ex? (20ac3d3 + be (1Oc2d2 + ez)) + 60c?dx (ac3d3 + be (2c2d2 1

Antiderivative was successfully verified.
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[In] Integrate[(d + e*x)~4%(a + b¥ArcTanh[c*x]),x]

[Out] (B0*c™2*xd*(a*xc™3*%d~3 + b*e*x(2*c™2*d"2 + €72))*x + 6*c”2*e*x(20*a*xc™3*d"3 + b
*e*x (10*%c™2%d™2 + e72))*x72 + 20*c”4*d*e 2% (6xaxcxd + b¥e)*x~3 + 3kcT4*xe” 3% (
20*a*c*d + b*e)*x"4 + 12xa*xc”5*xe 4*x”5 + 12xbxc Hxx*(5%d"4 + 10*d"3*exx + 1
0*d"2*%e”2*x"2 + Bxd*e”3*x"3 + e 4*x"4)*ArcTanh[c*x] + 6*b*(5xc™4*xd"4 + 10*c
~3*%d"3%e + 10%c”2xd"2*%e"2 + bxckdxe”3 + e"4)*Log[l - c*xx] + 6*%bx(5xc”"4xd"4

- 10xc™3%d"3%e + 10*c™2*d"2xe”2 - bkcxd*e”3 + e~4)x*Logl[l + c*x])/(60%c~5)

fricas [B] time = 0.49, size = 322, normalized size = 2.16

12 acde*x® + 3 (20 ac’de® + bc4e4)x4 +20 (6 ac*d?e? + bc4de3)x3 +6 (20 ac’d®e + 10 be*d?e? + bcze4)x2 + 60 (a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 4*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/60%(12xa*c”~5*xe”4xx"5 + 3% (20*a*xc”bkxd*xe”3 + bkxc 4*e~4)*x"4 + 20*(6*axc”5*d
“2%e”2 + bxcT4xdxe”3)*x”3 + 6% (20*%a*xc”5*d"3*%e + 10*¥bxc”T4*d"2%e”2 + bxc2xe”
4)*x"2 + 60%(a*xc™bxd"4 + 2%bxc”4*d"3%e + bkxc 2kd*e”3)*x + 6% (5xb*xc"4xd"4 -
10%b*xc~3%d"3%e + 10*bxc~2*d"2%e”2 - Bkbkcxd*e”3 + bxe~4)xlog(ckxx + 1) + 6%(
Bxbxc”~4*d"4 + 10%b*c”3*d"3%e + 10*b*c™2*%d"2xe”2 + Bxbxc*d*e”3 + b*e~4)*log(

c*x — 1) + 6*%(bxc™b*e"4*x"5 + bxbxc bxd*e”3*x"4 + 10xb*c~5xd"2xe”2%x"3 + 10
*bxc"B*d"3*exx"2 + Bxbxcb*xd"4*x)*log(-(c*x + 1)/(c*x - 1)))/c”5

giac [B] time = 0.23, size = 2351, normalized size = 15.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~4*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] -1/15%(15%(c*x + 1) 5xb*c™4*d"4xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1)75 -
75%(c*xx + 1) 4xb*xc™4xd"4xlog(-(c*xx + 1)/(c*xx - 1) + 1)/(c*xx - 1)74 + 150%(
cxx + 1)73%bxc~4xd"4*xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1)73 - 150*(c*x +
1) "2xbxc~4*d"4*xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1)72 + 75x(c*x + 1)*bx*
c4xd"4xlog(-(c*xx + 1)/(cxx - 1) + 1)/(c*x - 1) - 15*b*c”4*d"4*log(-(c*x +
1)/(c*xx - 1) + 1) - 15x(cxx + 1) b*bxc™4*d"4*log(-(cxx + 1)/(cxx - 1))/ (c*x
- 1)75 + 60*(cxx + 1) "4xbkxc~4*d"4*log(-(cxx + 1)/(cxx - 1))/(c*xx - 1)74 -
90* (c*x + 1)73*bxc”4xd"4*xlog(-(c*x + 1)/(c*x - 1))/(cxx - 1)73 + 60*(c*xx +
1) "2xbxc~4*d"4*xlog(-(c*xx + 1)/(cxx - 1))/(c*x - 1)72 - 15%(c*x + 1)*b*xc™4xd
“4xlog(-(cxx + 1)/(cxx - 1))/(c*x - 1) - 30*(c*x + 1) 4xaxc™4+d~4/(c*x - 1)
4 + 120%(c*kx + 1)73xa*xc”4xd"4/(c*xx - 1)73 - 180*(c*x + 1) 2xa*xc”4xd”4/(c*x
- 1)72 + 120%(cxx + 1)*a*xc™4*xd"4/(cxx - 1) - 30%a*xc”™4*d"4 - 60x(cxx + 1)74
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xb*c~3xd"3xexlog(-(cxx + 1)/(cxx - 1))/(c*xx - 1)74 + 180*(c*x + 1) "3%bxc~3%
d~3*exlog(-(cxx + 1)/(cxx - 1))/(c*x - 1)73 - 180*(c*x + 1) 2*b*c~3xd 3*ex*l
og(=(c*x + 1)/(c*x - 1))/(cxx - 1)72 + 60*(c*xx + 1)*b*c~3*d"3*exlog(-(c*x +
1)/(cxx = 1))/(cxx - 1) - 120*%(c*xx + 1) 4*a*xc™3*d"3*e/(c*x - 1)74 + 360*(c
xx + 1)73%axc”3*%d"3*e/(c*x - 1)73 - 360*(cxx + 1) 2%a*xc”~3xd"3*e/(c*x - 1)72
+ 120*%(cxx + 1)*a*xc”3xd"3*e/(c*x - 1) - 60*(cxx + 1) 4xb*xc~3*d"3*e/(c*x -
1)74 + 240*(c*x + 1)~ 3%b*c~3*d"3*e/(c*x - 1)73 - 360*(c*x + 1) 2%b*c~3+d~3x
e/(cxx — 1)72 + 240%(c*x + 1)*b*c™3*d"3*e/(c*xx — 1) - 60%b*c™3*d"3%e + 30*(
ckx + 1)75*bxc™2xd"2%e"2*%log(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1)75 - 150%(c
*xx + 1) 74xbkxc”2*xd"2%e"2x1log(-(c*xx + 1)/(c*xx - 1) + 1)/(c*x - 1)74 + 300%(cx*
X + 1)73xb*c”2xd"2xe " 2xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*xx - 1)73 - 300*(c*x
+ 1) 72%bxc”2xd"2*%e"2*log(-(cxx + 1)/(cxx - 1) + 1)/(c*x - 1)72 + 150%(c*x
+ 1)*bkc™2xd"2*e"2xlog(-(c*xx + 1)/(c*x - 1) + 1)/(c*x - 1) - 30%bxc™2%d " 2*e
“2xlog(-(cxx + 1)/(cxx - 1) + 1) - 30*(c*xx + 1) b*b*xc™2+d"2%e"2xlog(-(c*x +
1)/(cxx = 1))/(c*xx - 1)75 + 60*(c*x + 1) 4xb*xc™2xd"2xe"2*xlog(-(c*x + 1)/(c
xx = 1))/(cxx - 1)74 - 120%(c*x + 1) "3*bxc~2xd"2*e"2*log(-(cxx + 1)/(c*x -
1))/ (cxx = 1)73 + 180*(c*x + 1) "2%bxc~2xd"2*e"2*log(-(cxx + 1)/(cxx - 1))/(
c¥x - 1)72 - 90*(c*x + 1)*bxc™2+d"2xe"2xlog(-(c*xx + 1)/(c*xx - 1))/(c*x - 1)
- 180*(c*xx + 1) 4*a*xc™2xd"2%e”2/(c*x - 1)74 + 360*(cxx + 1) 3kaxc™2xd"2*e”
2/(c*x = 1)73 - 240*(c*xx + 1) 2xa*xc™2xd"2xe”2/(cxx - 1)72 + 120*(c*x + 1)*a
xc"2xd"2*%e"2/(c*kx - 1) - 60%a*xc”2xd"2xe”2 - 60*(c*x + 1) “4*xbxc~2xd"2*e"2/(c
*x — 1)74 + 180*(c*x + 1)~ 3xb*xc™2xd"2*e”2/(c*x - 1)73 - 180*(c*x + 1) 2%b*c
~2xd"2%e”2/(cxx - 1)72 + 60x(c*xx + 1)xb*xc™2*%d"2xe”2/(c*x - 1) - 60*(c*xx + 1
) “4xbxckd*e”3xlog(-(c*x + 1)/(c*x - 1))/(c*kx - 1)74 + 60%(c*x + 1) 3*bkckdx*
e"3xlog(-(c*xx + 1)/(c*xx - 1))/(c*x - 1)73 - 60*(c*x + 1) 2*bxc*d*e”3*log(-(
ckx + 1)/(c*x - 1))/(c*x - 1)72 + 60*(c*xx + 1)*b*xckd*xe”~3xlog(-(c*x + 1)/ (c*
x = 1))/(c*x - 1) - 120*%(c*x + 1) 4xa*xckxd*e”3/(cxx - 1)74 + 120*(c*x + 1)73
xaxckxd*e”3/(cxx - 1)73 - 120%(c*x + 1) 2*%axcxd*e”3/(c*x - 1)72 + 120*(c*x +
1)*axckd*e”3/(cxx — 1) - 60*(c*x + 1) 4xb*ckd*xe”3/(cxx - 1)74 + 180*(c*x +
1) "3*bkxcxd*e”3/(c*x - 1)73 - 220%(c*xx + 1) 2%bkxcxd*e”3/(c*x - 1)72 + 140%(
c*x + 1)*bxckxd*e”3/(c*x - 1) - 40*xb*ckxd*e”3 + 3*x(cxx + 1) bxbkxe~4*log(-(c*x
+ 1)/(cxx = 1) + 1)/(c*x - 1)75 - 15*x(c*x + 1) 4xbxe”4xlog(-(c*xx + 1)/(c*x
- 1) + 1)/(c*x - 1)74 + 30*%(c*x + 1) 3*bxe~4xlog(-(cxx + 1)/(cxx - 1) + 1)
/(cxx - 1)73 - 30%(cxx + 1) 2%b*e"4xlog(-(c*xx + 1)/(cxx - 1) + 1)/(c*x - 1)
72 + 16%(cxx + 1)*b*e”4*log(-(c*x + 1)/(c*x - 1) + 1)/(c*kx - 1) - 3xbxe™4x1
og(-(c*xx + 1)/(c*x - 1) + 1) - 3*(c*x + 1) 5xbxe"4xlog(-(c*xx + 1)/(c*x - 1)
)/ (c*xx - 1)75 - 30*(c*x + 1) 3*xbxe”4xlog(-(c*xx + 1)/(c*xx - 1))/(c*x - 1)73
- 15%x(c*xx + 1)*b*e"4xlog(-(c*xx + 1)/(cxx - 1))/(c*x - 1) - 30*(c*x + 1) 4*a
xe”"4/(cxx - 1)74 - 60*%(c*xx + 1) "2xa*xe”4/(c*x - 1)72 - 6*axe”4 - 12x(c*x + 1
) "4xbxe”4/(c*xx - 1)74 + 24x(cxx + 1)73*bxe”4/(c*xx - 1)73 - 24*(c*x + 1)72%b
xe"4/(cxx - 1)72 + 12%(c*x + 1)*b*e”4/(cxx - 1))*c/((c*x + 1)75*c™6/(c*x -
1)75 - bx(c*x + 1)74*c”6/(c*x - 1)74 + 10*(c*x + 1)73*%c”6/(c*xx - 1)73 - 10%
(c*x + 1)72xc™6/(c*x — 1)72 + bx(c*x + 1)*c"6/(cxx - 1) - c76)
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maple [B] time = 0.03, size = 395, normalized size = 2.65

be3dx be*arctanh > barctanh (cx)d® bl +1)d> betx?
A () x +barctanh (cx) x 44+ ()@ _blnfex +1) + 22 200 23 +20 225
c3 5 5e 10e 10c3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~4*(atb*arctanh(c*x)),x)

[Out] b/c”3%e”3*xd*x-1/10%b/ex1n(c*x+1)*d"5+1/5*b*xe~4*arctanh (c*x)*x~5+1/10/c”3*bx*
e”4*x "2+ 2%axexx"2xd " 3+2xaxe " 2+%x " 3*%d " 2+a*e” 3xx"4*xd+b*arctanh (c*x) *x*d"4+1/10
/c”5*b*e”4*xIn(c*x-1)+1/10/c"5*b*e"4*1n(cxx+1)+1/2/cxbx1n(c*x-1) *d"4+1/2/c*b
*1n(cxx+1)*d~4+1/10%b/ex1n(c*x-1) *d"5+1/5*b/e*arctanh (c*x)*d~5+1/5%a/e*xd 5+
1/5*%axe~4xx~5+a*xx*d”~4+1/cxbxe”2xx"2xd "~ 2+b*e " 3*arctanh (c*x) *x~4xd+2*b*e”2*ar

ctanh (c*x) *x~3*%d"2+2*b*exarctanh (c*x) *x~2*d"3+1/c”2*b*ex1n(c*x-1)*d"3+1/c"3
*b*xe”2+%1In(c*x-1)*d"2+1/2/c 4*b*e”3*1n(c*x-1)*d-1/2/c 4*b*e”3*1n(c*x+1)*d-1/
c"2xb¥exln(c*x+1) *d"3+1/c”3*bxe~2%1n (c*x+1) *d~2+2*b/cxexd~3*x+1/3*¥b*d*e”3*x
~3/c+1/20*bxe"4*xx"4/c

maxima [A] time = 0.33, size = 273, normalized size = 1.83

1 2 1 +1 | -1
z ae*x®+adelx*+2 ad?e2x3+2 ad3ex2+(2 x% artanh (cx) + c(—x _ loglex +1) + 28 G )))bd3e+(2 x3 arta

c? c3 c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~4x(atb*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/5%a*xe”4*x™5 + akxd*e”™3*x"4 + 2ka*xd™2%e”2*x"3 + 2*a*xd " 3*e*x”2 + (2%xx"2*arct
anh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c™3))*b*d"3*%e + (2%
x"3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*b*xd"2*e”2 + 1/6*(6*x
“4xarctanh(c*x) + c*(2%(c™2*x"3 + 3*x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*xlog(cxx

- 1)/c”5))*b*xd*e”3 + 1/20*(4*x"5b*arctanh(c*x) + c*((c™2*x"4 + 2*x72)/c™4 +
2xlog(c™2%x72 - 1)/c”6))*b*e™4 + axd™4*xx + 1/2%(2*c*xx*arctanh(c*x) + log(-
cT2%x72 + 1))*bxd"4/c

mupad [B] time = 1.70, size = 272, normalized size = 1.83

4 55 bd* In(c?x*>-1) be* In(c®x*>-1 betyd bet 2
18X adixs ( )+ ( )+2ad2e2x3+—f—f—+ e

+bd* x atanh +2ad3ex
¢ 105 20c 103 xatanh (cx)+2ad”ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))*(d + exx) 4,x)

[Out] (a*e”4*x75)/5 + a*d™4xx + (bxd~4*xlog(c™2*x"2 - 1))/(2*c) + (b*e~4xlog(c™2*x
72 - 1))/(10%c”5) + 2%a*xd"2%e”2%x"3 + (b*e"4*x"4)/(20%c) + (b¥e~4%x~2)/(10%
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c”3) + b*d"4*x*atanh(c*x) + 2*xa*d"3*e*x"2 + axd*e"3*x"4 + (b*e~4*x"5*atanh(
cxx))/5 + (2xbxd"3*exx)/c + (b*d*e~3*x)/c”~3 - (2xbxd~3*e*atanh(c*x))/c"2 -

(b*d*e~3*atanh(c*x))/c”4 + 2*b*d~3*exx " 2*atanh(c*x) + bxdxe”3*x"4*atanh(c*x
) + (b*xd*e”~3*x73)/(3%c) + 2xbxd~2*e”2*x"3*atanh(c*x) + (b*d"2xe~2*log(c™2%*x
"2 - 1))/c”3 + (bxd"2*xe"2%x72)/c

sympy [A] time = 2.96, size = 381, normalized size = 2.56

4.5
ad*x + 2ad3ex? + 2ad?e®x® + ade3x* + aeTx + bd*x atanh (cx) + 2bd%ex? atanh (cx) + 2bd%e?x3 atanh (cx) + be

4.5
a (d4x + 2d3ex? + 2d%6%x3 + de3x* + %)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**4*(atb*atanh(c*x)),x)

[Out] Piecewise((axd*x*4*x + 2*akxd*x*k3kexx**x2 + 2ka*xd**2ke*x*x2kx**3 + axdrxex*x3*xx**4
+ akexxdxx*x*x5/5 + bxd**4*x*atanh(c*xx) + 2xbxdx*x3kxexx**2*xatanh(cxx) + 2xbxd*
*2kexx2kxk*x3*xatanh (c*x) + bkxdxex*3*xx*xx4*atanh(c*x) + brex*xdxxx*x5xatanh (c*x)

/5 + bxd**4*xlog(x - 1/c)/c + bxd*x4*atanh(c*x)/c + 2%bxd**3*e*xx/c + b*xd*x*2%
ex*2*x*¥*2/C + bxdxexx3xx*%3/(3*c) + brexxdxxxx4/(20%c) - 2*b*d**3*exatanh(c

*xX) /ck*2 + 2%bxd**2xex*2x1log(x — 1/c)/c**3 + 2xbkdx*2xe*x*2*xatanh (c*x)/c**3

+ bkdkex*3xx/cx*x3 + brex*x4*xx**2/(10*c**3) — bxd*ex*3*xatanh(c*x)/cx*4d + bxex
*x4xlog(x — 1/c)/(5xcx*5) + bxexkdxatanh(c*x)/(5xc*x*5), Ne(c, 0)), (ax(d**x4x

X + 2%dx*3kexxk*2 + kdkkDkex*xkx*k*3 + drkexxSkx*k*kd + exkdxxx*x5/5), True))
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3.2 f (d + ex)? (a +btanh™ (cx)) dx
Optimal. Leaf size=125

(d +ex)* (ﬂ +b talflh_l(Cx)) b(cd - e)*log(cx + 1) .\ b(cd + e)* log(1 - cx) s bex (6C2d2 + 32) . bde?x? . be3x3
4e 8cte 8cte 4¢3 2c 12¢

[Out] 1/4xbkxex(6xc™2xd"2+e”2)*x/c”~3+1/2%bxd*e~2*%x"2/c+1/12%b*e~3*x~3/c+1/4* (e*xx+d
) "4x (a+b*arctanh(c*xx))/e+1/8*b*x (ckd+e) “4*x1n(-c*x+1)/c"4/e-1/8*b*x (c*kd-e) ~4%*1
n(cxx+1)/c"4/e

Rubi [A] time = 0.14, antiderivative size = 125, normalized size of antiderivative =

f rul
1.00, number of steps used = 6, number of rules used = 4, integrand size = 16, number of rules

= 0.250, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)* (a + btanh™ (cx)) bex (624 + ) b(cd - )* log(ex +1) ed +o)tlog(l —cx) bde?s® b
4e 4¢3 8cte 8cte 2c 12¢

Antiderivative was successfully verified.
[In] Int[(d + e*xx)~3%(a + bxArcTanh[c*x]),x]

[Out] (b*ex(6%c™2xd"2 + e72)*x)/(4*c”3) + (bxd*e™2%x72)/(2*c) + (b*e”3%x73)/(12*c
) + ((d + exx)"4x(a + b*ArcTanh[c*x]))/(4xe) + (bx(cxd + e)~4xLogl[l - cx*x])
/(8xc™4*xe) - (bx(cxd - e)~4*xLogll + c*x])/(8%c 4xe)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (cxd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2*%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 702

Int[((d) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd”2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 5926
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2xx72), x], x] /; FreeQ[{a,
b, c, d, e, qF, x] && NeQ[q, -1]

Rubi steps
— (d+ex)*
) (d +ex)* (a + btanh (cx))  (be) dx
f(d + ex)® (a + btanh 1(cx)) dx = ) ( ( )) - / Lc??
4e 4e
ez(6c2d2+ez) 4d3y A2 A6
(d + ex)* (a +b tanh_l(cx)) (bo) | (_ a e a2t
B 4e - 4e
44
_be (602d2 + ez)x N bde2x2 N be3x3 N (d + ex)* (a + btanh_l(cx)) ) bfc—
- 4¢3 2c 12¢ 4e
be (6c2d2 + ez) X bde®x?  bedxd  (d+ex)t (a +b tanh_l(cx)) (b(cd -
= + + + +
4¢3 2c 12¢ 4e
be (6c2d2 + ez) X N bde2x2 N bed3 3 N (d + ex)* (a + btanh_l(cx)) N bcd +
B 4¢3 2c 12¢ 4e

Mathematica [A] time = 0.14, size = 205, normalized size = 1.64

2c3e?x3(12acd + be) + 12c3dex?(3acd + be) + 6cx (4ac3d3 + be (6c2d2 + ez)) + 6acte3x* + 6bctx tanh ' (cx) (4d3

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~3%(a + b*ArcTanh[c*x]),x]

[Out] (B*xc*kx(4d*axc™3*d"3 + bre*x(6*%c™2*d™2 + e72))*x + 12%c”3*d*e*(3*axckd + b*xe)*x
"2 + 2%c73*%e" 2% (12%a*ckxd + b*e)*x”3 + 6*axc 4*e”3xx"4 + 6¥bkcT4¥x*k(4%d"3 +
6*%d"2%e*x + 4xd*xe"2xx"2 + e73*x"3)*ArcTanh[c*x] + 3%b*(4*c”3*d”3 + 6xc”2xd”

2%e + 4xckd*e”2 + e”3)*Log[l - c*x] + 3*b*x(4*c™3*%d"3 - 6%c”2xd"2*%e + 4xckxdx*

e”2 - e"3)xLogl[l + cxx])/(24*c”4)

fricas [B] time = 0.80, size = 244, normalized size = 1.95

6actedxt +2 (12 actde? + bc3e3)x3 +12 (3 actd?e + bc3dez)x2 +6 (4 ac*d® + 6 bcdd?e + bce3)x +3 (4 b3d® —6b

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) ~3*(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/24x(6%axc”4*e”3*x"4 + 2% (12xa*xc”4*d*e”2 + b*c™3xe”3)*x~3 + 12%(3xa*xc”4*d”
2%e + bxc73*d*e"2)*x72 + 6% (4*axc”4*d"3 + 6%bkc”3xd"2%e + bxcke”3)*x + 3% (4
*xb*c”3%d”3 - 6*%b*c"2xd"2%e + 4xb*cxd*e”2 - bxe”3)*log(ckx + 1) + 3% (4*b*xc”3

*xd~3 + 6%bxc”2xd"2%e + 4xbxckdxe”2 + bkxe~3)xlog(c*x - 1) + 3x(b*xc"4xe”3*%x"4

+ 4xbxcT4*dxe”2xx"3 + 6*bxcT4*d"2%e*xx"2 + 4*xbxcT4*d"3*x)*log(-(cxx + 1)/(c

*x - 1)))/c74

giac [B] time = 0.19, size = 1375, normalized size = 11.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] -1/3*(3*(c*x + 1) 4*xb*xc~3*xd"3*log(-(c*x + 1)/(c*x - 1) + 1)/(c*xx - 1)74 - 1
2% (cxx + 1)73xb*c”3*%d"3xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*xx - 1)73 + 18x(c*x
+ 1) 72%b*c”3*d"3*log(-(cxx + 1)/(cxx - 1) + 1)/(c*x - 1)72 - 12+ (c*xx + 1)*
bxc~3*d"3*log(-(cxx + 1)/(cxx - 1) + 1)/(c*x - 1) + 3%b*c™3*%d"3*log(-(c*x +
1)/(cxx - 1) + 1) - 3*(c*x + 1)74*xb*c™3*d"3*log(-(c*x + 1)/(c*x - 1))/ (cx*x
- 1)74 + 9x(c*xx + 1)73*bxc”3*d"3*log(-(c*xx + 1)/(c*xx - 1))/(c*x - 1)73 - 9
x(cxx + 1)72%b*xc”3*d"3*log(-(cxx + 1)/(cxx - 1))/(c*xx - 1)72 + 3x(cxx + 1)*
b*xc~3*d"3*log(-(c*x + 1)/(c*x - 1))/(cxx - 1) - 6*%(c*x + 1) 3xa*xc”3*%d~3/(c*
X - 1)73 + 18*(c*kx + 1) 2%a*xc™3%d"3/(cxx - 1)72 - 18*%(c*xx + 1)*a*xc™3*xd~3/(c
*x — 1) + 6%axc™3%d"3 - 9x(c*kx + 1) 3xb*xc”2*xd"2xexlog(-(cxx + 1)/(cxx - 1))
/(c*xx = 1)73 + 18%(cxx + 1) 7 2%bkxc™2*d " 2*exlog(-(c*x + 1)/(c*x - 1))/(c*x -
1)72 - 9x(c*xx + 1)*b*c™2*xd"2%e*xlog(-(c*x + 1)/(c*x - 1))/(cxx - 1) - 18*(c*
X + 1)73%a*xc”2xd"2xe/(cxx - 1)73 + 36*(c*x + 1) 2%axc™2xd"2*e/(c*x - 1)72 -
18*(cxx + 1)*a*xc™2xd"2*xe/(c*x - 1) - 9x(c*x + 1) 3*bxc™2xd"2%e/(cxx - 1)73
+ 27x(cxx + 1) 72%bkxc™2*%d"2%e/(cxx - 1)72 - 27*(c*x + 1)*bxc™2xd"2%e/(c*x -
1) + 9%bxc™2xd"2%e + 3x(cxx + 1) 4xbkcxd*e”2%log(-(cxx + 1)/(cxx - 1) + 1)
/(c*xx = 1)74 - 12x(cxx + 1) 7 3*bkcxd*e”2*log(-(cxx + 1)/(cxx - 1) + 1)/(c*x
- 1)73 + 18*(c*x + 1) 2*%bxcxd*e”2*xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1)72
- 12%(c*x + 1)*b*ckxdxe 2*log(-(c*x + 1)/(c*x - 1) + 1)/(c*x - 1) + 3*bxc*d
xe"2xlog(-(cxx + 1)/(cxx - 1) + 1) - 3*(c*x + 1) 4*xbxcxd*xe”2*xlog(-(c*x + 1)
/(c*xx = 1)) /(cxx - 1)74 + 3x(cxx + 1) 7 3*bkxcxd*e”2*log(-(cxx + 1)/(c*xx - 1))
/(cxx = 1)73 - 9% (c*x + 1) 2*bxc*d*xe”2*xlog(-(c*x + 1)/(c*x - 1))/(cxx - 1)7
2 + 9*(c*x + 1)*bxcxd*e”2*log(-(cxx + 1)/(cxx - 1))/(c*xx - 1) - 18*(c*xx + 1
) "3*akxckdxe”2/(c*xx - 1)73 + 18*%(c*x + 1) 2xaxcxd*e”2/(c*kx - 1)72 - 6*(c*x +
1)*a*xckd*e”2/(cxx — 1) + 6*axckdxe”2 - 6*(c*kx + 1) 3xbkxckd*xe”™2/(cxx - 1)73
+ 12x(cxx + 1) 72%bkxcxd*e”2/(c*x - 1)72 - 6%(c*x + 1)*bxckxd*e”2/(c*x - 1) -
3x(cxx + 1)73xb*e"3*log(-(cxx + 1)/(cxx - 1))/(c*x - 1)73 - 3*x(c*xx + 1)*bx
e"3xlog(-(c*xx + 1)/(cxx - 1))/(c*x - 1) - 6%(c*xx + 1)"3*axe”3/(c*x - 1)73 -
6% (c*x + 1)*axe”3/(cxx - 1) - 3*(c*x + 1)7"3*%bxe”3/(c*x - 1)73 + 6x(c*xx + 1
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)" 2xb*e~3/(cxx - 1)72 - bx(cxx + 1)*b*e”3/(c*xx - 1) + 2xb*e”3)*c/((c*x + 1)
“4xc”5/(cxx - 1)74 - 4%x(c*x + 1)73%c”5/(cxx - 1)73 + 6%(c*x + 1)72%xc”5/(c*x
- 1)72 - 4x(c*x + 1)*c”5/(c*x - 1) + c~5b)

maple [B] time = 0.03, size = 308, normalized size = 2.46

43 3a d?%e x? ad* bedarctanh (cx) x* 3be arctanh (cx) x2d?
are +adezx3+%+axd3+ 4oL e () +be? arctanh (cx) x3d+ arctanh (cx) +barc

4e 4 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3% (a+b*arctanh(c*x)),x)

[Out] 1/4*a*xx”4*xe~3+a*xd*e”2%x~3+3/2*a*xd”2xexx~2+a*xx*d~3+1/4*a/exd~4+1/4xbxe~3*arc
tanh (c*x) *x"4+bxe”2*arctanh (c*x) *x~3*d+3/2*b*exarctanh (c*x) *x~2*d~2+b*arcta

nh (c*x) *x*d"3+1/4*b/exarctanh (c*xx)*d"4+1/12%b*xe~3*x"3/c+1/2xb*d*e~2*%x"2/c+3
/2¥b/cke*xx*xd"2+1/4*b/c”3*xx*e"3+1/8*b/ex1n(c*x—-1)*d~4+1/2/c*¥b*1n(c*x-1) *d~3+
3/4/c”2*bxex1ln(cxx-1)*d~2+1/2/c " 3*bxe”2*x1n(c*x—-1)*d+1/8/c 4*xbxe~3*1n (c*x-1)
-1/8%b/e*In(cxx+1)*d~4+1/2/c*¥b*1In(c*x+1)*d~3-3/4/c"2*b*e*x1In(c*x+1)*d~2+1/2/
c"3*b*xe”2*%1n(c*x+1)*d-1/8/c " 4*xb*xe~3*1n(c*x+1)

maxima [A] time = 0.33, size = 209, normalized size = 1.67

2x log(ex+1) log(cx—1)
— - +
c? c3 c3

1 3 3 1
1 ae3x4+adezx3+§ adzex2+1 (2 x? artanh (cx) + c( ))bd2€+§ [2 x3 artanh (cx)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x)),x, algorithm="maxima"

[Out] 1/4*axe”3%x"4 + axd*e”2*x”3 + 3/2*a*xd™2xe*xx”2 + 3/4*(2xx"2*arctanh(c*x) + c
*(2%x/c”2 - log(c*xx + 1)/c”3 + log(c*x - 1)/c73))*b*d"2%e + 1/2%(2%x"3*arct
anh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c™4))*b*xdxe”2 + 1/24%(6*x"4*arctan
h(c*x) + c*(2*%(c™2%xx"3 + 3*x)/c”4 - 3xlog(c*x + 1)/c”5 + 3xlog(c*x - 1)/c”5
))*b*e”3 + axd”~3*x + 1/2%(2*kcxx*arctanh(c*x) + log(-c™2*x72 + 1))*b*d~3/c

mupad [B] time = 1.15, size = 197, normalized size = 1.58

aed xt bd ln(02x2—1)+b63x3 3ad?ex? bedx be3atanh(cx)+be3:

3 3 2.3
+ad’ x+ >z T +bd xatanh(cx)+T+ade X7+ 10 1d

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))*(d + e*xx)~3,x)

[Out] (a*e”3*x74)/4 + a*xd”™3xx + (bxd~3*log(c™2*x"2 - 1))/(2*c) + (bxe~3*x~3)/(12%
c) + bxd"3xx*atanh(c*x) + (3%a*xd™2%e*xx"2)/2 + a*d*xe ™ 2xx"3 + (b*e~3x*x)/(4*c”
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3) - (b*e"3%atanh(c*x))/(4*xc”4) + (b*e"3*x"4xatanh(cx*x))/4 + (3*xb*xd~2%e*xx)/
(2%c) - (3xb*d~2*exatanh(c*x))/(2*%c™2) + (3%b*xd"2*xe*xx~2*%atanh(c*x))/2 + bxd
xe”~2xx"3*%atanh(c*x) + (bxd*e"2xlog(c™2*x"2 - 1))/(2%c™3) + (b*xd*xe”™2xx72)/(2
*C)

sympy [A] time = 1.98, size = 279, normalized size = 2.23

3ad%ex 3bd2ex? atanh (cx be3x* atanh (cx)

ad®x + ) | bde2x3 atanh (cx) +

bd® lo:

2 ae3x4
—— ade®x3 + —+ bd3x atanh (cx) + "

3d%ex? Syt
a (d3x + 5 +dex’ + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**3*(a+b*atanh(c*x)),x)

[Out] Piecewise((axd**3*x + 3xaxd*x*2kexx**2/2 + axdkexx2xx**3 + axex*x3*xx**4/4 + b
*d**x3*xx*atanh (cxx) + 3xbxd**2kxe*xx**2*xatanh(c*xx)/2 + b*d*e**2*x**3*atanh (c*xx

) + bxex*3kxx**x4*atanh(c*xx)/4 + bxd**3*xlog(x - 1/c)/c + bxd*x3*atanh(c*x)/c

+ 3xbxd*x*2%ex*xx/(2%c) + bkdxe*x*x2xx*x*2/(2%c) + bxe*x*x3xx*x*3/(12%c) — 3*xbxd*x*2x*
exatanh (c*x)/(2%c**2) + bxdxex*2xlog(x - 1/c)/c**3 + bkdkex*2*atanh(c*x)/c*

*3 + bxex*x3xx/(4*xc**3) - bxex*k3*atanh(c*x)/(4d*xcx*x4), Ne(c, 0)), (a*x(d**3*x

+ 3kdx*2kexx**2/2 + dkex*2xx**x3 + exx3*xx*x*x4/4), True))
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3.3 f (d + ex)? (a +btanh™ (cx)) dx

Optimal. Leaf size=96

(@ +ex)® (a+ btanh™ (cx)  b(cd - ¢ log(ex +1) | bled +ePlog(l—cx)  bdex be
3e 6c3e 6c3e c 6c

[Out] b*d*exx/c+1/6%bxe”2*%xx"2/c+1/3* (exx+d) ~3* (a+tb*arctanh(c*x))/e+1/6%b*(ckxd+e)”
3x1n(-c*x+1)/c"3/e-1/6*b*(cxd-e) "3*1n(c*x+1)/c”~3/e

Rubi [A] time = 0.12, antiderivative size = 96, normalized size of antiderivative = 1.00,

. ) number of rules
number of steps used = 6, number of rules used = 4, integrand size = 16, ————— =

0.250, Rules used = {5926, 702, 633, 31}

integrand size

(d + ex)® (a +b tanh_l(cx)) b(cd — e)*log(cx +1) N b(cd + e)*log(1 — cx) N bdex . bex?
3e 6c3e 6c3e c 6¢c

Antiderivative was successfully verified.
[In] Int[(d + e*xx) 2%(a + bxArcTanh[c*x]),x]

[Out] (bxd*xexx)/c + (b*e™2%x~2)/(6%c) + ((d + exx)"3*(a + bk*ArcTanh[c*x]))/(3%*e)
+ (b*x(c*d + e) 3*Log[l - c*x])/(6%c™3%e) - (bx(ckd - e) 3xLogll + cxx])/ (6%
c"3x%e)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d) + (e_.)*x(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 21}, Dist[e/2 + (c*d)/(2*q), Int[1/(-q + c*x), x], x] + Distl[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 702

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, ¢, d, e}, x] && NeQ[
cxd™2 + axe”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 2])

Rule 5926



45

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2xx"2), x], x] /; FreeQ[{a,
b, c, d, e, qF, x] && NeQ[q, -1]

Rubi steps
d+ex) (a+btanh () (bo) [ L2 gy
f(d + ex)? (a +b tanh_l(cx)) dx = ( ) ( 2 ( )) f ;e 122

b 3de g3x c2d3+3de?+e(3c2d?+e2)x
(d + ex)? (a +b tanh_l(cx)) (b [(--Z + 2(1-2:2) ‘

- 3e 3e
2d3 3d 2 3 2d2 2
bdex bex® (d+ex)® (a +0b tanh_l(cx)) b f = eljcez(x; ) dx
= + + -
c 6¢ 3e 3ce
bdex bex® (d+ex)’(a+btanh ' (cx) (bed - o)) [— |
= + + + e .
c 6¢ 3e 6ce
_ bdex . be?x? . (d + ex)’ (a +b tanh_l(cx)) b(ed +¢)*log(1 —cx)  b(
oc 6c 3e 6c3e

Mathematica [A] time = 0.10, size = 129, normalized size = 1.34

ex?(6acd + be)  6dx(acd + be) b (3c2d2 + 3cde + ez) log(1—cx) b (3c2d2 — 3cde + ez) log(cx
‘ ; + - + 2ae%x% + 3 + 5

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2%(a + b*ArcTanh[c*x]),x]

[Out] ((B6*xd*(a*xcxd + bxe)*x)/c + (ex(6*axckd + bkxe)*x"2)/c + 2%a*xe”2%xx~3 + 2¥b*xx*
(3%d"2 + 3*xd*exx + e"2*x"2)*ArcTanh[c*x] + (b*x(3*c™2*xd"2 + 3xckd*xe + e72)x*L
ogll - c*x])/c™3 + (b*x(3%c™2*d"2 - 3*ckdxe + e~2)*Log[l + c*x])/c”3)/6

fricas [A] time = 0.66, size = 163, normalized size = 1.70

2acde®x® + (6 ac3de + bczez)x2 +6 (ac3d2 + bczde)x + (3 bc?d? — 3 bede + bez) log (cx +1) + (3 bc?d? + 3 bede

6c3

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) 2x(atb*arctanh(c*x)),x, algorithm="fricas")

[Out] 1/6%(2%a*c”™3*e”2%x"3 + (6*axc™3xd*e + bxc 2%e”2)*x72 + 6x(axc”3*%d”™2 + bxc™2
xd*e)*x + (3*%b*xc”2*%d"2 - 3*bkcxd*e + b*e"2)*log(c*x + 1) + (3*b*c™2xd"2 + 3
xb*xckxd*e + b*e"2)xlog(c*xx — 1) + (b*c™3%e™2%x"3 + 3*%b*c~3xd*e*xx~2 + 3*b*xc™3
*xd"2*xx)*log(-(c*x + 1)/(c*x - 1)))/c”3

giac [B] time = 0.39, size = 785, normalized size = 8.18

3(cx+1)°b

(l

1 1 1
%+l) 9(cx+1)2bc2d2 log(—%+l) 9(cx+1)bc2d210g(—%+ ) » 0 oxtl
- + - 3bcd* log |- +1)-

3 (cx+1)3bc2d2 log(—
(cx-1)° (cx-1)? cx-1 cr—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~2x(atb*arctanh(c*x)),x, algorithm="giac")

[Out] -1/3%(3%(c*x + 1) 3%b*c™2*%d"2*log(-(c*x + 1)/(c*x - 1) + 1)/(cxx - 1)73 - 9
*x(cxx + 1)72%b*c™2xd"2%log(-(cxx + 1)/(cxx - 1) + 1)/(cxx - 1)72 + 9x(c*x +
1) *b*xc™2xd"2x1log(-(c*x + 1)/(c*x - 1) + 1)/(cxx - 1) - 3%bxc™2xd"2*xlog(-(c
xx + 1)/(cxx - 1) + 1) - 3*(c*x + 1) 7 3*%bxc™2xd"2*log(-(c*x + 1)/(c*x - 1))/
(c*xx - 1)73 + 6*(c*x + 1) 2%b*xc™2xd"2xlog(-(c*x + 1)/(c*x - 1))/(c*xx - 1)72
- 3x(c*xx + 1)*bxc™2*xd"2xlog(-(c*x + 1)/(c*x - 1))/(c*xx - 1) - 6*%(c*x + 1)~
2%axc”2xd"2/(cxx - 1)72 + 12%(c*xx + 1)*axc™2xd"2/(cxx - 1) - 6*axc™2xd"2 -
6% (c*x + 1) 2%bxcxd*exlog(-(c*x + 1)/(c*x - 1))/(c*xx - 1)72 + 6%(c*x + 1)*Db
xcxdxexlog(-(cxx + 1)/(cxx - 1))/(c*x - 1) - 12x(cxx + 1) 2%akxcxd*e/(cxx -
1)72 + 12x(c*kx + 1)*axckxd*e/(c*x - 1) - 6x(c*xx + 1) 2xb*ckd*xe/(cxx - 1)72 +
12%(c*x + 1)*bkxcxd*e/(c*x - 1) - 6%bxcxd*e + (c*x + 1) 3xbxe”2*log(-(c*x +
1)/(c*x = 1) + 1)/(c*x - 1)73 - 3x(c*xx + 1) 2%b*e™2xlog(-(c*x + 1)/(c*x -
1) + 1)/(c*x = 1)72 + 3x(c*x + 1)*b*e"2xlog(-(c*x + 1)/(c*x - 1) + 1)/(c*x
- 1) - bxe"2*log(-(cxx + 1)/(cxx - 1) + 1) - (c*xx + 1) 7 3xb*e"2*log(-(c*x +
1D /(cxx = 1)) /(cxx - 1)73 = 3x(cxx + 1)*b*xe"2xlog(-(c*xx + 1)/(c*xx - 1))/ (c*
X = 1) - 6x(cxx + 1)72%a*xe”2/(c*x - 1)72 - 2%a*xe”2 - 2x(c*x + 1) 2xb*xe”2/(c
*x — 1)72 + 2x(c*x + 1)*b*e”2/(c*x - 1))*c/((c*x + 1)73*%c™4/(c*x - 1)°3 - 3
x(cxx + 1)72%c74/(c*x - 1)72 + 3*(c*x + 1)*c™4/(c*x - 1) - ¢c™4)

maple [B] time = 0.03, size = 218, normalized size = 2.27

362 d® be?arctanh 3 b arctanh a2 b
07 C L pdex?raxd2+ 242 AN (@)x +be arctanh (cx) x2d+b arctanh (cx) x d>+ arctanh (cx) 428

3e 3 3e ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (at+b*arctanh(c*x)) ,x)
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[Out] 1/3*a*xx”3*e”2+a*d*e*x™2+ax*x*d~2+1/3*a/exd”3+1/3*b*e”2*arctanh (c*x)*x~3+b*e*
arctanh (c*xx)*x~2*xd+b*arctanh (cxx) *x*xd~2+1/3%b/exarctanh (c*x) *d~3+1/6xb*xe” 2%
x"2/c+bxd*e*xx/c+1/6*b/ex1ln(cxx-1)*d~3+1/2/c*b*1n(c*x-1)*d"2+1/2/c”2*b*ex*x1n(
cxx-1)*d+1/6/c”3*b*e”2x1n(c*xx-1)-1/6%b/e*In(c*x+1)*d~3+1/2/c*b*1n(c*x+1) *d~

2-1/2/c”2*b*ex1ln(c*xx+1)*d+1/6/c”3*%b*e”2+1n(c*x+1)
maxima [A] time = 0.31, size = 137, normalized size = 1.43
2 ]

1 1 2 1 +1 1 -1 1
— ae*x3+adex?+= (2 x? artanh (cx) + ¢ 2x _log(ex+1) + 28 (@-1) bde+= |2 x® artanh (cx) + ¢ e
3 2 c2 3 3 6 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x)),x, algorithm="maxima")

[Out] 1/3%a*xe”2*%x"3 + axd*exx™2 + 1/2x(2+x"2xarctanh(cxx) + c*x(2xx/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c”3))*bxd*e + 1/6%(2xx"3*arctanh(c*x) + c*x(x72/c”2
+ log(c™2*x"2 - 1)/c”4))*b*e”2 + axd™2*x + 1/2*(2*cxx*arctanh(c*x) + log(-c

“2%x72 + 1))*b*xd"2/c

mupad [B] time = 0.94, size = 127, normalized size = 1.32

3 bd? In(c?x®-1) be? In(c®>x?>—1) pe2x2 be? 13 atanh E
+ad? x+ (2 )+ g 5 )+ 66; +adex®+bd? x atanh (¢ )+ a;n (Cx)+—
c c

ae?x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))*(d + e*xx)~2,x)

[Out] (a*xe”2*x73)/3 + a*xd™2xx + (bxd"2*xlog(c™2*x72 - 1))/(2%c) + (bxe"2xlog(c~2*x
"2 - 1))/(6%c”3) + (b*e"2%x72)/(6%c) + akxd*exx”2 + b*d"2xx*atanh(c*x) + (bx*

e~ 2%x"3*atanh(c*x))/3 + (b*d*exx)/c - (bkxdxexatanh(c*x))/c”2 + bkxd*xexx 2*at

anh (c*x)
sympy [A] time = 1.26, size = 178, normalized size = 1.85
2.3 2.3 bd? log X—% 2
adx + adex® + ““= + bdx atanh (cx) + bdex? atanh (cx) + 2 4 C( ) L) | 2,

2.3
a (dzx + dex? + %)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x)),x)



48

[Out] Piecewise((a*xd**2xx + axdkexx**2 + akex*x2xx**x3/3 + bxd**x2*xx*atanh(c*x) + bx*

dxexx**2xatanh (c*x) + bxex*2xxx*3*atanh(c*x)/3 + bxd*x*2xlog(x - 1/c)/c + bx
d**2*atanh(c*x)/c + bxdxe*x/c + bkex*x2*xx**x2/(6*%c) - bxdxexatanh(c*x)/c**2 +
bxex*2x1log(x - 1/c)/(3*%c**3) + bkex*2*xatanh(c*x)/(3xc**3), Ne(c, 0)), (a*x(

dx*2%x + d¥exx**x2 + exx2*xx*x*x3/3), True))
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3.4 f (d + ex) (a +btanh™ (cx)) dx

Optimal. Leaf size=84

(d+ex)* (a+btanh™ (cx)  b(ed - e log(ex +1) , bled +ePlog(l—cx) bex
2e 4c2e 4c2e 2c

[Out] 1/2%bkxexx/c+1/2%(exx+d) 2% (a+b*arctanh(c*x))/e+1/4*b*x(c*xd+e) " 2x1n(-c*x+1)/c
~2/e-1/4%bx (cxd-e) " 2x1n(c*x+1)/c"2/e

Rubi [A] time = 0.08, antiderivative size = 84, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 4, integrand size = 14, —————— =

0.286, Rules used = {5926, 702, 633, 31}

integrand size

2e 4c%e 4c2e 2c

(d + ex)? (ﬂ +b tanh_l(cx)) _ bled - e)?log(cx +1) N b(cd + e)?log(1 — cx) . bex

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + bxArcTanhl[c*x]) ,x]

[Out] (bxexx)/(2xc) + ((d + exx) 2*x(a + bxArcTanh[c*x]))/(2xe) + (bx(c*xd + e) " 2*L
ogll - c*x])/(4*xc™2xe) - (bx(cxd - e) 2xLogl[l + cx*x])/(4xc"2xe)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (cxd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 702

Int[((d_) + (e_.)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Int[Polyno
mialDivide[(d + e*x)"m, a + c*x~2, x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 + a*e”2, 0] && IGtQ[m, 1] && (NeQ[d, 0] || GtQ[m, 21)

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
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bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx72), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
d +ex)? (a + btanh *(cx))  (bc) @ren” 1y
f (d +ex) (a+btanh™ (cx)) dx = ( Al ( )) | T
2e 2e
2d2+e2+2c%dex
(d + ex)? (a +b tanh_l(cx)) (be) f( m) d

2e 2e

2d% 42 +2c2dex

bex (d + ex)? (a +b tanh_l(cx)) b f 3

2c 2e 2ce
_bex | (@+exP(a+banhe0) (bled—e)?) [ —dx  (b(cd +0)?)
2c 2e 4e 4e
_bex (@+exp (a+b tanh‘l(cx)) b(cd + ¢ log(l —cx)  b(ed - ¢ log(
2c 2e 4c2e 4c2e

Mathematica [A] time = 0.01, size = 96, normalized size = 1.14

1, bdlog(l-c*x?) pelog(l—cx) bel 1 b
adx+=aex?+ g( )+ clogll ) belog(ex +1) +bdx tanh™ (cx)+ bex? tanh™ (cx)+E
2 2c 4c? 4c? 2c

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx)*(a + bxArcTanh[c*x]),x]

[Out] a*xd*x + (bxexx)/(2%c) + (a*xexx"2)/2 + b*d*xxArcTanh[c*x] + (b*exx”2*ArcTanh
[c*x])/2 + (b*xexLogl[l - c*x])/(4*c™2) - (b*exLogl[l + cxx])/(4*c”2) + (b*xdxL
ogll - c™2xx72])/(2*c)

fricas [A] time = 0.60, size = 98, normalized size = 1.17

cx+1

2 ac%ex? + 2 (2 ac’d + bce)x + (2bed — be) log (cx + 1) + (2 bed + be) log (cx — 1) + (bczex2 +2 bczdx) log (—ﬁ
4c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x)),x, algorithm="fricas")
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[Out] 1/4*(2%axc™2*xexx”2 + 2% (2*a*xc”™2xd + bxcke)*x + (2¥bxc*d - b*xe)*log(cxx + 1)
+ (2xb*c*xd + bxe)xlog(c*x - 1) + (b*c™2%exx™2 + 2*bxc~2*xd*x)*log(-(c*x + 1

)/ (c*xx - 1)))/c™2

giac [B] time = 0.21, size = 292, normalized size = 3.48

cx+1

(cx+1)bedlog(- 0 41) 2 (cr+1)bedlog(- 25141
( - ) ( - )+bcdlog( Cx+1+1)—

1 1
(cx+1)2bcdlog(—“"+ ) . (cx+1)bcdlog(—§fl)

cx-1

(cx—l)2 cx=1
(ex+1)’3  2(cx+1)3
(cx—l)2 cx-1

Cox-1 (cx-1)% cx—1

+c3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x)),x, algorithm="giac")

[Out] -((c*x + 1)72*bxc*xd*log(-(c*x + 1)/(c*x - 1) + 1)/(c*xx - 1)72 - 2x(cxx + 1)
xb*xckxd*xlog(-(cxx + 1)/(cxx - 1) + 1)/(c*x - 1) + bxc*xdxlog(-(c*x + 1)/(c*x

- 1) + 1) - (cxx + 1) 2xb*cxd*log(-(cxx + 1)/(cxx - 1))/(c*x - 1)72 + (c*x

+ 1)*bkcxd*log(-(cxx + 1)/(cxx - 1))/(c*x - 1) - 2x(cxx + 1)*axc*d/(c*x - 1

) + 2xaxcxd - (c*x + 1)xbxexlog(-(cxx + 1)/(cxx - 1))/(c*x - 1) - 2x(c*x +
1*xaxe/(cxx - 1) - (cxx + 1)*b*e/(c*x - 1) + bxe)*c/((c*x + 1)72%c™3/(c*x -

1)72 - 2%(cxx + 1)*c”3/(c*x - 1) + ¢73)

maple [A] time = 0.03, size = 92, normalized size = 1.10

ax%e p +barctanh(cx)xze+barCtanh(Cx)xd+bex+bln(cx—1)d+bln(cx—1)e+bln(cx+1)d_b1n(cx

+ — ,
p X 2 2¢ 2¢ 12 2¢ 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x)),x)

[Out] 1/2*a*x"2%e+axd*x+1/2%b*arctanh(c*x)*x~2%e+b*arctanh (c*x)*x*xd+1/2*xb*exx/c+1
/2/cxbx1ln(c*xx-1)*d+1/4/c”2*%bx1n(c*x-1)*e+1/2/cxb*1n(c*x+1)*d-1/4/c”2*xb*x1n(c

*x+1) *e

maxima [A] time = 0.32, size = 83, normalized size = 0.99

(2 cx artanh (cx) + log (—c2x2 +1
2c

1 1 2 1 +1 | -1
— gex?+~ (2 x% artanh (cx) + ¢ 2x _log(ex+1) + 28 (x-1) be+adx+
4 c? 3 3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x)),x, algorithm="maxima")
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[Out] 1/2*axe*x”2 + 1/4%(2*x"2%arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + log
(cxx = 1)/c™3))*bxe + a*xd*xx + 1/2%(2*c*x*arctanh(c*x) + log(-c™2*x"2 + 1))x*

bxd/c

mupad [B] time = 0.83, size = 67, normalized size = 0.80

ex’ + bdxatanh (cx) + bex beatanh (cx) s be x* atanh (c x) . bd In(c2x?-1)
2c 2¢2 2 2¢

adx +

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))*(d + e*xx),x)

[Out] a*d*x + (axe*x~2)/2 + bkxd*x*atanh(c*x) + (b*exx)/(2*c) - (bx*exatanh(c*x))/(
2xc”2) + (bk*exx"2*xatanh(c*x))/2 + (bxd*log(c™2*x”"2 - 1))/ (2%c)

sympy [A] time = 0.67, size = 92, normalized size = 1.10

1
bex?atanh (cx) 04108 (x‘z ) bdatanh(cx)  bex  beatanh (cx)
+ + = 2=

2 c c 2¢ 2¢2 forc#0

2
adx + % + bdx atanh (cx) +

2
a (dx + %) otherwise

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x)),x)

[Out] Piecewise((a*d*x + akexx**2/2 + bxd*x*atanh(c*x) + bkexx**2*xatanh(c*x)/2 +
bxd*log(x - 1/c)/c + bxd*atanh(c*x)/c + bxe*xx/(2xc) - bxexatanh(c*x)/(2xc**
2), Ne(c, 0)), (ax(d*x + exx**2/2), True))
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-1
3.5 fa+btanh (cx) dx

d+ex
Optimal. Leaf size=114

(cx+1)(cd+e) x+1 (cd+e)(cx+1) cx+1

(a + btanh_l(cx)) log (M) log (CL) (a +b tanh_l(cx)) bLi, (1 - M) bLi, (1 - i)
e - e 2e " 2e

[Out] -(at+b*arctanh(c*x))*1n(2/(c*x+1))/e+(atb*arctanh(c*x))*1n(2*xc* (e*xx+d)/(cxd+
e)/(c*x+1))/e+1/2xb*polylog(2,1-2/(c*x+1))/e-1/2*%bxpolylog(2,1-2xc* (e*xx+d)/
(cxd+e)/(c*xx+1)) /e

Rubi [A] time = 0.08, antiderivative size = 114, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 4, number of rules used = 4, integrand size = 16, mmher o e

= 0.250, Rules used = {5920, 2402, 2315, 2447}

integrand size

2¢(d+ex) 2

1 2c(d+ex) 2
_bPolyLog (2, 1- m) . bPolyLog (2, 1- m) . (a + btanh (cx)) log (—(cx+1)(cd+e)) log (cx+1) (a +

2e 2e e e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])/(d + e*xx),x]

[Out] -(((a + b*ArcTanh[c*x])*Log[2/(1 + cxx)])/e) + ((a + bxArcTanh[c*x])*Log[(2
*kck(d + e*xx))/((cxd + e)*(1 + c*x))])/e + (b*PolyLogl[2, 1 - 2/(1 + c*xx)])/(
2xe) - (b*PolyLog[2, 1 - (2xc*(d + exx))/((cxd + e)*x(1 + c*x))])/(2xe)

Rule 2315

Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]
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Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c”2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*xx))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*(1 + c*x))])/e, x1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - 72, 0]

Rubi steps

-1 2c(d+ex) log fcx
f a + btanh ™ (cx) e (a + b tanh™ (cx)) log (1+cx) . (a +btanh (cx)) log ((cd+e)(1+cx)) (bo) [ 1—(%;@]

d+ex e p .

_ T+cx + (cd+e 1+cx) (cd+e
B e e 2e

-1 2c(d+ex) . 2
B (a + btanh™ (cx)) log (l+cx) . (a + btanh “(cx))log ((Cd+e 1+cx)) . bLi, (1 " Tre
B e e 2e

Mathematica [C] time = 0.26, size = 257, normalized size = 2.25

_ -1 Ei -1
alog(d + ex) — %ib (— log ( \/12T) (71 -2i tanh_l(cx)) —iLi, (e z(tanh ( e )Hanh (Cx))) +1 (tanh ( ) + tanh
—C=X

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*x),x]

[Out] (axLogld + exx] + bxArcTanh[c*x]*(Log[l - c~2*x72]/2 + Log[I*Sinh[ArcTanh[(
cxd)/e] + ArcTanh[cx*x]]1]) - (I/2)*b*x((-1/4*I)*(Pi - (2xI)*ArcTanh[c*x])"2 +
I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2*I)*ArcTanh[c*x])*Logl[1l +
E~(2%ArcTanh[c*x])] + (2+I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[l - E~(-2
x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt

[1 - c™2xx72]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I)*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - IxPoly
Log[2, E7(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/e

fricas [F] time = 0.77, size = 0, normalized size = 0.00

bartanh (cx) + a )
,X

integral
integra ( p——
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x) + a)/(exx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

bartanh (cx) + a
f dx
ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(e*x + d), x)

maple [A] time = 0.09, size = 148, normalized size = 1.30
aln (cxe +cd) bln (cxe +cd)arctanh (ex) bln(eve + ed)In (Z57)  bdilog (T57) bln(eve + ad)In (7
2e 2e 2e

e e
Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d),x)

[Out] ax*ln(c*exx+c*d)/e+b*ln(cke*xx+ckxd)/exarctanh(c*x)+1/2%b/ex1n(crexx+c*xd)*1n ((
cxexx—e)/(-cxd-e))+1/2xb/exdilog((c*exx-e)/(-c*d-e))-1/2%b/e*1n(c*xe*xx+cxd)*
In((c*xexx+e)/(-c*d+e))-1/2%b/exdilog((c*e*xx+e)/(-c*xd+e))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

lbflog(cx+1)—log(—cx+1) x4 alog (ex + d)
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(e*x+d),x, algorithm="maxima")
[Out] 1/2*bxintegrate((log(c*x + 1) - log(-c*xx + 1))/(exx + d), x) + axlog(e*x +
d)/e

mupad [F] time = 0.00, size = -1, normalized size = -0.01

a + batanh (cx)
f dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.



[In] int((a + bxatanh(c*x))/(d + e*xx),x)
[Out] int((a + b*atanh(c*x))/(d + e*xx), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a + batanh (cx)
f dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(e*x+d),x)

[Out] Integral((a + b*atanh(c*x))/(d + e*x), x)

56
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-1
3.6 fa+btanh (cx) dx

(d+ex)?

Optimal. Leaf size=93

a+ btanh_l(cx) bclog(d +ex) bclog(l —cx) N bclog(cx +1)
e(d + ex) c2d? — e2 2e(cd + e) 2¢(cd — e)

[Out] (-a-bxarctanh(cx*x))/e/(exx+d)-1/2*bxcx1ln(-c*xx+1)/e/(cxd+e)+1/2xb*xcx1ln(c*x+1
)/ (cxd-e) /e-bxc*x1n(exx+d)/(c"2xd"2-e"2)

Rubi [A] time = 0.07, antiderivative size = 93, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 6, number of rules used = 4, integrand size = 16, —— =

0.250, Rules used = {5926, 706, 31, 633}

integrand size

a+b tanh_l(cx) bclog(d +ex) bclog(l —cx) beclog(cx +1)
e(d + ex) c2d? — 2 2e(cd + e) 2e(cd —e)

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])/(d + e*xx)"2,x]

[Out] -((a + bxArcTanh[c*x])/(ex(d + e*xx))) - (bxcxLog[l - c*x])/(2%e*x(c*xd + e))
+ (bxc*xLog[l + c*x])/(2%(c*d - e)*e) - (bxcxLogld + e*x])/(c”2*d"2 - e72)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_)*x(x))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distle/2 + (cxd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2%q), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQ[
-(axc)]

Rule 706

Int[1/(((d ) + (e_.)*x(x_))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + axe”2), Int[1/(d + e*x), x], x] + Dist[1/(c*d"2 + a*e”2), Int[(c*xd -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 + axe”2,
0]

Rule 5926
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2xx72), x], x] /; FreeQ[{a,
b, c, d, e, qF, x] && NeQ[q, -1]

Rubi steps
1
f a + btanh ' (cx) a + btanh ™ (cx) N (be) f (d+ex)(1-c222) ax
X = -
(d + ex)? e(d + ex) e
_ Zd 2 1
_ atbtanh () (00 [ o dx (bee) [ dx
e(d + ex) e (c2d2 _ eZ) c2d? — ¢2
1 1
__a+btanh (@) _belogd+en)  (00) [ mdr (b€) [
B e(d + ex) c2d? — 2 2(cd — e)e 2e(cd + e)
_a+b tanh_l(cx) bclog(l - cx) N bclog(l +cx)  bclog(d + ex)
B e(d + ex) 2e(cd + e) 2(cd - e)e c2d? — e2

Mathematica [A] time = 0.12, size = 102, normalized size = 1.10

a bclog(d +ex) bclog(l—-cx) bclog(cx+1) b tanh_l(cx)
e(d + ex) c2d? — e2 2e(cd + e) 2e(e — cd) e(d + ex)

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x])/(d + e*x)~2,x]

[Out] -(a/(ex(d + e*x))) - (b*ArcTanh[c*x])/(ex(d + e*x)) - (b*cxLogl[l - c*x])/(2
xex(cxd + e)) - (b*xcxLogl[l + cxx])/(2xex(-(cxd) + e)) - (b*xcxLogld + exx])/
(c72*%d"2 - e72)

fricas [B] time = 0.94, size = 182, normalized size = 1.96

2ac’d? -2 ae? - (bczd2 + bede + (bczde + bcez)x) log (cx +1) + (bczd2 — bede + (bczde - bcez)x) log (cx —1) A
2 (02d3e —de’ + (czdze2 - e4)x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d)”2,x, algorithm="fricas")
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[Out] -1/2%(2%a*xc™2*d"2 - 2xa*e”2 - (b*c™2*d"2 + bxckdxe + (b*xc~2*xdxe + bxckxe™2)x*
x)*xlog(cxx + 1) + (b*c™2+%d”2 - b*xcxd*e + (b*c™2*d*e - bxc*xe”2)*x)*log(cxx -

1) + 2x(b*xc*xe™2xx + b*ckdxe)*log(e*x + d) + (b*c™2*%d"2 - bxe”2)*log(-(c*x

+ 1)/(c*x - 1)))/(c™2%d"3%e - dxe”3 + (c™2%d"2*e”2 - e74)*x)

giac [B] time = 0.18, size = 374, normalized size = 4.02

(c

(cx+1)cd —cd+ (cx+1)e (cx+1)be log( L

—_— +e
cx-1 cx-1 ) _ bed lOg ((cx+1)cd s (cx+1)e + 6) _

cx—1 cx—1 cx—1

(cx+1)bed log( crtl )

T -1

(cx+1)bed log(
—2acd +

cx—1

cx+1)c3d43 cx+1)c2d?e cx+1)cde?
Hed | 3g3 , HDed®e | 5o, (xtliede”
cx—1 cx—1 cx—1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~2,x, algorithm="giac")

[Out] -((c*x + 1)*b*ckd*xlog((cxx + 1)*c*d/(c*x - 1) - cxd + (c*xx + 1)*e/(c*x - 1)
+ e)/(c*x - 1) - bxcxdxlog((c*x + 1)*cxd/(c*x - 1) - cxd + (c*x + 1)*e/(c*

x - 1) + e) - (cxx + 1)*bxckdxlog(-(c*x + 1)/(c*x - 1))/(c*x - 1) - 2%axc*d

+ (cxx + 1)*xbxexlog((c*x + 1)*cxd/(c*x - 1) - c*xd + (cxx + 1)*e/(c*x - 1)

+ e)/(cxx - 1) + bxexlog((c*xx + 1)*xc*d/(cxx - 1) - c*xd + (c*xx + 1)*e/(cxx -

1) + e) - (cxx + 1)*bxexlog(-(c*xx + 1)/(c*xx - 1))/(cxx - 1) + 2*axe)xc/((c

*x + 1)*%c73%d"3/(cxx - 1) - ¢73%d"3 + (cxx + 1)*c7™2*d"2xe/(cxx - 1) + c72%d

“2%e - (ckx + 1)*ckd*xe”2/(cxx - 1) + c*xd*xe”2 - (c*x + 1)*e”3/(c*x - 1) - e~

3)

maple [A] time = 0.04, size = 114, normalized size = 1.23

ca cbarctanh (cx) cbIn(cxe+cd) cbin(cx—1) cbIn(cx +1)
(cxe+cd)e (cxe+cd)e (cd+e)(cd—e) e(2cd+ 2e) e (2cd — 2e)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(exx+d) ~2,x)

[Out] -c*a/(cxexx+c*xd)/e-c*xb/(cxexx+c*xd)/e*xarctanh(c*x)-c*b/(cxd+e)/(cxd-e)*1n(c*
exx+c*xd) -cxb/e/ (2xcxd+2xe) *1n (c*x-1)+c*xb/e/ (2xcxd-2*e) *1n (c*xx+1)

maxima [A] time = 0.32, size = 99, normalized size = 1.06

1 (C(log (cx+1) log(cx-1) 2log(ex+ d)) _ 2artanh (cx)) a

2 cde — e2 cde + e2 c2d2 — e2 e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d)~2,x, algorithm="maxima")
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[Out] 1/2*%(c*(log(c*x + 1)/(c*d*xe - e72) - log(c*xx - 1)/(cxd*xe + e72) - 2xlog(e*x
+ d)/(c72*%d"2 - e72)) - 2*arctanh(c*x)/(e"2*x + d*e))*b - a/(e”2xx + dxe)

time = 3.60, size = 115, normalized size = 1.24

mupad [B]
2 bcln(czxz—l) > 2 bcx]n(cz:
f—bcln(d+ex)+ac x+bccxatanh(cx)|+de batanh(cx)—bcxln(d+ex)+—2

- d (2 -2 d2) (d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))/(d + e*xx)~2,x)

[Out] -(d"2x((b*c*log(c™2%x"2 - 1))/2 - bkxcxlog(d + exx) + axc™2*x + bxc~2*x*atan
h(c*x)) + dxex(b*atanh(c*x) - bxc*xxlog(d + exx) + (b*cxx*log(c™2*x"2 - 1))
/2) - axe”2*x)/(dx(e”2 - c”2*%d"2)*(d + exx))

time = 3.62, size = 690, normalized size = 7.42

sympy [A]
1
blog|x—=
ax+bx atanh (cx)+ E c ) n batar;h (cx)
d2
a
de+e2x
2ad bd atanh (%) bd bex atanh (%)

- + +
2d2e+2de2x 2d2e+2de2x 2d2e+2de?x 2d2e+2de?x

_ 2ad B bd atanh (%) B bd bex atanh (%)
2d2e+2de2x 2d2e+2de?x 2d2e+2de?x 2d2e+2de?x

1
blog (x——) batanh
& | ax + bx atanh (cx) + - LA aar; (ex)

bedelog (x— %) bedelog (§+x)

242 ae? bc?dex atanh (cx)
c2dBe+c2d2e2x—ded—etx  c2dBe+c2d?e?x—de3—etx

+ N
2dBe+c2d2e2x—de3—etx  c2dBe+c2d?e?x—de3—etx 243

ac
c2dBe+c2d2e2x—de3—e4x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx))/(exx+d)**2,x)

[Out] Piecewise(((a*x + b*x*atanh(c*x) + b*log(x - 1/c)/c + bxatanh(c*x)/c)/d**2,
Eq(e, 0)), (-a/(dxe + exx2*x), Eq(c, 0)), (-2*xaxd/(2xd**2xe + 2*d*e*x*2*x)

+ bkxd*atanh(exx/d)/ (2*d**2%e + 2*xd*ex*2xx) + b*d/(2*d**2*e + 2kd*ex*2xx) -
bxexx*atanh (exx/d) /(2*xd**2%e + 2*dxe*x*2xx), Eq(c, -e/d)), (-2xa*xd/(2*xd*x2x*e

+ 2xdxe*x*2*x) - bxd*atanh(exx/d)/(2*d**2xe + 2kd*e**2xx) - b*d/(2*xdx*2*e +
2xd*e*x*2%x) + bkexx*atanh(exx/d)/(2*xd**2xe + 2xd*ex*2xx), Eq(c, e/d)), (zo
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ox(a*x + bxx*atanh(cxx) + bxlog(x - 1/c)/c + bxatanh(c*x)/c), Eq(d, -exx)),

(—axcx*2xd*x*x2/ (cx*2kd*x*3%e + Ck*xkd**xkex*xkx — dkex*x3 — e*x*xd*xx) + akxe*x*x2/
(ckx*2xd**x3%ke + c*k*xkd**x2ke*xkQ*xx — dkex*x3 — ex*x4*xx) + bkxckx2xdkexx*atanh (c*x
)/ (Cx*2%d**3*ke + Ck*2xdx*2ke*x2xx — dxex*3 - e*x4dxx) + b*cxdrxexlog(x - 1/c)
/ (C*x*2xd**3%ke + cx*k2xd**x2kex*k2xx — d*e*x*3 - e*xx4*xx) - bkcxdxexlog(d/e + x)/
(c*k*2xd**3xe + Cxk2xdx*2kex*k2*xx — d¥ex*3 — e*x*4xx) + bkckxdxe*xatanh(cxx)/(c*
*x2kd*k*k3ke + CHR2kAk*kkex*k2xx — d¥e*x*k3 - ex*4*xx) + bkcxexx2*xxxlog(x - 1/c)/(
Ck*2kd*k3ke + Ck*xkdk*k2kexx2*x — dkex*k3 — exk4xx) - bkckex*2xx*log(d/e + x)
/ (cx*2xd*x*x3%xe + c*k*xkd*x*ke*xkx*xx — dkex*3 — e*x*x4*xx) + bkckexx2kxx*xatanh(c*x)
/ (c*xx2xd*x*k3ke + Cx*kkd*k*xDke*x*x2xx — d*e**x3 — ex*x4*xx) + bkxex*2kxatanh(c*x)/(cx*
*¥2kdxx3ke + cRk2kd¥x*kkexx2kx — d¥xex*k3 - exxdxx), True))
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-1
3.7 fa+btanh (cx) dx

(d+ex)3

Optimal. Leaf size=130

a + btanh ' (cx) . bc bc? log(1 — cx) . bc?log(cx +1)  bc’dlog(d + ex)
2e(d + ex)? 2 (Czdz _ ez) d+ex) 4e(cd +e)? 4e(cd — e)? ( 242 - 32)2

[Out] 1/2%bxc/(c™2xd"2-e72)/(e*xx+d)+1/2*(-a-b*arctanh(c*x))/e/ (exx+d) "2-1/4%b*xc”2
*1n(-c*x+1)/e/(cxd+e) "2+1/4*b*xc”2*%1In(c*x+1) / (cxd-e) "2/e-b*c~3*d*1n(exx+d) / (
c"2%d"2-e72) "2

Rubi [A] time = 0.13, antiderivative size = 130, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 4, number of rules used = 3, integrand size = 16, /e =

= 0.188, Rules used = {5926, 710, 801}

integrand size

a+b tanh_l(cx) . bc bc3dlog(d + ex)  be? log(l — cx) N bc? log(cx +1)
2e(d + ex)? 7 (Czdz _ ez) (d + ex) (cz g e2)2 de(cd + e)? de(cd — e)?

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])/(d + ex*x)~3,x]

[Out] (bxc)/(2%(c™2*d™2 - e72)*(d + e*x)) - (a + bxArcTanh[c*x])/(2%ex(d + e*x)~2
) — (bxc™2*xLogl[l - c*x])/(4*xex(cxd + e)”2) + (bxc™2*Log[l + c*x])/(4*(c*d -
e)"2xe) - (b*c”3*d*xLogl[d + e*xx])/(c™2xd"2 - e72)72

Rule 710

Int[((d_) + (e_)*(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(e*x(d
+ exx)"(m + 1))/((m + 1)*(c*xd"2 + a*e”2)), x] + Distlc/(c*d”2 + a*xe”2), In
t[((d + exx)"(m + 1)*x(d - exx))/(a + c*xx"2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*(x_))"(m )*((f_.) + (g_.)*(x_)))/((a_) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a + c*x~2), x],
x] /; FreeQ[{a, c, d, e, £, g}, x] && NeQ[c*d"2 + a*e”™2, 0] && IntegerQ[m]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + e*x)~(q + 1)*x(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
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bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx"2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
1
f a + btanh ' (cx) v _a+b tanh ™ (cx) N (be) f (d+ex)?(1-c2x2) x
(d + ex)3 - 2e(d + ex)? 2e
3 d—ex
B bc _a+ btanh " (cx) N (bc )f (d+ex)(1-c2x2) X
2 (czﬁl2 -~ ez) (d + ex) 2e(d + ex)? 2e (c2d2 - ez)
3 —cd+e cd+e
_ bc 3 a-+ btanh_l(cx) 4 (bC )f(Z(cd+e)(—1+cx) + 2(cd—e)(1+cx) + m
2 (czd2 - ez) (d + ex) 2e(d + ex)? 2e (czd2 - ez)
_ bc a + btanh ' (cx) _ bc?log(l —cx) . bc*log(l +cx)  bc’dl
) (c2d2 _ ez) (d + ex) 2e(d + ex)? de(cd + e)? 4(cd — e)%e ( 2,
Mathematica [A] time = 0.16, size = 133, normalized size = 1.02
1 2a .\ 2bc _ bc?log(1 — cx) . bclog(cx +1)  4bc’dlog(d +ex) 2b tanh ™ (cx)
4| e(d+ex)? (c2d2 _ 62) (d + ex) e(cd + e)? e(e — cd)? ( 2 _ 2 dz)z e(d + ex)?

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + e*x)~3,x]

[Out] ((-2%a)/(ex(d + e*x)"2) + (2xb*xc)/((c™2%¥d"2 - e72)*(d + e*x)) - (2xbxArcTan
hlcxx])/(ex(d + exx)"2) - (b*xc™2%Log[l - c*x])/(ex(cxd + e)72) + (b*c™2*Log

[1 + c*x])/(ex(=(c*xd) + e)72) - (4xb*xc”3xd*Logld + ex*xx])/(-(c™2%d"2) + e72)

"2)/4

fricas [B] time = 0.85, size = 454, normalized size = 3.49

2actd* = 2bcBd3e — 4 ac?d?e® + 2bede® + 2 ae* -2 (bc3d2 2 _ bce4)x - (bc4d4 +2bc3d%e + bc2d?e? + (bc"‘dzez

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d)~3,x, algorithm="fricas")
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[Out] -1/4*%(2*a*xc”4*d~4 - 2%b*c”3*d"3*e — 4d*xaxc~2xd"2%e”2 + 2*bkckd*e™3 + 2xaxe™4
- 2% (b*c"3*d"2*e"2 - b*c*xe"4)*x - (b*c"4*d"4 + 2*b*c”3*%d"3*e + bkc 2xd"2*e
"2 + (b*cT4*xd"2*%e”2 + 2xbxc”3*d*e”3 + b*cT2*e"4)*x72 + 2% (b*c”4*d"3*e + 2*b
*xC"3%d"2%e”2 + bxc"2xd*e”3)*x)*log(ckx + 1) + (b*c™4*d"4 - 2xb*c~3%d"3*e +
bxcT2xd"2xe”2 + (b*c”4*d"2*%e”2 — 2xbxc”3*%d*e”3 + bkcT2*e”"4)*x"2 + 2% (b*xcT4*
d"3%e - 2%bxc”3*d"2%e”2 + bxc " 2xd*e”3)*x)*xlog(ckx - 1) + 4x(bxc”3xd*xe”"3xx"2
+ 2xbxc”3*d"2*%e"2%x + b*c~3*d"3%e)*log(exx + d) + (bxc"4*d™4 - 2xb*c”2*xd"2
*xe”2 + bke"4)*log(-(c*x + 1)/(c*x - 1)))/(c™4*d"6*e - 2xc™2%d"4*e”3 + d"2x*e
"5 + (cT4*xd"4*e”3 - 2xcT2%d72%e”5 + e7T7)*x72 + 2x(cT4*d75b*e”2 - 2*%cT2xd"3*e
“4 + d*xe”6)*x)

giac [B] time = 0.19, size = 1197, normalized size = 9.21

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~3,x, algorithm="giac")

[Out] -((c*x + 1)72%b*c~4*d"3*log(-(c*x + 1)*xcxd/(c*x - 1) + cxd - (c*x + 1)*e/(c
xx — 1) - e)/(c*kx - 1)72 - 2%(c*kx + 1)*bxc”4*xd"3*log(-(c*x + 1)*c*d/(c*xx -
1) + cxd - (c*xx + 1)*e/(c*xx - 1) - e)/(c*x - 1) + b*c™4*d"3xlog(-(c*xx + 1)*
cxd/(cxx - 1) + cxd - (c*x + 1)*xe/(cxx - 1) - e) - (c*xx + 1) 2xb*c™4xd"3*1o
g(-(cxx + 1)/(cxx - 1)) /(c*x - 1)72 + (c*x + 1)*b*c~4*d"3*log(-(cxx + 1)/(c
xx — 1))/(cxx - 1) - 2%(c*x + 1)*axc™4*d"3/(c*x - 1) + 2%a*xc™4*d”3 + 2x(c*x
+ 1) 72%b*xc”3*%d " 2*exlog(-(c*x + 1)*c*kd/(c*xx - 1) + cxd - (c*xx + 1)*e/(c*xx -
1) - e)/(c*xx - 1)72 - 2%bxc”3*d"2*%exlog(-(c*xx + 1)*cxd/(c*x - 1) + cxd - (
ckx + 1)*xe/(cxx - 1) - e) - 2x(c*xx + 1) 72%b*xc”3*d"2*exlog(-(c*x + 1)/(c*x -
)/ (cxx = 1)72 + (c*x + 1)*bxc™3*d"2*exlog(-(c*x + 1)/(c*x - 1))/(c*xx - 1
) + 2x(c*x + 1)*axc™3*xd"2*e/(c*x - 1) - 4xa*xc”™3*d"2%e + (c*x + 1)*b*c~3xd"2
*xe/(cxx — 1) - b*xc™3*d"2%e + (c*x + 1) 2%b*c”2xdxe”2*log(-(c*x + 1)*c*xd/(c*
x - 1) + cxd - (c*xx + 1)*e/(c*xx - 1) - e)/(c*xx - 1)72 + 2% (c*xx + 1)*b*c™2%d
xe"2x1log(-(c*x + 1)*c*xd/(c*x - 1) + cxd - (cxx + 1)*e/(c*x - 1) - e)/(c*x -
1) + bxc™2*d*e"2xlog(-(c*x + 1)*c*d/(c*xx - 1) + cxd - (c*xx + 1)*e/(c*xx - 1
) = e) - (c*x + 1)72%b*xc”2xd*e”"2xlog(-(c*x + 1)/(c*x - 1))/(c*x - 1)72 - (c
*x + 1)*b*c”™2kd*e"2%log(-(c*xx + 1)/(c*xx - 1))/(c*xx - 1) + 2%(cxx + 1)*a*xc™2
xd*e”2/(c*xx - 1) + 2xa*xc”2xd*e”2 + 2xb*xc”2*d*e”2 - (cxx + 1)*b*xcxe 3*xlog(-(
cxx + 1)/(cxx - 1))/(c*x - 1) - 2*%(cxx + 1)*a*xcxe”3/(c*x - 1) - (c*xx + 1)*b
xcke”3/(c*xx — 1) - bxcxe”3)*c/((cxx + 1)72%c”6%d"6/(cxx - 1)72 - 2*(cxx + 1
)*c”6*%d76/(cxx — 1) + c6*%d"6 + 2*(c*x + 1) 2*%c"5xd"b*e/(c*x - 1)72 - 2xc”b
*xd"Bxe — (c*kx + 1)72xc”4*xd"4*e”2/(c*x - 1)72 + 6*%(c*kx + 1)*c™4*d"4xe”2/(c*x
- 1) - c74xd"4*e”2 - 4x(cxx + 1)72%c”3*%d"3%e”3/(c*x - 1)72 + 4%c”3*%d"3*e”3
- (c*x + 1)72%c™2xd"2%e"4/(cxx - 1)72 - 6%(c*x + 1)*c™2xd"2*xe"4/(c*x - 1)
- c72xd"2%e”4 + 2x(cxx + 1)72%ckd*e”5/(cxx - 1)72 - 2%cxdxe”b + (c*x + 1)72
xe76/(cxx - 1)72 + 2% (c*x + 1)*e”6/(cxx - 1) + e76)
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maple [A] time = 0.04, size = 154, normalized size = 1.18

c%a c?b arctanh (cx) c?b AbdIn (cxe + cd) c*bIn(cx —1) . bc?In (cx

—_ — + —_
2 (cxe + cd)2 e 2(cxe+ cd)2 e 2(cd+e)(cd—e)(cxe+cd) (cd+ 6)2 (cd - e)2 de (cd + e)2 4(cd—-e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(c*x))/(e*x+d) 3,x)

[Out] -1/2*c”2xa/(cxexx+c*xd) "2/e-1/2*c”2*xb/ (ckxexx+c*xd) "2/exarctanh(c*xx)+1/2*c”2*b
/ (cxd+e) /(cxd-e) / (cxexx+c*d)-c~3*bxd/ (c*xd+e) "2/ (c*d-e) "2*1n(ckexx+c*xd)-1/4x%
c"2xb/e/ (cxd+e) "2x1n(c*x-1)+1/4*xb*xc"2%1n(c*xx+1)/(c*d-e) "2/e

maxima [A] time = 0.33, size = 190, normalized size = 1.46

2 ar
e3x2 4

1(( 4c*dlog(ex +d) clog (cx +1) clog(ex-1) 2
4| ctd* —2c2d%e? +e*  c2d?e—2cde? +e3  c2d?e+2cde? + €3 243 — o2 + (czdze - e3)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d)~3,x, algorithm="maxima"

[Out] -1/4%((4*c™2xdxlog(e*xx + d)/(c™4xd"4 - 2*c™2xd"2*e”2 + e74) - c*log(cxx + 1
)/ (c™2xd"2%e - 2xc*d*e”2 + e73) + cxlog(c*x - 1)/(c™2xd"2%e + 2xc*xd*e”2 + e

~3) - 2/(c72*d"3 - d*e”2 + (c72*%d"2*e - e73)*x))*c + 2*arctanh(c*x)/(e"3*x~

2 + 2xd*e”2%x + d"2*e))*b - 1/2*a/(e”3%x72 + 2*d*e”2xx + d”2%e)

mupad [B] time = 4.00, size = 427, normalized size = 3.28

batanh(cx) °

2
bc3dln(c2x2—1) atan(%) (bC5d2+bC3€2) bc3dln(d+ex) 2e

) (c4d4—2c2d262+e4)_235\/__cz _e2 (2d4e(—c2)3/2+4dze3\/—_CZ)_C4d4_2C2d262+64_

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))/(d + e*xx)~3,x)

[Out] (b*c™3*d*xlog(c™2%x72 - 1))/(2*%(e”4 + c™4xd™4 - 2xc~2xd"2xe”2)) - (atan((c™2
*x)/(=c”2)7(1/2) ) *(b*c™5%d"2 + b*c~3%e72))/(2*e”5*x(-c"2)"(1/2) - c~2x(2*d"4
xe*x (-c72)7(3/2) + 4xd72xe”3%(-c2)7(1/2))) - (b*c~3*dxlog(d + exx))/(e”4 +
c”4xd~4 - 2%c”2*xd"2*e”2) - ((bxatanh(c*x))/(2*e) - (x*x(a*xe”2 - a*xc™2*d"2 +
(bxcxd*e)/2))/(d*x(e”2 - c™2*xd"2)) - (x"2x((a*e”3)/2 + (b*c*d*e”2)/2 - (axc”
2%d"2x%e) /2))/(d"2x(e”2 - ¢"2%d"2)) + (x"4*x((a*xc™2*xe~3)/2 - (axc™4*xd"2*e)/2
+ (bxc™3%d*e”2)/2))/(d"2%(e”2 - c™2%d"2)) + (x"3*(a*xc™2%xe”2 - a*xc™4xd~2 + (
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bxc”~3*d*xe)/2))/(d*x(e”2 - c™2xd"2)) - (bxc™2*x " 2*atanh(c*x))/(2%e))/(d"2 + e
T2%xT2 + 2kdkexx — cT2%dT2%xT2 - cT2%e"2*%x"4 - 2%c”2*xd*xe*xx”3)

sympy [A] time = 7.13, size = 3216, normalized size = 24.74

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x))/(exx+d)**3,x)

[Out] Piecewise((a*x/d**3, Eq(c, 0) & Eq(e, 0)), (-4*xaxd*x2/(8*xdx*x4xe + 16xd**3*e
*kQkx + 8kdx*kDkex*k3kx*k*2) + 3kbkd*x*2katanh(e*xx/d)/ (8xd*x*dxe + 16xd**3ke*x*2x
X + 8xdx*k2xex*k3%x*x*2) + 2kbkxdx*2/(8kd*k*xdke + 16*kd**x3ke*x*x2kx + 8Sxd**2kex*3*x
*x2) - 2%b*dxexx*atanh(exx/d)/(8*d**4xe + 16*%d**3xex*2*kx + Bkdx*xke**k3*x**2
) + bxdxexx/(8xdx*4dxe + 16xd*x*3kex*k2xx + Skd*k*xke*xk3kx*k*x2) — bkexkx2xx*x*x2*xat
anh (e*xx/d) / (8xd**4*xe + 16*xdx*3xe*x*x2*x + Bkd*x*2xe*x*3*xx*x*x2), Eq(c, -e/d)), (-
Axaxdx*2/ (8xd*x*x4xe + 16xd*x*3ke*x*x2*xx + Skd**ke*x*x3xkx*x*x2) — 3xbxd*x*2*xatanh (ex
x/d) / (8xd*xx4dxe + 16xd*x*x3ke*x*x2%xx + 8Skd**xDkex*x3kx**2) — 2kxbkd**2/(8xd*x*xd*xe +
16xd*x3kex*k2xx + Skxd**2kex*3*x**2) + 2xbkdxexx*atanh(exx/d)/(8xd*xd*xe + 16%
d*x*3kex*x2kx + 8kxd*x*x2kex*x3xx*x*2) — bkxdkexx/(8kxd*xxdxe + 16xd*x*x3ke*x*x2xx + 8Skd*
*Qkexk3kx**2) + bkekx2kxkx2kxatanh(exx/d)/(8*d**xd*e + 16%d**3ke*x*x2kx + 8*xdx**
2xex*x3xx**2) , Eq(c, e/d)), ((a*x + bxx*atanh(c*x) + bxlog(x - 1/c)/c + bxat
anh(c*x)/c)/d**3, Eq(e, 0)), (-a/(2*d**2xe + 4xd*xex*2xx + 2*e*x*3*xx**2), Eq(
c, 0)), (—axcx*xdxdxx4/(2xck*xdxdxx6kxe + 4kxckkdxdxkxbkex*2xx + 2kckkdkdkkdkekk
3kxk*k2 — Lkckk2kdkkdkex*k3 — Fkckk2kdkkIkekkdkx — dkckkkd*kkDkekkBkx*kk2 + 2%
d*x*2%ex*b5 + 4dxdxex*xGxx + 2kekxkxTkx*k*2) + 2kakckkkdkkkex*x2/ (2kxckk4xdx*kBxe +
Axckkdkd*xk5kekk2%xx + 2kckkdkdkkdkekkIkxk*k2 — 4kckk2Qkd*kk4kex*k3 — SkckkQkdkxk
3kexkdkxx — Akckkkdkkkexk5kxkkD + kdkkkekk5 + AkdkexkBkx + 2kexkTkxkk2)
- axexx4d/ (2xckxkdxdx*kBke + Lkckkdkdkkbkexk2kx + 2kckkbkddkkbkekk3Ikxkk2 — 4Akc*k
*2kdxkdkekx*k3 — Skck*kkdkk3kekkdkx — Lkckk2kdkkkexkE5kxkk2 + 2kd*k*x2ke*x*x5 + 4
kdkexkBkx + 2kexxTxx*x*x2) + 2xbkxckx4dxdx*k3xexxkatanh(cxx)/(2kck*xdxd**x6xe + 4x
Ckk4kdxkHkekkQkx + 2kckkdkdkkdkexkkIkxkkD — Akckk2Qkdkkdkexk3 — Skckk2kd*k*k3ke
*kdkx — AkxckkDkd*x*kDkexk5kx*k*2 + 2kd**k2kxex*k5 + AdxdkexkxGkx + 2kex*k7*kx**2) + b
)ckkdxdkkkexk2kxkk2katanh (cxx) / (2kckxdxd*xBke + 4Adkxckxkdkd*xkbkex*xQkx + 2kCk*
Axd*kdke*kx3kx*k*2 — Adkckkkdrkdkek*k3 — Skck*kkdkk3kekkdkx — 4kckk2kd*k2ke*x*5
*xx*k%2 + 2kdk*k2kex*5 + 4dxdkexkBxx + 2kekkTkx*x*k2) + 2kbxck*3*kdx*k3xexlog(x - 1
/c)/ (2xcxkdkd*x*xBke + AkckkAkdkkEkexkx2kxx + 2kckkdkdkkbkexk3kxkkD — Akckkkd*
*4kek*k3 — SkcCkkkdkkIkekkdkx — dkcCkkkdkkDkekkBHkxkkD + kdkkDkekxk5 + 4kdkex
*x6*x + 2kexkTxx*k*2) — 2xbkck*k3xd*x3*kexlog(d/e + x)/(2xck*dxdx*6xe + 4d*ck*dx
dx*k5ke*x*2%x + 2kckkdkdkxdkekk3kxkk2 — Lkckk2kdkkbkex*k3 — 8Skckkkdk*k3kekkd*x
— Axckx2xd**k2kexkBxxk*k2 + 2kd*kk2kexk5 + 4kdkekkGkx + 2kex*kTxx*k*2) + 2xbkck
*3kd*x*3*kexatanh (c*xx) / (2xckx*x4xdx*xBxe + 4kckkdkd*kxbkexx2xx + 2kcxkdkxd*x*kd*xex*3
*Xk%2 — Adkckkkdxkdkex k3 — Bkckkkdkk3kekkdkx — 4kck*k2xdk*k2kexk5kxk*x2 + 2%d
*kkexkb + AkdkexkBkx + 2kexkTxx*k*2) + bxckk3kdx*k3ke/ (2kck*kdkd**6ke + 4kck*k
Axd*xx5kex*2%xx + 2kckkdxdkkbkex*k3kxkk2 — Lkcx*k2kdkkdkexk3 — Skckkkdkx3kex*x4
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*X — AxCkk2xdk*kDkekk5kxk*kD + kdk*k2kex*k5 + LkdkekkBkx + 2kex*k7kx*x*2) + 4xbx
ck*3kdxk2xex*x2xxx1og(x — 1/c)/(2kck*d*xdx*6xe + 4A*xck*Axd*xbkxex*2kxX + 2xCk*dx*
dxkdkexk3kx**x2 — Adxckkkdxkdkex*3 — Skck*kDkd**k3kekkdkx — 4kckk2kdk*kkex*k5xx
*k2 + 2kdkx2kex*k5 + Akdxex*kB*kx + kexkT*x*k*2) — 4dxbkckk3kd*k*k2kex*x2xx*klog(d/
e + x)/(2kckxdxd*xBke + 4Akxckkdkdxx5kex*kQkx + 2kCkkLkdkkLkekkIkxKk*kD — LkCkkD
kdkkdkek*k3 — 8kckkkd*k3kekkdkx — LAkckk2kdk*kDkexk5xxk*k2 + 2kd*k*k2kexk5 + 4xd
*ekkBkx + 2kexk7Txxk*k2) + Axbkxckx*k3kdk*k2xex*k2xx*xatanh (c*xx)/ (2xckx*x4dxd*x*xBxe + 4
kckkdkdkkbkekk2kx + kckkdkdrkdkekk3kx* k2 — AdkckkDkdrkdkek*k3 — Skckkkdk*k3%k
exk4dxx — 4kckk2kdkk2kexk5kxkk2 + kdkkkekk5 + 4dkdkexkBkx + 2kekkTkxkk2) +
bxcx*k3kd*kk2ke*xkx2xx/ (2kck*k4*xd**xBke + Akckkdkxd*k5kex*kQkx + 2kckkbkd*k*kLkekk3kx
*%Q — Akckkkdkkbdkek*k3 — 8kckkkdkk3Ikedkkdkx — Akckk2kd**kDkekk5kx*k*kD + kd**k
2kex*5 + Axdkex*k6xxX + 2xexkTkxx*k2) + 2kbxckx3kdrexx3*xx*x*2xlog(x - 1/c)/(2xc
*xkdxkdkkGke + dkckkdkdxkbkekk2kx + 2kckkdkdkkdkekk3kxkk2 — Ldkckk2kdk*k4kex*3

— 8kck*k2kdkk3kexkdxx — Akckkkdkkkekkbkxkk2 + 2kd*k*k2kex*k5 + 4dkxdkex*kBxx + 2
kekkT*x*k%2) — 2*b*c**3*d*e**3*x**2*log(d/e + x)/(2%ck*k4xd**xBxe + 4kckkdxd**
Bkexk2kx + 2kckkdkdkkdkekkIkxkkD — dkckkDkdkkdkek k3 — BkckkQkd*k*kJkekkdkx —
Ak ckkDkd*kkDkekk5kxk*xD + kd*x*Dkek*5 + Axdkex*kBxx + 2kedkkTkx*k%2) + 2kbkck*k3k
dxe*x*x3*xx*x*x2katanh (cxx) / (2kck*dxd*xx6ke + 4kxckxdkd*kxSxexx2kxx + 2kckxdkd*kdxex
*3kx*kk2 — LdxckkDxdkkdkex*k3 — Skck*k2kdkk3kekkdkx — Lkckk2kdkkkekk5kxkk2 + 2
kd*kkx2ke*xk5 + Adkdxex*kBxx + 2kexkxTxxk*x2) + 3xbkckk2xd*kx2xexx2xatanh (c*xx)/ (2%c
*kdxdxkOke + 4dkckxdkd*k*kbkek*k2xx + 2kckkdkdkkdkexkIkx*k*2 — 4kck*x2kd*kkdke**3

— 8kck*k2kAkkIkekkdkx — AkckkDkdFkkkekkbkxkk2 + kd*k*kDkex*k5 + 4Adkxdkex*k6xx + 2
xekkTkx*k%2) + 2kbkckkx2kdkex*x3kx*katanh (ckxx)/ (2kckx*kd*xd*x*B6ke + 4xckkdkd*kkx5kex*
2%x + 2kckkdkdkkdkekk3kxkk2 — dkckk2kdkkdkek*k3 — SkckkDkd*kk3kekkdkx — 4dkckk
2xd*x*x2kexk5xxk*k2 + 2kdkk2ke*xx5 + 4kdkexkBkx + 2kex*k7Txx**2) + bkckkkexkdkx*k
*2xatanh (c*x) / (2kckxdxd*xx6ke + 4xckkdxdxkbkex*kQkxx + 2kCk*k4kd*kkdkekkIkxk*kD —
AxkcxkQkd*khdkek*3 — 8kckkDkdx*k3kekkdkx — 4AkCk*k2kd*k*kDkex*k5xx*k*k2D + 2kd*k*kQke**k
B + 4xdkex*B6kxx + 2kex*k7Txx*x*2) — bkxckdkxexx3/(2kxckx*kdxd*x*k6ke + 4xckkdkdkk5kex*k
2%x + 2kckkdkdkkdkekk3kxkk2 — dkckk2kdkkdkek*k3 — SkckkDkd*kk3kekkdkx — 4kckk
2xd*x*x2kexk5xxk*k2 + 2kdkk2kexx5 + 4kdkexkBkx + 2kex*k7Txx*x*x2) — bkckxexkdxx/ (2%
ckk4kdxkBke + Adxckk4kdkkBHkek*k2%kxx + 22kckkdkdkkdkekxkIkxkk2 — Adkckk2Qkdkkdkexk3
— 8xck*x2xdkk3kekkhxx — LkckkkdkkDkekkHkxkk2 + 2kdk*kkek*k5 + Adkxdxex*kBxx +

2xexxTxx*x*2) — bxexkdxatanh (c*x)/ (2xcx*x4dxdx*6%e + 4kckkdkd*kxbkexkx2xx + 2*kC*
*4xdxkdkekk3kx* k2 — AkckkDkdrkdkex*k3 — Skck*kkdkk3kekkdkx — Lkckkkdkkkek*k
Bxx*k*2 + 2xdkk2kex*k5 + dkdxex*6xx + 2ke*x*k7Txx**2), True))
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-1
3.8 fa+btanh (cx) dx

(d+ex)*

Optimal. Leaf size=175

a+btanh ™ (cx) bc3log(l — cx) . b log(ex +1) be N 2bc3d bc (302d2
3e(d + ex)? 6e(cd + e)? be(cd—e)® 6 (c2d2 _ ez) (d+ex)? 3 (c2 P 62)2 d+ex) 3(cd -

[Out] 1/6xbxc/(c™2*%d"2-e72)/(exx+d) ~2+2/3%b*c~3*d/(c"2*d"2-e"2) "2/ (e*xx+d)+1/3%(-a
-b*arctanh(c*x))/e/ (exx+d) ~3-1/6*b*c”3*%1n(-c*x+1)/e/ (c*xd+e) ~3+1/6%b*c~3*1n(
cxx+1)/(c*xd-e) "3/e-1/3%b*xc” 3% (3xc~2xd"2+e"2) *1n(e*xx+d) / (c"2*xd"2-e72) "3

Rubi [A] time = 0.19, antiderivative size = 175, normalized size of antiderivative =

f rul
1.00, number of steps used = 4, number of rules used = 3, integrand size = 16, number of rules

= 0.188, Rules used = {5926, 710, 801}

integrand size

a + btanh™ (cx) N 2bc3d N be bc® (3¢%d? + ¢?) log(d + ex) b3 log(1 - cx)
Be(d+ex)® 4 (c2d2 _ ez)z (d+ex) 6 (c2d2 - eZ) (d + ex)? 3(cd — e)3(cd + e)3 6e(cd + ¢)3

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])/(d + exx)"4,x]

[Out] (b*c)/(6%(c™2%d™2 - e72)*(d + exx)"2) + (2%b*xc™3*d)/(3*(c™2%¥d"2 - e72)72*(d
+ exx)) - (a + b*ArcTanh[c*x])/(3%ex(d + e*xx)~3) - (b*c~3*Logl[l - c*xx])/(6
xex(cxd + e)73) + (bxc™3*xLogl[l + c*xx])/(6%(cxd - e)~3xe) - (b*xc™3*(3*%c™2*d™

2 + e"2)*Logld + e*xx])/(3*(cxd - e)~3x(cxd + e)~3)

Rule 710

Int[((d_) + (e_.)*x(x_))"(m_)/((a_) + (c_.)*(x_)"2), x_Symbol] :> Simp[(ex(d
+ exx)"(m + 1))/((m + 1)*(c*xd"2 + a*e”2)), x] + Distlc/(c*d”2 + a*xe”2), In
t[((d + exx)"(m + 1)*x(d - exx))/(a + c*xx"2), x], x] /; FreeQ[{a, c, d, e, m
}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[m, -1]

Rule 801

Int [(((d_.) + (e_)*(x_)) " (m )*((f_.) + (g_.)*(x_)))/((a_) + (c_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[((d + e*x) mx(f + g*x))/(a + c*x~2), x],
x] /; FreeQ[{a, c, d, e, f, g, x] && NeQ[cxd"2 + axe”2, 0] && IntegerQ[m]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
1 > Simp[((d + e*x)~(q + 1)*x(a + b*ArcTanh[c*x]))/(ex(q + 1)), x] - Dist[(
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bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - c™2%xx"2), x], x] /; FreeQ[{a,
b, c, d, e, q}, x] && NeQ[q, -1]

Rubi steps
1
f a + btanh ' (cx) a + btanh ™ (cx) N (be) f (d+ex)3(1-c2x2) ax
X =-
(d + ex)* 3e(d + ex)3 3e
3 d—ex
3 be a + btanh ' (cx) N (bc >f (d+ex)?(1-c2x2) :
6 (c2d2 - 62) (d + ex)? 3e(d + ex)? 3e (czal2 — ez)
3 c(cd—e) c(cd+e)
be a+b tanh_l (cx) (bC ) f (_2(cd+e)2(—1+cx) + 2(cd—e)2(1+cx)
6 (czal2 -~ 62) (d + ex)? 3e(d + ex)? 3e (cz‘
3 bc N 2bc3d a+b tanh_l(cx) bc® log(1 — cx)
6 (c2d2 - ez) (d+ex)? 3 (c2d2 _ 82)2 (d + ex) 3e(d + ex)3 6e(cd + e)?
Mathematica [A] time = 0.27, size = 173, normalized size = 0.99
1 2a b log(l - cx)  be® log(ex +1) be 4bc3d 2bc® (3c2
6| cdrexp  ecdtep | ecd-eof @ (2R_@ 2" 2 )
e(d+ex)  efcd+e e(cd —e (G2 —e?) @ +ex? (2 -2 (d +ex) (c

Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x])/(d + exx)"4,x]

[Out] ((-2%a)/(ex(d + exx)"3) + (bxc)/((c™2%d"2 - e72)*(d + exx)~2) + (4*bxc~3*d)

/((=(c™2*%d"2) + e72)72*(d + e*x)) - (2*bxArcTanh[cx*x])/(ex(d + exx)~3) - (b

xc”3*Log[1l - c*x])/(e*x(c*xd + e)~3) + (b*c”™3*Log[l + c*x])/((c*d - e)~3*e) -
(2xb*c™3% (3*%c™2*%d"2 + e72)*Logld + e*x])/(c”2*d™2 - ¢72)73)/6

fricas [B] time = 1.70, size = 859, normalized size = 4.91

2ac®d® — 5bccd°e — 6 actd*e® + 6 biPdPe® + 6 ac?d?e* — bede® — 2 ae® — 4 (bc5d3 3 _ bc3de5)x2 - (9 bPd4e? —-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*x+d)~4,x, algorithm="fricas")
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[Out] -1/6*%(2*a*xc”6xd~6 - 5*b*c”™5xd"5*e — 6xaxc”4*d"4*e”2 + 6*xb*xc~3*d"3*e”3
*c"2%d"2%e"4 - bkxckxd*xe”5 - 2%axe”6 - 4*x(bxc"5*xd"3*e”3 - b*c " 3*d*e”5)*x"2 -

(9%b*c~5*d"4*e”2 - 10*b*xc~3*xd"2%e”4 + b*c*e”6)*x — (b*c~6xd"6 + 3*b*c~5*d”5
xe + 3*xb*c”4*xd"4*e”2 + b*c”3*xd"3*e”3 + (b*cT6*d"3%e”3 + 3*b*c”5xd"2%e”4 + 3
*b*c”4*d*e”5 + bxc"3%e76)*x"3 + 3k (bkcT6xd"4*e"2 + 3*b*c”"5*d"3*%e”3 + 3xbxc”
4xd"2%e"4 + bxc”3*kd*e”5)*x"2 + 3*x(b*c"6xd"5*xe + 3xbxc~5kd"4*xe”2 + 3xbxc~4x*d
“3%e”3 + bxc"3*d"2*%e"4)*x)*log(cxx + 1) + (b*c"6*%d"6 - 3*bkc~5xd"b*e + 3xbx
cT4*xd"4%e”2 - bxc”3*d"3*e”3 + (b*c"6xd"3*%e”3 - 3*bxc"5xd"2%e”4 + 3*xbkxc 4xdx
e”5 - b*c"3%e"6)*x73 + 3% (b*xc"6xd"4*e”2 — 3*b*c”"5+%d"3*e”3 + 3*bxc"4*xd"2*e"4
- b*c”"3*d*e"5)*x"2 + 3% (b*c”"6*d"5*e — 3xbxc"5xd"4%e”2 + 3*b*cT4*d"3*e”3 -
b*xc”~3*d"2*%e~4) *x) *log(c*x — 1) + 2% (3*b*c~5*d"b*e + b*c~3*d"3xe”3 + (3*b*c”
5xd"2*%e"4 + bxc"3*e”6)*x”3 + 3*(3*b*xc”5xd"3*e”3 + bxc"3*kd*e”5)*x72 + 3*(3%*Db
*xC"b*d"4%e”2 + b*cT3xd"2%e”4)*x)*log(exx + d) + (b*xcT6%d"6 - 3xbkxc4*xd"4xe”
2 + 3%b*c”2%d"2%e”4 - bxe”6)*log(-(cxx + 1)/(cxx - 1)))/(c™6%d"9*%e - 3*c™4x
d”"7xe"3 + 3%c”2*xd"5*e”5 - d"3*%e”7 + (cT6*xd"6*%e”4 - 3*kcT4*d"4*e”6 + 3xcT2*xd”
2%e”8 - €710)*x73 + 3*(c"6*xd"7*e"3 — 3*%c"4*xd"5*xe”5 + 3*c"2*%d"3*%e”7 - d*xe”9)
*x72 + 3*%(cT6xd"8*%e"2 - 3*%c"4*xd"6*e”4 + 3kcT2xd"4*xe”6 - d72%e”8)*x)

giac [B] time = 0.24, size = 3320, normalized size = 18.97

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(e*xx+d)~4,x, algorithm="giac")

+ 6%*a

[Out] -1/3%(3*(c*x + 1) 3%b*xc”7xd"5*xlog(-(c*x + 1)*c*xd/(c*x - 1) + cxd - (c*x + 1

Y*e/(cxx - 1) - e)/(c*kx - 1)73 - 9k (c*xx + 1) 2xb*c”7*d"5xlog(-(c*xx + 1)*cxd
/(c*x = 1) + cxd - (cxx + 1)*e/(cxx - 1) - e)/(cxx - 1)72 + 9*(c*xx + 1)*bxc
“7+d"5*log(-(c*x + 1)*c*xd/(cxx - 1) + c*xd - (c*x + 1)*e/(c*x - 1) - e)/(c*x
- 1) - 3*xbxc”7*d"5*xlog(-(c*x + 1)*cxd/(cxx - 1) + c*d - (c*xx + 1)*e/(c*x -
1) - e) - 3x(c*x + 1)73*b*c"7*d"5*log(-(c*x + 1)/(c*x - 1))/(c*¥x - 1)73 +
6% (cxx + 1) 2xb*c”7*d"6xlog(-(c*xx + 1)/(c*xx - 1))/(c*x - 1)72 - 3*(c*x + 1)
*xb*xc”7*d"5xlog(-(c*x + 1)/(c*x - 1))/(c*x - 1) - 6x(c*xx + 1)72*axc”7*d"5/(c
*x — 1)72 + 12%(c*xx + 1)*a*xc™7xd"5/(cxx - 1) - 6*%axc™7+*d™5 + 9x(c*xx + 1)73%
bxc~6*d"4*exlog(-(ckx + 1)*cxd/(cxx - 1) + cxd - (cxx + 1)xe/(cxx - 1) - e)
/(c*xx = 1)73 - 9% (c*x + 1) 2%bxc~6*xd " 4*exlog(-(c*x + 1)*cxd/(c*x - 1) + cxd
- (cxx + 1)*xe/(c*xx - 1) - e)/(cxx - 1)72 - 9% (cxx + 1)*b*c™6*d"4*exlog(-(c
xx + 1)*c*d/(c*x — 1) + c*d - (cxx + 1)*e/(c*x - 1) - e)/(c*x - 1) + 9*bx*c™
6xd~4*xexlog(-(c*x + 1)*c*xd/(c*x - 1) + cxd - (cxx + 1)*e/(c*x - 1) - e) - 9
*x(cxx + 1) 73xb*xc”6*%d 4xexlog(-(cxx + 1)/(cxx - 1))/(c*x - 1)73 + 12x(c*x +
1) "2xbxc”6*d 4dxexlog(-(cxx + 1)/(cxx - 1))/(c*x - 1)72 - 3*(cxx + 1)*b*c™6%
d~4xexlog(-(c*x + 1)/(c*x - 1))/(c*xx - 1) + 6x(cxx + 1) 2%a*xc™6*xd 4*e/ (c*xx
- 1)72 - 24%(c*x + 1)*axc™6xd"4*e/(c*x - 1) + 18%axc™6xd"4*e + 6%(cxx + 1)~
2*¥bxc~6xd"4*e/ (c*x - 1)72 - 12x(c*x + 1)*bxc”6*xd"4*e/(cxx — 1) + 6xb*c™6%d”
4xe + 10*(cxx + 1) 3*b*c™5xd"3*xe”2*xlog(-(c*x + 1)*cxd/(cxx - 1) + c*xd - (c*
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x + D)*xe/(c*xx - 1) - e)/(c*xx - 1)73 + 6x(cxx + 1) 2%b*c~5*d"3*e " 2x1log (- (c*x
+ 1)*cxd/(c*xx - 1) + cxd - (cxx + 1)*xe/(c*xx - 1) - e)/(c*x - 1)72 - 6x(c*x
+ 1)*b*c™5*d"3*e"2xlog(-(c*x + 1)*c*d/(c*xx - 1) + cxd - (c*xx + 1)*e/(c*x -
1) - e)/(c*x = 1) - 10%bxc~5*d"3%e"2xlog(-(cxx + 1)*c*d/(c*x - 1) + cxd -

(c*xx + 1)*e/(c*xx - 1) - e) - 10*%(c*xx + 1) 3xb*c™5*d"3*e"2xlog(-(c*x + 1)/(c

xx = 1))/(cxx - 1)73 + 6%(cxx + 1)*b*xc”™5xd"3*e"2*xlog(-(c*xx + 1)/(c*xx - 1))/

(cxx - 1) + 12x(cxx + 1)72%a*xc™bxd"3*e”2/(c*x - 1)72 - 20*a*xc”5*d"3*e”2 + 4

x(cxx + 1) 72%bxc™Bb*d"3%e”2/(c*x - 1)72 + 14x(c*x + 1)*b*c™5*%d"3*e”2/(c*x -

1) - 18*b*xc”b*d"3*e”2 + 6x(c*xx + 1) 3*bxc”4*d"2*e”3*log(-(c*xx + 1)*cxd/(c*x
- 1) + cxd - (c*x + D)xe/(cxx - 1) - e)/(c*xx - 1)73 + 6x(cxx + 1) 7 2%bxc 4%

d"2%e”"3xlog(-(c*x + 1)*cxd/(c*x - 1) + c*d - (c*x + 1)*e/(c*x - 1) - e)/(c*

X - 1)72 + 6%(c*x + 1)*bkc™4xd"2*e”3xLlog(-(c*x + 1)*cxd/(cxx - 1) + c*xd - (

ckx + 1)*e/(c*x - 1) - e)/(c*x - 1) + 6xb*c”4*d"2xe"3*log(-(c*x + 1)*c*d/(c

*x — 1) + cxd - (c*xx + 1)*e/(cxx - 1) - e) - 6%(c*x + 1) 3%bxc”4*d"2%e"3*1lo

g(-(cxx + 1)/(cxx - 1))/(c*x - 1)73 - 12%(c*x + 1) "2%b*xc~4xd"2*xe"3*log(-(c*

x + 1)/(cxx - 1)) /(c*x - 1)72 + 6*%(c*kx + 1)*bxc™4*d"2*e"3*log(-(cxx + 1)/(c

xx = 1))/(cxx — 1) - 12x(c*xx + 1)72%axc™4*xd"2*e”"3/(c*x - 1)72 + 24x(c*xx + 1

)*axc~4*xd"2*e”3/(c*x - 1) + 12%axc”4xd"2*e”3 - 8*(c*x + 1) " 2%bxc~4*d"2*e~3/

(cxx - 1)72 + 10%(c*x + 1)*bkc™4*d"2%e~3/(c*x - 1) + 18xbxc™4xd"2xe”3 + 3x(

c*x + 1) 3%bxc”3xd*e"4xlog(-(c*xx + 1)*cxd/(c*x - 1) + c*xd - (c*xx + 1)*e/(c*

x - 1) - e)/(c*xx - 1)73 + 3*(c*x + 1) 2xb*xc”~3xd*e"4*log(-(c*xx + 1)*cx*d/(c*x
- 1) + cxd - (c*xx + 1)*e/(cxx - 1) - e)/(c*x - 1)72 - 3*x(c*kx + 1)*bxc™3*d*

e"4xlog(-(c*xx + 1)*cxd/(c*x - 1) + c*xd - (cxx + 1)*e/(c*x - 1) - e)/(c*xx -

1) - 3%bxc”3xd*e"4*log(-(c*xx + 1)*cxd/(c*x - 1) + c*d - (c*x + 1)*e/(c*x -

1) - e) - 3*(c*x + 1) 3%bxc”3xd*e”"4xlog(-(cxx + 1)/(cxx - 1))/(c*x - 1)73 -
6% (cxx + 1) 2xbkxc™3*d*e 4*xlog(-(c*xx + 1)/(c*xx - 1))/(cxx - 1)72 - 3x(c*x +
1) *b*xc~3xd*e"4*log(-(cxx + 1)/(cxx - 1))/(c*x — 1) - 6*x(c*x + 1) 2%axc”3xd

xe"4/(cxx - 1)72 - 12*(c*x + 1)*axc™3xd*e”4/(c*x - 1) - 6xaxc”3*d*e”4 - 4x*(

ckx + 1)72%b*xc”3xd*e”4/(c*x - 1)72 - 14x(c*x + 1)*b*c”3*d*e”4/(c*x - 1) - 6

xb*c”3*d*e”4 + (cxx + 1) 7 3*bkc”2%e"bxlog(-(c*xx + 1)*cxd/(c*x - 1) + c*xd - (

ckx + 1)*e/(cxx - 1) - e)/(c*x - 1)73 + 3*(c*kx + 1) " 2xb*xc™2xe"5xlog(-(c*x +
D*xcxd/(cxx — 1) + cxd - (c*x + D)xe/(cxx - 1) - e)/(c*x — 1)72 + 3*x(c*x +
1) *bxc~2%e"5*xlog(-(c*x + 1)*c*xd/(cxx - 1) + c*xd - (c*x + 1)*e/(c*x - 1) -

e)/(cxx - 1) + b*c™2xe"bxlog(-(cxx + 1)*c*d/(c*x - 1) + cxd - (c*x + 1)*e/(

c¥x - 1) - e) - (c*x + 1)73xbxc™2xe"5xlog(-(cxx + 1)/(cxx - 1))/(c*x - 1)73
- 3*(c*x + 1)*b*c™2*e"bxlog(-(cxx + 1)/(cxx - 1))/(c*x - 1) + 6%(c*xx + 1)~

2xa*xc~2xe”5/(c*x — 1)72 + 2*xa*xc”2*xe”5 + 2x(c*kx + 1) "2xb*xc"2*xe”5/(c*x - 1)72
+ 2x(cxx + 1)xb*xc”2%e”5/(cxx — 1))*c/((c*x + 1)73*%c™9*d"9/(c*xx - 1)73 - 3%

(c*xx + 1)72%c79%d"9/(c*x - 1)72 + 3*(c*x + 1)*c79%d"9/(cxx - 1) - c¢79%d™9 +
3k(cxx + 1)73%c78*d"8*e/(cxx - 1)73 - 3*(cxx + 1)72%c™8*d"8*e/(cxx - 1)72

- 3x(c*xx + 1)*c”8xd"8*e/(c*x — 1) + 3*c™8*%d"8*e + 12*(c*x + 1) 2%c~7*d"7*e”

2/(cxx — 1)72 = 12*%(c*xx + 1)*c77*d"7*e”2/(c*xx - 1) - 8%(cxx + 1)73%c™6%d"6%

e”3/(c*xx - 1)73 + 12x(c*xx + 1)72*%c™6%d"6%e”3/(cxx - 1)72 + 12%(c*x + 1)*c”6

*d"6%e”3/(c*x - 1) - 8xc”6*d"6%e”3 - 6%(c*x + 1) 3*%c"5xd"5*e”"4/(c*x - 1)73

- 18%(cxx + 1)72%c”5xd"5*e"4/(c*xx - 1)72 + 18*(c*x + 1)*c™b5*xd"5xe”4/(c*xx -
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1) + 6*xc”5*%d"5%e”4 + 6*%(ckx + 1)73*c”4*d"4*e”5/(c*x - 1)73 - 18x(c*xx + 1)72
*c"4*d"4*e”5/(cxx — 1)72 - 18*(c*x + 1)*c"4*xd"4*e”5/(c*x - 1) + 6*xc™4*xd"4*e
"5 + 8x(c*xx + 1)73*%c”3*d"3*e”6/(ckx - 1)73 + 12x(c*x + 1)72%c"3*d"3*e”6/ (c*
X - 1)72 - 12%(c*x + 1)*c™3*d"3*e”6/(cxx - 1) - 8*c”3*d"3*e”6 + 12x(cxx + 1
)T2%cT2%d"2%e” 7/ (cxx - 1)72 + 12%(ckx + 1)*c™2*%d"2*e”7/(cxx - 1) - 3*x(c*x +

1) "3*cxd*e”8/(c*x - 1)73 - 3*(c*xx + 1)72%c*d*e”8/(c*x - 1)72 + 3*x(c*x + 1)
*c*xd*e”8/(ckxx — 1) + 3xc*d*e™8 - (c*kx + 1)73*%e”9/(c*x - 1)73 - 3*x(c*x + 1)~
2%e”9/(c*x - 1)72 - 3*(c*x + 1)*%e”9/(c*x - 1) - e79)

maple [A] time = 0.04, size = 223, normalized size = 1.27

c3a c3b arctanh (cx) .\ c3b c®bIn (cxe + cd) d? ~ c3be? In (cxe + cd) Y
3 (cxe + cd)3 e 3(cxe+ cd)3 e 6(cd+e)(cd—e)(cxe+ cd)2 (cd + 6)3 (cd - 6)3 3(cd + 6)3 (cd - 6)3 3(c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a+b*arctanh(c*x))/(exx+d)"4,x)

[Out] -1/3*c”3*a/(cxexx+c*d) ~3/e-1/3*c”3*b/ (cxexx+c*d) ~3/e*arctanh(c*xx)+1/6*c~3%Db
/ (cxd+e) /(c*xd-e) / (cxexx+c*d) "2-c~5*b/ (c*xd+e) "3/ (cxd-e) "3*1n(cke*xx+c*xd) *d~2-
1/3*c~3xbxe”2/ (c*d+e) ~3/ (c*d-e) “3*1n(ckxe*x+c*d)+2/3*c”4xbxd/ (cxd+e) "2/ (cxd-

e) "2/ (ckexx+c*xd)-1/6*c~3*b/e/ (c*d+e) "3*x1n(c*x—1)+1/6*b*c”3*1n(c*x+1)/(cxd-e

)"3/e

maxima [B]  time = 0.34, size = 339, normalized size = 1.94

3dBe —3c2d%e? + 3cded —e*  3d3e +3c2d2%e? + 3cded + e* 0d® — 3 ctd*e? + 3c2d2et — e 446 _ D

1 [[ 2log (cx +1) 2log (cx 1) 2(3c4d? + 2¢?) log (ex + d)
6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(exx+d) 4,x, algorithm="maxima")

[Out] 1/6%((c”2*xlog(cxx + 1)/(c”3*d"3%e - 3*c™2+d"2xe”2 + 3*cxd*e”3 - e"4) - c™2%
log(cxx - 1)/(c™3xd"3%e + 3xc™2*d"2*%e”2 + 3*ckd*e”3 + e74) - 2x(3*%c™4xd"2 +
c"2xe"2)*log(exx + d)/(c™6*%d™6 - 3*kc™4*d"4*e”2 + 3*%c"2xd"2*e"4 - e76) + (4
*xCT2kd*kexx + b*cT2%d72 - e72)/(cT4%d"6 - 2xcT2+d"4*e”2 + d"2%e"4 + (c74xd"4

xe72 — 2%cT2xd"2xe”4 + e76)*x"2 + 2% (cT4*d"b*ke - 2*c72*d"3*%e”3 + d*e”~5)*x))

xc - 2xarctanh(cxx)/(e"4*x73 + 3xd*e”3*x"2 + 3*xd"2*e"2*x + d”"3xe))*b - 1/3%
a/(e"4xx"3 + 3*xd*e”3*x"2 + 3*%d"2%e”2xx + d"3%e)

mupad [B] time = 2.29, size = 418, normalized size = 2.39

2actd*-5b B PBe-dact P e+bcdeP+2act x(bce4—9bc3dzez) 2bc3d e X2
In (d ) bcd bcd 2 (c4 d4-2c2 42 ez+e4) 2 (04 d4-2c2 42 €2+€4) ctdt-2c2d2 e?
n +ex + —
6e(e+cd’ 6e(e—cd)’ B3d3e+9d%2e?x+9de3x? +3etx3
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))/(d + e*xx)~4,x)

[Out] log(d + exx)*((b*c~3)/(6*ex(e + c*d)~3) + (b*c”3)/(6%ex(e - c*xd)~3)) - ((2%
axe”4 + 2%axcT4*d"4 - 4xaxc”2xd"2%e”2 + bkcxd*e”3 - 5xb*c~3*xd"3xe)/(2%(e”4
+ cT4*xd74 - 2%cT2xd"2*%e"2)) + (x*(bkcxe™4 - Oxbxc”3xd"2*e"2))/(2x(e”4 + c74
xd~4 - 2*%cT2%d"2%e72)) - (2xb*xc”3xd*e”3%x72)/(e74 + cT4*d"4 - 2%cT2xd"2*e”2
))/(3%d"3%e + 3%e”4*x"3 + 9xd"2%e"2xx + 9xdxe”3xx72) - (bxc”3xlog(cxx - 1))
/(6%e™4 + 6%c™3*d"3%e + 18%c”™2xd"2%e”2 + 18%ckxdxe”3) - (bxc~3*log(cxx + 1))
/(6%xe”4 - 6%c”3*%d"3%e + 18%c”2xd"2*%e”2 - 18xc*d*e”3) - (bxlog(cxx + 1))/ (6%
ex(d”3 + e73%x73 + 3xd*e”2%x”2 + 3xd"2*exx)) + (b*log(l - c*x))/(3*e*x(2xd"3
+ 2%e73%x73 + 6xd*e”2%x”"2 + 6*d”2%e*x))

sympy [A] time = 12.91, size = 10946, normalized size = 62.55

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(c*x))/(exx+d)**4,x)

[Out] Piecewise((a*x/d**4, Eq(c, 0) & Eq(e, 0)), (-24*axd**x3/(72xd**6*%e + 216*d**
Bxex*x2*xx + 216xdxkdke*x*3xxx*2 + T2xd**x3xex*x4*xx**3) + 21*b*d**3*atanh(e*x/d)
/ (72xd*x*6%e + 216xd*x*5ke*x*2%xx + 216*kd*x*4*ke*x*x3*xx**x2 + T2kd**3ke*xkx4xx**x3) + 1
O*b*xd**x3/ (72%d**x6xe + 216%d**5ke*x*x2%xx + 216*kd*k*x4d*e*x*x3xx*x*2 + 72kd**x3ke*x*kxd*xx
*xx3) — Oxbxd*x*2xexx*atanh(exx/d)/(72xdx*6%e + 216%d**x5kxe*x*2xx + 216*d**4d*ex
*3kxk*kD + T2kd*kk3kexkdkxk*3) + Oxbkd*kx2kxexx/(72*xd**xBxe + 216%d**x5kxe*x*x2xx +
216xdx*d*xe*x*x3xx*x*2 + T2xd*x3xex*x4*xx**3) — Okbkd*ex*2xx*x*2*xatanh (exx/d)/(72%
d*x6ke + 216%d*kx5xe*x*x2xx + 216%d*x*x4kex*x3kx*kx*k2 + T2kd**x3kex*kx4*xx*x*3) + 3xb*xd*
exx2kxxx*x2/ (72xd*x*xB6kxe + 216*%d*x*x5kxe*x*2*xx + 216kd**4*kex*x3kxx**x2 + T2kd**k3ke*x*ks*
x*%3) - 3xbkxexx3*kxx*x3*katanh(exx/d)/(72+xd**6%e + 216*%d**5ke*x*2xx + 216*d**x4*
ex*3xx**2 + T2xd*x3*xex*x4xx**x3), Eq(c, -e/d)), (-24xa*xd**3/(72xd**6%xe + 216%
dxxbkxe*xk2xx + 216%dkkdkexk3kx**x2 + T2kd*k3kekkdxx**3) — 21xbxd**3*atanh(e*xx
/A) / (7T2%d**xBxe + 216%d**x5kxe*x*x2xx + 216%d**x4kxe*x*x3kxx*k*2 + T2Akd*k3kex*k4*xx*x*3)
- 10%bxd*x*3/ (72*xd*x*6%e + 216xd*x*5*ke*x*2*xx + 216*kd*x*4d*ke*x*x3*xx**x2 + T2kd**3ke*x*
4xxx*3) + 9xbxd*x*2xexx*atanh (exx/d)/(72xd*x*6xe + 216*dx*bkex*x2*xx + 216%d**4
kexk3kx*kk2 + T2kd**k3kexk4kxx*k*x3) — Okbkdx*2kxexx/ (72xd*x*x6*xe + 216xd**x5kex*x2*xx
+ 216xd**d*xe*x*x3xx*k*2 + T2xdx*x3kex*4*xx*%3) + Okb*xd*exx2xx**2*atanh (exx/d)/(
T2xd**x6*ke + 216xd*x*x5xex*x2xx + 216%d**k4*ke*x*x3*kx**2 + Tkd**x3ke*x4*xx**x3) — 3%xb
*dkex*2kxx*x2/ (T2%xd**xBke + 216%d**x5xe*x*x2xx + 216%d*k*x4kex*x3kxx*x*2 + 7T2Akd**x3kex
*x4xx*%3) + 3kbkexx3*kxx*x3*katanh(exx/d)/(72+xd*x*6%xe + 216%d**5xe**2xx + 216*d*
x4kexk3xkx*kx2 + T2xd*xx3kex*x4xx*x3), Eq(c, e/d)), ((axx + bxx*atanh(c*xx) + bx
log(x - 1/c)/c + b*atanh(c*x)/c)/d**4, Eq(e, 0)), (-a/(3*d**3%e + Oxd*x2*ex*
*x2%x + Okdxexx3*kx**k2 + 3kexxdxx**3), Eq(c, 0)), (-2kaxc**x6*xd**6/(6xc*k*B*xd*x*
Oxe + 18*cx*6kd*x*8ke**x2xx + 18*xCkxkGkd*x*T*ke*xx3%xx**x2 + BxCkkBGrxd*x*Gkex*4*x**x3



74

— 18kckk4kd*xkxTkex*x3 — BadkckkdkxdxkBkexkd*xx — Bhkckkdkd*xkx5ke*xk5kx*x*k2 — 18kck*
Axd**x4kexkOxx*k*k3 + 18kck*k2xdkxHkek*k5 + BAdxckx2Qkd**k4kex*k6xxX + BHhkckx*k2xd*k*x3*ke
*kThkxkkD + 18kck*kkd**k2kexk8kx*k*x3 — Gxd*k*k3ke*x*k7 — 18kd**xke**8xx — 18*kd*exx*
Oxx**2 — Bxex*kx10%x**3) + Gkakxckkdkxdx*xldkxexx2/(6kxckx*k6*xd*x*9*ke + 18kcx*xBxd*x*8ke
*%k2%X + 18%Ck*xBkxd*kTxe* k3kxx*x*2 + BGkCkkOkxd**kOkekxk4kx* k3 — 18kckkdxd**x7T*xex*3
— BAxcxk4kxdxkBkexkdkxx — BAkckkdkdkk5kexk5kxkk2 — 18kckkdkd*kk4kexkBGxxk*kx3 + 1
Sxck*k2kd*x*k5kexkx5 + BAkckkQkd*kk4kexkBkxx + BHAkckkQkdkk3kexkTkx**x2 + 18kck*x2%xd
*kQkexkSkx* k3 — Bkd*k*k3kexk7 — 18kd**xke**8kxx — 18kdke*x*xkx**2 — Bkexx10*x*k*
3) - 6xakxcx*2kxd*xkx2kex*k4/ (6xckkBkdA*x*kQke + 18kCkkBkd**x8kex*k2kx + 18kCckkB*kd*x*7
*xexk3kxk*x2 + GxCkkOkd*kkOkexk4kxk*k3 — 18kckkbdxd*x*kTkex*x3 — Bhkckkdxd**kGkxexk4*
X — BAxckxk4xdxk5kexk5xx*k*k2 — 18kckkdkdkkdkekxkBxx*k*k3 + 18kckk2kd*xkx5kexx5 + 5
AxckkQkdkkdkexkBkxX + BAkckkkd*k*k3kekkTkx*k*k2 + 18kckkkd**Dke*x*kSkxx*x*3 — BGkd*
*3ke*kx7 — 18kd**x2ke*x*k8*xx — 18kd*e*x*kx*k*x2 — BGkexkx10*x**x3) + 2kakxe*x*x6/ (6kck*
6kd**xOke + 18*kck*6kd**k8ke*x*k2*xx + 18kCk*kBkd**xTkexk3kx*k*2 + B*kCh*xBkd**kGke*xk4x*
X*%3 — 18*kckxk4kdxxT*ke*x*x3 — Bldxckk4dkdx*xGkexx4*xx — Bhkckxdxd*kkExexkbxxx*x2 — 1
8xckkdxd*kkdxexkOkx**3 + 18kck*k2xd**k5kxex*b5 + Bakckx2xd*kdxex*x6xx + Bldxckx*2*xd
*k3k@kkTkxkkD + 18kCk*k2kd*x*kQkekxk8*kx* k3 — Bkxd*x*k3kex*x7 — 18kd**Qke*x*8kxx — 18x%
dxex*Qxx*k*2 — G*xexx10*x**3) + 6¥bxck*6xd**5xexx*atanh (c*xx)/(6xc*x*x6xd**x9*e +
18k ck*kBxd*x*8kex*x2*kx + 18*kCk*xBkd**x7Tke*x*k3xx**2 + GkCckkGkxd**kBke*x*k4xx*x*x3 — 18%
Ckk4kdxkTxe*x*x3 — Bdxckk4kdxkBkekxkdkx — BldkckkdkdkkBkexk5kx*xkx2 — 18kckkdkd*xk
LdxexkG*xx**3 + 18*kck*2xd**kbxe*x*5 + Bhdkckx*x2kd**4*xe*x*6xx + HBAxck*2xd*x*k3kex*x7*x
*x%k2 + 18kckkQkd*k*kDke**kSkx*k*k3 — BGkd*kk3ke*xk7T — 18kd*xkkexk8*kx — 18kdke*x*kxQkxkk
2 - Gxex*x10*x*x*3) + Gxbxck*kGkdrkdxex*x2xx*x*2xatanh (c*xx)/ (6xck*x6xd**9*e + 18%
Ck*xBkd**k8kex*k2kxx + 18kCkkBkd**xTkekxk3kx**2 + G*kcCk*xBkd*kGke*x*k4xx*x*k3 — 18*kc*k*4
xd*k*x7kex*k3 — BldkckkdxdkxkxOkexk4dkxx — BHhdkckkdkdkk5kexk5kxx*k*x2 — 18kck*k4kd*x*kdkexk
*O*kx k%3 + 18*kCk*2xd**k5kxex*k5 + Bdkck*x2kxd**k4xex*kG*xx + H4xckk2kd*xk3kekk7kx*k*2
+ 18%kck*xQkd**kDke**k8kx*k*k3 — Bkd*xk3kek*x7 — 18kd*x*xkexx8*kx — 18kd*exkxJkxk*xD —
Bxexx10%x**3) + 2kbkck*6kd**x3kex*x3kx*k*x3katanh (c*x)/ (6*xckx6xd**xQke + 18*kc**6
*d*k*k8ke*x*k2kx + 18kCkkBkA*kTkexk3kx**x2 + BkCkxkGkd*x*xBkexkdkx* %3 — 18kck*kdkd**
Txe*x*3 — BAxcxx4kdxxGkexkdxx — Bhkckk4xd*k5kexk5kxxkx*x2 — 18kckk4dxd**k4kxe*x*kx6*x
*%3 + 18kckk2kd**k5kexk5 + B5ikckk2kdkkdkexkBkx + DHhkckk2Qkd*kk3kexkx7xkx*k*x2 + 18
kCk*kDkdk*kQkekkSkxkk3 — Gxd*k*k3ke*x*k7 — 18kd*x*kQke*x*x8kxx — 18*kd*kex*xQkx**x2 — Bxex
*x10*x**3) + 6xbkcx*5xd*xbxexlog(x — 1/c)/(6xck*B*xdx*9xe + 18xc**xB*xd**8xe**2
*X + 18kck*xGkd*kTkex*k3kxk*x2 + GkCk*kBkd*kOkexkdkxk*x3 — 18kck*k4xd*x*kT*ex*x3 — §
AxcxkdkxdxkBkexkdkxx — BhAkckkdkd*k*k5kexkE5kxxk*k2 — 18kckkdkd**k4xe*x*kB6xx*x*3 + 18%C
*xkxQkd*kk5kexk5 + B54kckkQkdkk4kexkBkx + BHAkckkQkdkk3kekkTkxk*k2 + 18kck*k2kd*x*2
k@x*k8kx*k*x3 — Bkd*kk3kexk7 — 18kd*kk2ke*x*x8kxx — 18kd*kxex*kQkx*x*x2 — Gke*xkxk10*x**3)
- 6xb*xcx*5xd*xb*xexlog(d/e + x)/(Bxc*k*6*xd**9xe + 18kC**xB*xd**8ke*xx2*x + 18*cx*
*xGkA*kTkexk3kx*k*k2 + GkCkkBkd*kkGkek*k4xxk*k3 — 18kckkx4kd**x7*ke**3 — BaAxckkdkd**
Bkexxdxx — BaAkckk4xd*kEkexk5kxkk2 — 18kck*k4xdkkdkexkBkx*k*x3 + 18kck*k2xd**k5xe
**5 + BAdxck*k2xd*xk4kexkBGkxX + BAkcCkk2kdkk3IkekkTxxk*k2 + 18kCk*k2kdk*kDkekkkx**3
— Bkd*kk3kex*x7 — 18kd**ke**k8kx — 18kdkex*xPkx*x*k2 — Gxex*k10*x**3) + BG*xbkc*x*5
xd*x*5%xe*xatanh (c*xx) / (Bxc*xx6xd*x*Qke + 18%CkkBxd**xSkex*xkx + 18*kCk*kB*xd*x*xT*kex*3
*X*k%2 + BkCkkOkd*xkGkek*kLkx*k*k3 — 18kckkdkd*k*xT*ke*x*3 — BhxckxkdkdxxGkexxdxx — 5
Axcxkdkdxk5kexk5kx*k*xD — 18kckkdkdrkdkexkBkx*k*k3 + 18kck*k2kd*x*k5kexx5 + Bdkckxk
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2kdkkbkexkB*xx + BAkCkkkAkk3kekkTkxk*k2 + 18*kCk*kkd**Qke*x*k8kx*x*x3 — Bkxd**3kex
*7 — 18%d**x2xe*x*x8*xx — 18*kd*xex*xQkx*x*x2 — Bkxe*x*x10*x*x*3) + Bxbkckx5xd*x*x5xe/ (6*c
*kB*kd*x*kQke + 18*kck*xBkd**xSke* *k2xx + 18*kCk*kBkxd*k*kTkexk3*kx*x*x2 + BGkCk*kBkd**kB*ke**
Axxx*k3 — 18kckx4dkd**x7T*xe*x*k3 — BAkxckxkxdkd*xkxGkexkdxx — Bhdkckk4xd*kkb5kexk5kxxkx*x2 —

18k cxx4xd*kkdxe*xkOxx**3 + 18*kCk*x2xd*kExe*x*k5 + Bhdkckxx2kd**x4*xe*xkx6xx + 54xckx*x2
kd*k*k3kekkThxk*kD + 18kCkkkd**Qke*x*kSkx*k*x3 — Gxd**3ke*x*k7 — 18kd*x*xkexkx8xx — 1
8kd*ex*Qkx**2 — Gxe*x*x10%x**3) + 18xbkcr*kbxd*xd*xex*2xx*xlog(x - 1/c)/(B*cx*6%
d*x*O%e + 18*cx*xBkd*x*xSke*x*x2*xx + 18*kCk*kBkxd*k*kT*ex*x3*kx*k*x2 + BGkCk*kBkd**kGke*x*kd*xx*
*3 — 18kckk4xd*kTxe*x*3 — Bhkckkdkd*kBke*xkdxx — BadkckkdkdrkB5kexkx5kx*k*x2 — 18x%
Ckx4xd*kkdxekxkGkxx* %3 + 18*kcCk*x2xd**kExe*x*k5 + Bhkckxx2kd*kx4ke*xkGxx + B4xckkDxd**
IkekkThxk*k2 + 18kckkkd**ke*x*k8kxx*k*k3 — BGkd**x3ke*x*k7 — 18kd*x*xkex*x8kxx — 18*d*
ex*Okx**2 — Gxe*x*x10%x**3) — 18xb*ck*5xd*xd*xex*2xx*xlog(d/e + x)/(6*cx*6xd**9
ke + 18kck*x6kxd**k8ke*x*k2kxx + 18kCkkBkd**xTkekxk3kx**2 + GkCk*xBkd*kGke* *k4xx*k*3 —

18k ck*k4xd*x*kT*e*x*x3 — BhAkckxdkd* *kBkekxkdxx — Bakckkdkxd*xk5kexkx5kx* %2 — 18kc*x*x4
*xdxk4kexkGkxk*k3 + 18kck*k2kd*x*5kexx5 + BAdxck*kQxd*xkdkex*kG*kx + Bhkckxx2kd**k3kexk
X TkxkkD + 18kCk*k2kd**k2kexkxSkx*x*k3 — Bkd*x*k3kex*x7 — 18kd**ke**8kxx — 18*kd*e*x*9
*x**2 — G*xex*x10*x**3) + 18xbxck*b5xd**4xexx2xx*katanh (cxx)/(6*cx*6xd*x*9*xe + 1
Sxck*kBxd*x*k8kexk2kx + 18kCk*xBkd*x*x7T*ke* *k3kxx*k*k2 + GkCck*kGkd**kBkexkdxx*x*x3 — 18*kc*
*k4kdxxTkex*k3 — BAxckkdkdxkxBkexkdxx — Bhkckkhdkd*k5kexkb5kxxkx*kx2 — 18kckk4xd**4x*
e*x*kBkxx*kk3 + 18kckkx2kd*xk5kexkx5 + 54kckk2kd*k*k4kexkBkxx + BHAkckkQkd*kk3kekk7 kxkk
2 + 18kck*k2kd**k2kexk8kxk*k3 — Bkd*k*k3kex*kx7 — 18kd**xke**k8kx — 18*kdke*xkQkx*k*2
- Bxe*x*x10%x**3) + Oxbxckx*k5xd*x*k4*xex*2%x/ (6*kCc*k*6*kd**Oke + 18*kckx*Bkd**8ke**xD*xx
+ 18kck*kBkd*xkTkekk3%kx*x*k2 + GkCkkxOkd*kOBkekxkdkxx*k*k3 — 18kck*k4kd*x*kT*ke*x*x3 — 54x
ckx4xd*kBkexkd*xx — BAkckkdkdxkB5kexk5kx*k*2 — 18kckkdkdkkdkexkGkx*k*3 + 18kck*
2kd*xx5ke*x*5 + BAkxckxk2kdxkdkekxk6xx + BAkck*kQkdk*k3kekkTkxk*x2D + 18kck*k2kd**k2xe
*k8kx*k*k3 — Bkd*kk3kex*k7 — 18kd*kk2ke*xk8kxx — 18kd*kxex*kQkx*x*x2 — BGkexkx10*xx*x*3) +
18xb*cx*5xd*x3*xex*3xx*x2*x1Log(x — 1/c)/(Bkcxkx6xd**xOke + 18*kcr*kBxd**Bkex*k2xx
+ 18kckkBkd**kTkexk3kx*k*x2 + B*kCk*kGkd*kkBGke*k*k4kxk*3 — 18kck*k4kd**xT*ke*x*x3 — bd*c
*kdkdxkBkexkdkx — BhAkckkhdkd* k5kexkEkxxk*k2 — 18kckkhkd* k4kexkBGkxk*x3 + 18kck*2
*xd*k*k5kxe*x*k5 + BAkxckxkxQkdkkdkek*kBkxx + BAkckk2kdkk3kexkTkxk*k2 + 18kck*k2kd**k2kex
*8kxk*k3 — GkQ*k*k3kek*x7 — 18kd**kke*x*k8kx — 18kd*e**xIkxk*2 — Gkxexk10*x**x3) — 1
8xb*xck*5xd**x3*xex*3xx*x*x2x1og(d/e + x)/(6*kcx*Bxd*x9*ke + 18*Ck*Bkd**8*e*x*2xx +

18k Ck*kBkd*k*kT*exk3kxk*kD + BkCkkBkAkkBkekxkdkxx* k3 — 18kck*kdkxd*xT*kexk3 — Bdkxcxk
*k4kdxkBkexkdkx — BhkckkLxdkkEkexkBkxk*x2 — 18kckk4kdkkdkexkBkx*k*x3 + 18kck*k2Q*
dxx5kxex*x5 + BAkxck*k2kxd*x*k4kexkxB*kx + BAkckkxQkd*kk3Ikekk7Txx*k*k2 + 18kck*xDkd**kQkekxk
8kxx*k*x3 — Bkd*k*k3kexk7 — 18kd**ke**k8kx — 18kdkex*xPkx*x*k2 — Gkxex*k10*xx**x3) + 18
*bxckx*k5kd*k3kekxkx3xxkk2katanh (c*xx) / (B*xck*xBxd**xQke + 18*kck*Bkd**xSke*x*x2xx + 18
KCkkBRAkkThkekk3kxk*kD + GkCkkBkA*kBkekkd* xkk3 — 18kck*k4xd*xkT*kex*x3 — B4kckkx4x
dxkxBkexxd*xx — Bdkckkdxd*xk5kexk5xxk*k2 — 18kckkqdkd**k4kexkBxx*x*3 + 18kck*xxkd**
Bkexx5 + B4xck*k2kdxkdkexkxBkx + Bhkckkkd*k*k3kekkTxxk*k2 + 18kck*kkd**k2ke*x*k8*x
*%3 — Bkd*kk3kek*kT7T — 18kdk*kke*k*k8kx — 18kdkex*xPkx*kx*k2 — Gxex*k10*x**3) + 4dxb*c
*k5xd*kk3kekk3kxk*k2/ (BkCckkBxd*x*k ke + 18*kCkkBkxd**xSkex*kkx + 18*kCk*kB*xd**T*kex*3
*X*k%D + BkCkkBkd*xkBkekk4kx*k*k3 — 18kckkdkd*xkTke* k3 — BaAxckkdkdxkxBkexkdxx — 5
Axcxkdxdxk5kexk5kx*k*x2 — 18kckkdkdxkdkexkBkxx* k3 + 18kck*k2kd*x*x5kexx5 + Bdkxckxxk
2kd*kk4ke*x*kBxx + BAkck*k2kxd*kk3kexkTkx*k*x2 + 18kck*k2kd*k*k2kex*xSkx**x3 — Bxd**x3kex*
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*7 — 18%d**2ke**8*kx — 18%kd*ex*O*xx*x*2 — Bxex*x10%x**3) + 6G*xbkckxbkd**xDkek*xd*xx
*x*3x1og(x - 1/c)/(6*cx*6xd**x9%e + 18*Ck*Bkd**Bke*x*2xxX + 18*kCx*6*xd**Tkex*3*x
*%2 + BkcHkkBkd*kkBkekkdkx* k3 — 18kckkdkdkkTkex*x3 — Bhdkckkdxdx*kBxexkd*xx — 54x
ckxdxdxx5xexk5xxk*k2 — 18kckkdkdxkdkexkBkx*k*3 + 18kck*x2kd*x5ke*xx5 + Bhkckx2x
dx*x4xex*x6xx + 5A*xckx*x2kxd*xk3kex*x7Txxk*x2 + 18kCkkDkdkk2DkekkBkx*k*k3 — Gkd*k*kIkek*x7
— 18%d*x*2kex*8*kx — 18%d*xex*k0*xx**2 — Bkxexkx10%x**3) — Gkbkck*x5kd**xDkek*kLkxkk
3xlog(d/e + x)/(6xck*Bxdx*9xe + 18xCk*Bkdr*Bxe*x*2*kx + 18*Ch*kBrd**T*ek*k3kx**
2 + 6kckkBkdkkBkexkdkxk*k3 — 18kckkdkdx*xTxex*3 — BldxckkdkxdxkGkexkd*xx — Bld*cx
*4xd*xk5kekxkbkx*k*x2 — 18kckkbkdkkdkexkGxxk*x3 + 18kck*k2xd*x*k5xex*5 + Bdkxcx*x2xd*
*4kekkGkx + BAkCkkkdkkIkekkTkxkk2 + 18kCkkDkdkkDkekk8kxk*k3 — OGkd*k*k3ke*x*x7 -
18%d**x2kxe*x*x8xx — 18kd*ke**xkx*k*x2 — BGkexkx10*x**x3) + Bxbkckk5kd*k*xke*x*k4xxk*k3*
atanh (c*x) / (6xcx*xB6xd*x*9ke + 18kCk*Bkd*x*k8kex*k2xx + 18kCk*kBkd**T7*kek*k3*kx**2 +
BxCkxGkd**kGkexkdxxk*k3 — 18kckkdkdxkTkex*3 — Bldkckxdkd*xGkexxdxx — Bdkckxd*xd
*kBkekkbkxkk2 — 18kckk4xdkkdxexkBxx*x*k3 + 18kck*k2kd**xbkex*x5 + B4kckkx2kd*x*xd*e
*kGkX + BAkckkDkdkkIkekkTkxkk2 + 18kCkkDkdkkDkekkBkx*k*k3 — Okd*k*k3kek*k7 — 18%*
Akk2ke**k8xx — 18*d*e**Q*xx**2 — Gkex*x10*x**3) + 12¥bkck*kdkdrkdrxex*x2xatanh (c*
x) / (BxCcx*kBxd*x*9%e + 18kCk*kBxd**8kex**kx + 18%kCkx*kBkd*x*kTkex*x3kx**2 + B*Ck*6%*d
*kBkekkdkx*k*3 — 18kckkdkd*kkTkex*x3 — Bldxckkdkdx*kBkekxkd*xx — Shkckkdkd**x5xex*x5
*xkk2 — 18kckkdkdkkdkexkGxxk*x3 + 18kck*k2xd*x*kB5xex*5 + Blkxcx*Dkd**kdkex*xBkxx +
BAdxcxk2Qkd*k3kexkTkx*kk2 + 18kckkQkd**k2kexkx8kx*k*k3 — OGkd**k3kekxkx7 — 18kd*kx2ke*xxk
8xx — 18*d*e*x*9xx*x*2 — 6G*ex*x10*x**3) + 18xbkck*4*xd**3xex*x3*xx*atanh(c*xx)/ (6%
Ck*xBxd*x*xOke + 18kCk*kBkxA*x*8kex*k2kxx + 18kCk*kBkA**kTxex*k3*kxX*k*2 + GkCk*kBGkd**kGke*
*4kxx*x*%3 — 18kckkbkd*kkT*ke*x*x3 — BhAkckkdkdxkBGkexkdxx — BAkckkdkdkk5kex*k5kxk*2
— 18%cxk4xdxkdkexkBkx**3 + 18kck*x2kd*kbke*x*x5 + Bdxckx2kxdxkx4dxex*kBxx + Bdkckx*k
2xd*x*k3kex*kTxxk*k2 + 18%Ck*kDkd*x*Dkex*8kx**3 — Bxd*x*k3kex*7 — 18kd**kex*8*kx —
18*dke**Oxx**2 — Gxex*10xx**3) + 18kbkcxxd*xd*x*x22kexxd*xx*x2*xatanh (cxx)/ (6xc**
Bxd*x*x9ke + 18kCk*Bkxd*x*8kex*k2*xxX + 18kCk*kBxd**k7Txex*k3*%x**2D + BkCk*kBkd**kBke*x*4x
x*%%3 — 18kckkdkd*kTke*x*x3 — BAxckkdkdx*kBkex*k4kxx — BAkckk4Akxdk*k5kex*k5xx*x*2 — 1
8xcxkdkdxkdkexkBkx*k*3 + 18kck*x2kd*k5kexx5 + Bdkck*x2kdxxdkex*kGxx + Bdkxckx2*xd
*kJkekkTkxkk2 + 18kCk*k2kd**kDkex*k8*kx*x*3 — Gxd*k*k3kex*x7 — 18kd**kex*8*xx - 18%
d*ke*x*xOxx**x2 — Bkxexx10%x**3) + 6Gxbkxckkdxdxex*k5kxx*k*x3*%atanh (c*xx)/ (6xcx*k6xd**9%
e + 18%Ckx*Bxd*x*k8xex*k2%xX + 18kCk*kBxd**k7Tkex*k3%kx**2 + BkCk*kBxd**kBkek*k4*xx*x*3 —
18k ck*kdxdx*xTkex*3 — BAxckkdxdx*kBkex*k4*x — BAxckkdkxdx*5kex*x5kx**x2 — 18kck*xsdx*
dxkdkex*xBkx**3 + 18kck*x2kd*kxbxe*x*x5 + Bdkckkx2kdxkdkexkxGxx + bhkxckk2kd*kk3kex*k
Txx*x*2 + 18%ckx*2kd**x2ke**x8kx**3 — Bxd*x*k3kex*7 — 18*kd**2ke**x8*kx — 18*d*e*x*9x
X**%2 — Bxe*x*x10%x*%*3) + 2¥bkcx*3*xd**3kex*3*xlog(x - 1/c)/(6*cx*6xd*x9*e + 18%
Ck*xBxA**k8kex*k2*xxX + 18kCk*kBxd**kTxex*k3*xx**2 + B xCk*Bkd*x*kBkex*kdxx*x*3 — 18kcx*4
*dkkTke*x*x3 — BhAkckkdkdkkBGkexkdxx — BAkckkdkxdkxkB5kexk5xxk*k2 — 18kckkdkd**kLkex
*Bkx**k3 + 18kck*x2kd**kbke*xk5 + Bhkckk2kdkkdkexkGxx + Bhkckk2kdkkIkexk*THxk*2
+ 18kck*k2kd**xke**xSkx*k*x3 — Gkd**k3kek*k7 — 18kd**x2ke*x*x8kxx — 18kdke**xQkx**x2 -
Bxexx10*x**3) — 2xb*xckx*3kd*x*3*xe*x*3xLlog(d/e + x)/(6xc*kx6*xd*x*Oxe + 18*kc**6xdx*
*8kekk2kx + 18kCkkOkdkkTkekkIkxk*kD + OkCkkOkdkkOkekkdkxk*k3 — 18kckkdkd**xT*e
*%3 — BAkxckkdkdxkBGkexkdxx — BAkckkAkdkkEkexk5xxk*k2 — 18kckkdkd*k4kex*kBkx*k*3
+ 18%cx*2kd*x*5ke*x*5 + BAkckkkdkkdkexkBkx + BAkckkkdkk3kekkThxk*k2 + 18kck
*Qkd*kDkekkBkx* k3 — Bkd*k3kex*k7 — 18kd**xke**x8kx — 18kd*ex*xQkx**x2 — Bxe*x*x10
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*x*%3) + 2xbxc*k*x3xd*x*k3kex*k3katanh (c*xx)/ (Bxc*xx6xd*x*xQke + 18*kCk*kBxd**xSkek*kD*xx
+ 18kckx*kOxdkxTkekk3kx*k*k2 + GkCkxkOkxdk*kOkekkdkx*x*k3 — 18kck*k4kd*x*k7T*xe*x*x3 — H4x
ckx4xd*kBkexkd*xx — BAxckkdkxd*kB5kexk5kx*k*x2 — 18kckkdkdkkdkexkGkx*k*3 + 18kck*
2kd*xx5ke*x*5 + BAxckxk2kdkxkdkekxk6xx + BAkck*kkdk*k3kekkTkxk*x2 + 18kck*k2kd**k2xe
*k8kx*k*k3 — Bkd*kk3kexk7 — 18kd*k*k2kex*k8kxx — 18kdkex*kQkx*x*x2 — Gke*xkx10*x*x*3) -
Bxb*xckx3kd*x*k3kex*k3/ (BkckkBxd*x*kQke + 18*kCkkBkd**xSkex*kkx + 18*kCk*kBkd**xT*kex*3
*X*k%D + BkCkkBkd*xkBkek*k4kx*k*k3 — 18kckkdkd*xkTke*x*3 — BAxckkdkdkkxBkexkdxx — 5
AxckkdkxdxkBkexk5kx*k*2 — 18kckkdkdkkdkexkBkx*k*k3 + 18kck*k2kd*xk5kexx5 + Bldkxckxk
2kd*kk4dke*x*kBxx + BAkck*k2kd*k*k3kekkTkxk*k2D + 18kck*k2kd*k*k2kex*xSkx**x3 — Bxd**x3kex*
*7 — 18%d**2%xe*x*x8*xx — 18kd*kxex*Qkx*x*2 — BGke*x*x10*%x**3) + B*bkckk3kd**xke*k*kd*xx
xlog(x — 1/c)/(6*ck*Bxd*x*9xe + 18xCk*Bkdx*kBxe**2*kx + 18*kChkBxd**T*kek*k3*xx**2
+ BGkCk*kBkd*kkBkekkdkxkk3 — 18kckk4kdkkTxkex*x3 — BhAkckkdkd**kBke*xkdkxx — B4kckk
Axd*xk5kxexk5kx*x*x2 — 18kckk4xdkkdkexkxBkx*k*x3 + 18kck*k2xd*x*k5kex*x5 + B5hkck*x2Qxd**
AxexkB*xx + BAkckxk2kd*xk3kekk7Tkx*k*k2 + 18kck*kkd*x*xke* *k8kxx**3 — Bkd*xk3kex*x7 —
18xd*x2*ex*k8xx — 18kd*e*x*Qkx**2 — Gxe*x*x10%x**3) — 6xbkcx*k3*xd**2kex*x4dxx*log(
d/e + x)/(6xcx*x6*xd*x*9%ke + 18kck*xBxd*x*Ske*x*kQkx + 18*kCkkBkd**kT*kex*k3*kx*k*x2 + B
Ck*xBkd**kBkex*k4xxk*k3 — 18kckkdkd**kTke*x*3 — Bhkckkdkd*xkGke*x*k4kxx — Bakckkdkdkk
Bkexx5xx**x2 — 18kcx*kdkdxkxdke*x*x6xx**3 + 18kckx*x2kd*x*x5ke*xx5 + B4xck*k2kd*x*kxLke*x*
6%x + BAkckx*xkd*kk3kekkTxx*k*k2 + 18kck*kkd**Qke*x*kkxx*k*k3 — Gkd**k3ke*x*k7 — 18*dx*
*2ke*¥*x8*kX — 18*dxex*Qxx*k*2 — G*ex*kx10*x**3) + 6xbkc*k*3kd**2xe*x*4xx*atanh (cxx
)/ (6kck*xB*xd**xOke + 18kCk*kBkd**k8ke* *k2kxX + 18kCk*kBkd**7ke*xk3kx*k*x2 + B*Ck*kxGkd*
*xBkekkdkx* k3 — 18kckkdkdkkTkexk3 — Bhdkckk4kdkkBkexkd* x — Bakckkdkd*xk5kekxkx5k
Xk*k2 — 18kckk4kd*kdkexkBkx*k*k3 + 18kckk2kd*k*k5kex*k5 + Bakckk2kd*kk4kex*k6*xx + 5
Axckk2kd*kk3kekkTkx*k*2 + 18kCk*k2kd**xDkex*kSkx**3 — B*kd*x*k3kex*x7 — 18kd**2kxe*x*8
*x — 18%d*ex*Q*xx*x*2 — Gxex*x10%x**3) — 10*bkck*x3kd*x*x2xex*4*xx/ (Bxcx*Bxd*x*9*e
+ 18%cx*xBkd**x8ke* *2kx + 18kCk*kBkd**kTkexkx3kxk*x2D + BkCkkBkd**kBkexkxd*xx*x*x3 — 18
kxCkk4xdkkTkex*x3 — BAkckkdkd* kBkekxkdkxx — BAkckkdkdkk5kexk5kx* %2 — 18kck*k4kxdx*
*x4kexkBkx*kk3 + 18kck*k2kd*xk5kexk5 + BAdkck*k2kdkkdkexkB*kx + BAkckkDkdkk3kekxk7*
x*k*2 + 18kck*k2kd*k*k2kexk8kx*k*k3 — Gkxd*k*k3kex*k7 — 18kd**xke**k8xx — 18*kdkex*xQkx*
*2 — B*kex*x10xx**3) + 6xbkxckx3kxd*xe*x*xb*xx**x2%x1log(x — 1/c)/(6xc**6xd*x*9xe + 18%
Ck*kB6kd*xk8ke*xk2kx + 18kck*kBkd*kkTkek*k3kxk*k2 + BkCkkGkd*kBkekxkdkx*x*k3 — 18kc*k*x4
xd*k*x7ke*x*k3 — BAkckkdkdkxkGkekk4kx — Bhdkckk4kdkkbkexk5kxkxkD — 18kckk4kd*k*kdkex
*xBkxkk3 + 18kck*k2kd*xk5kexkx5 + BAkckkkdkk4kexkBkxx + BHAkxckkDkdkkIkekkTkX*k*kD
+ 18kckx*x2kd**x2ke**k8kx*k*k3 — Bkd*kk3ke*k*k7 — 18kd*x*xkex*xZkx — 18*kd*kex*xJkxx*x2 —
Bxexx10*x**3) — Bxbkxck*3kd*xe*x*kbxxx*2xlog(d/e + x)/(6*ckx*6xd**x9*e + 18*C*k*6*
dxx8ke*x*k2%x + 18kckkBkdkkT7kex*k3kx*kk2 + B6kCk*kBkdkkOkekk4kxkk3 — 18kckkdkd*xx7
*xex*3 — Badkckx4xdkkGxekxkdxx — BlAdxckk4kdxkbkexxbHkxkx2 — 18kxckkbkdxk4kexkxGkxk
*3 + 18kckkxkd*k5ke*x*k5 + B4kckkQkdkkdke*xkBkxx + BAkckk2kxdkk3kekkTkx*kkxD + 18%
Ck*xkd**k2kex*k8kxk*k3 — Gkd**k3ke*x*k7 — 18kd*x*x2ke*x*x8*kxx — 18*kd*kex*xQkx**x2 — Gkekxxk
10*x**3) + B*bkxckxx3kdxexx5xx**x2kxatanh (cxx)/(B*xcx*6xd*x*xOke + 18kc*k*xB*kd**Ske*
*2xx + 18kCkkOxd*k*kTkex*kJkx*x*x2 + OGkCk*kOkd*x*kGkexkx4kx*k*k3 — 18kckk4kdx*xT*ke*x*x3 —
B4 xckxdxd*kkOkxexkd*kxx — Bhkckxk4kdxxbkexkx5xx*k*x2 — 18kckxk4kdxx4kexx6xx**x3 + 18
kxCk*kkd*kk5kexk5 + BAkckkDkd*kk4kexkBkx + BAkckkQkdkkIkekkTkx*k*2D + 18kck*kkd*
*kexkSkx*k*x3 — Gkd*k3kexx7 — 18kd**k2ke*x*k8*kx — 18kdkxe**Qkxx**2 — Bkexkx10*x**3
) — 4xbkxck*k3kdke*x*x5xxk*x2/ (6kck*kBkd*x*kQke + 18kCkkBkd**kSkex*x2kxx + 18kCk*BGkxd**
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THe*xx3xx**%2 + GkxCkkGkdxkGkex*d*xx**x3 — 18kck*k4xd*x*7T*e*x*x3 — Bhdkcxkdxd*x*Bkxe*x*xd
*x — BAkckxdxd*x5xexkbkxk*k2 — 18kckkdkdkkdkex*kBkx*k*x3 + 18kck*k2kd**k5ke*xx5 +

BAxck*2kd*kkdkekxkGxx + BAkckk2kdkk3kekkThx**k2 + 18kck*2kd*k*x2kex*kSkx*x*3 — 6*d
*k3kekk7 — 18kd*xx2kex*k8xx — 18kd*ke*x*xJkx*x*x2 — Gke*xkx10*x**3) + 2xbkck*k3ke*x*xBHx
x*xx3%1log(x — 1/c)/(6*cx*Bxd**x9*ke + 18*Ck*kBxd**x8*kex*k2kxxX + 18kCk*xG*d*k*T*rex*3x*
Xk%2 + GkCkkBkd*kkGkexkbkxkk3 — 18kckkdxdxkTkex*3 — Bldkxckkdxd*xxGxexkdxx — 54
kCkkAkd*kkEkexkEkxkkD — 18kckkdkdxkdkexkGkxk*x3 + 18kck*k2kd*x*k5ke*xx5 + Bhkcx*2
kdkkdkek*kBGxX + BAkCkkkAk*k3kekkThx**2 + 18kCk*kd**2kek*kBkx*x*3 — Gxd*k*k3ke*xx
7 - 18%d**2%ex*8*x — 18*d*ex*9xx*x*2 — Bke*xx10%x**3) — 2%b*ckx*3kex*B*xx*x*3%10
g(d/e + x)/(Bkcxkx6xd**x9ke + 18*kck*kBxd**xBkex*k2xx + 18kCk*xE*xd**kTre*xx3*kx**2 +

BxCHxkBxdxkBkex*kh*xx*k*x3 — 18kck*khkd*x*T*e**x3 — Bhxckxkdkdx*Bke*xxdxx — Sdxcxkxd*xd
*xkB5xekk5xxkk2 — 18kckkdxd*kdkexkGkxk*k3 + 18kck*x2xd*x*k5ke*x*x5 + Bdxckx2xd*x*kd*xe
*x6kx + BAxcrkkdkk3kekkThxk*x2 + 18kCk*2kdk*xQkex*xkx*x*k3 — Gxd**k3kex*x7 - 18x%
d**2xex*k8*x — 18xdxex**kx**2 — Bkex*x10*x**x3) + 2*b*c**3xex*x6*xx**3*atanh (c*x
)/ (B6kck*xB*d**xOke + 18*kCk*kBkA**8ke* *x2kxX + 18kCk*kBkd**7ke*xk3*xx*k*x2 + B*Chk*kxGkd*
*Gkekkdkxkk3 — 18kckkdkdkkTke*x*k3 — BhdkckkdkdkkOkekkdkx — Bhkckkdkdkkbkekxkbk
k%2 — 18kckkbkdxkdkexkBkxx*k*x3 + 18kck*k2kd*x*k5kxe*x*x5 + Bhkckx*k2kd*x*k4d*xe*x*x6xx + 5
Akck*2kdkk3kekkThxk*k2 + 18kcCk*k2kd**k2kexkBkxk*3 — Gkd**3ke*x*x7 — 18*xd**x2*xe*x*8
*X = 18kd*e*x*0*kx**2 — 6xe*x*x10%x**3) — 6xbkcx*2xd**2kex*d*atanh (c*xx)/(6xc**6
*xd**Oke + 18kckx*kBkxd*kx8ke*k*k2%xx + 18kckkBkd*k*k7kexk3kxx*k*x2 + G*kCk*kGkxd*kBkek*k4*kxx
*k3 — 18kckkdkdkkTkex*k3 — BhdkckkdkdkkOkekkdkx — BhdkckkdkdkkBkexkbkxkk2 — 18
kCkkdkdkkdkexkGkxk*k3 + 18kckk2kdxk5kex*k5 + Bdkxckx2kdxkdkex*kGkxx + BAkxckk2xdx*
*3kekkTkxkk2 + 18kCkk2kd**Dke*xkSkx**x3 — BGxd**x3kex*k7 — 18*kd**x2xe*x*x8xx — 18*d
kekkxQkx*k*k2 — Bkexk10*x**x3) + bkckdkex*xb5/(6xckx*xGxd*x*9ke + 18*kck*xGrd*x*Ske*x*2x
X + 18kckxBxd*kThexkkxk*x2 + GkCk*kBkdkkOrexkdkxx*3 — 18kckkdxd*x7T*xex*x3 - 54
kxCkk4kdkkBkekkdkx — BadkckkdkdkxkkHkekk5kxxkxkxk2 — 18kckkdkd*kk4kexkBkxx*k*x3 + 18kc*k
*2kdx*k5ke*xk5 + BAxckxk2kdk*kdkexkGxx + BAkckkkdkk3kekkTHx*k%2 + 18kck*kDkd*k*2%
ex*k8xx*x*3 — Bxd*k3kexk7 — 18kdk*k2kex*k8kxx — 18kdkxe*xkQkx*x*x2 — Gkexkx10*x*x*3) +
bkxckex*x6kxx/ (6*kck*x6xd**xQke + 18kck*xBkd**xSke*x*x2*xx + 18*kck*xGkd*kxTxexk3kx*kx*x2 +
BxckxOxdxkBkexkdkxkx3 — 18kcrkdkdx*Tkexx3 — Bhkckkdkdx*xBkrekxkxdxx — Shkcxkdx
dxk5kxekxk5kxkk2 — 18kckkdkdkkdkekxkOkxx*k*xk3 + 18kckk2kd*x*k5kekxkx5 + B4dkckk2Qkd*k*x4*x
ex*kB*xx + BAkck*Dkd*kk3kekkTkxk*2 + 18kckk2kd**k2kex*8kxx*k*3 — Gkd**x3ke*x*x7 - 18
*dkx2kexk8xx — 18*d¥xex*Qkx**2 — Bxe*x*x10*x**3) + 2xbkex*6+atanh(c*xx)/(6xc**6
*dk*xO%e + 18kxcHkkGxd*x*8kex*2*xx + 18kchk*xGxdrkTkex*3xx*k*x2 + BGkckkGxd**xGrexkd*xx
*%3 — 18kckkdkdk*Tkexx3 — Bhdxcxkdkdx*kGkexxdxx — bhdxcxkdkdrkbkex*x5xx*xx2 - 18
xCkk4kdkkdkekkGkxkk3 + 18kck*k2kd*xkk5kex*k5 + Bldkckk2kxd*xkdkekkG*kxx + BHlkckk2Qxd*
*3kekkTkxkk2 + 18kCkk2kdk*Dke*xk8kx**x3 — Gkd**k3kex*k7 — 18kd**x2xe*x*x8xx — 18*d
xe**Qxx*k*2 — 6*xex*x10*x**3), True))
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2
3.9  [(d+ex)’(a+btanh (cx)) dx
Optimal. Leaf size=359

(c4d4 + 6c%d?%e? + 64) (a +btanh! (cx))2 abex (6(:2012 + ez) d (czd2 + ez) (a +b tanh_l(cx))2 2bd (Czdz +
—_ + —_

+
4cte 2¢c3 c3

[Out] b~ 2*d*e”2xx/c”2+1/2%axbxe*x (6*c™2%d"2+e”2) *x/c~3+1/12*%b " 2%e~3*x"2/c”2-b"2*xd*
e 2xarctanh(c*x) /c”3+1/2xb"2%e* (6*%c~2*d"2+e”2) *x*arctanh (c*x) /c~3+b*d*e”2*x
~2%(at+b*arctanh(c*x))/c+1/6*bxe~3*x"3* (a+b*arctanh(c*x))/c+d*x(c™2*xd"2+e"2) *
(atb*arctanh(c*x))~2/c”3-1/4*%(c"4*d"4+6%c”2xd"2*%e"2+e"4) *x (a+b*arctanh (c*x))
~2/c”4/e+1/4% (exx+d) "4x* (atb*arctanh(c*x)) "2/e-2*xbxd* (c"2xd"2+e”2) * (a+b*arct
anh(c*x))*1n(2/(-cxx+1))/c~3+1/12*%b"2*%e" 3*1n(-c~2xx"2+1) /c~4+1/4*xb~ 2*xe*x (6*c
"2%d"2+e72) *1n(-c"2%x"2+1) /cT4-b"2*d* (c"2*d"2+e"2) *polylog(2,1-2/ (~c*xx+1))/

c”3

Rubi [A] time = 0.53, antiderivative size = 359, normalized size of antiderivative

= 1.00, number of steps used = 19, number of rules used = 14, integrand size = 18,

number of rules _ ) 778, Rules used = {5928, 5910, 260, 5916, 321, 206, 266, 43, 6048, 5948,

integrand size

5984, 5918, 2402, 2315}
2 2
b*d (Czdz + ez) PolyLog (2/ 1- m) abex (6c2d2 + ez) d (czd2 + ez) (a +b tanh_l(cx)) (6c2dze2 + ctd*
c3 2¢3 c3

Antiderivative was successfully verified.
[In] Int[(d + exx)~3*(a + bxArcTanh[c*x])~2,x]

[Out] (b~2*xd*e"2*x)/c”2 + (a*b*ex(6xc™2*xd"2 + e72)*x)/(2%c”3) + (b™2*xe"3xx72)/(12
*c72) - (b"2xdxe”2*ArcTanh[c*x])/c”3 + (b™2*e*x(6%c~2*xd"2 + e~2)*x*ArcTanh[c
*x])/(2%c”3) + (bxd*e~2xx"2%(a + b*ArcTanh[c*x]))/c + (b*e”3*x"3*(a + b*Arc
Tanh[c*x]))/(6%c) + (d*(c™2*d"2 + e"2)*(a + b*ArcTanh[c*x])"2)/c”3 - ((c™4x*
d"4 + 6xc”2xd"2*xe"2 + e"4)*(a + bkArcTanh[c*x])~2)/(4*c"4*e) + ((d + exx)"4
*(a + b*ArcTanh[c*x])~2)/(4*e) - (2*b*d*x(c"2*d"2 + e~2)*(a + b*ArcTanh[c*x]
)*Log[2/(1 - cxx)])/c™3 + (b~2*%e"3xLogl[l - c™2%x72])/(12%c™4) + (b~ 2*ex*(6*c
“2%d72 + e"2)xLogl[l - c™2*x72])/(4xc™4) - (b72xd*(c"2%d"2 + e~2)*PolyLogl[2,
1 -2/(1 - ¢cxx)])/c”3

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)°n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQ[c, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 266

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Dist[1/n, Subst[
Int [x~(Simplify[(m + 1)/n] - 1)*(a + b*x)"p, x], x, x"n], x] /; FreeQ[{a, b
, m, n, pt, x] & IntegerQ[Simplify[(m + 1)/n]]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(bx(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e”2*f + d~2*g, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh [c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c™2*xx72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 5916
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*(m + 1)), x] - Dist[(bx*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c”2%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c™2*d"2 - e72, O
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*xp)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]
&& I1GtQ[p, 1] && IntegerQlq] && NeQlq, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh([c*x])~(p + 1)/(bxcxdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*%d + e, 0] && IGtQ[p, O]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*x(b_.))"(p_)*x((f_) + (g_.)*x(x_))"(m_.))/(
(d_) + (e_.)*x(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQLc~2%d + e, 0] && IGtQ[m, O]

Rubi steps
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ez(6c2d2+ez) (a+b tanh ™! (cx)) 4de3x(11+l
2 _ —
[@+exp (a+btanh(ev) a @+t (a+btanh (e)” @) ( &
+ ex a+ btan cXx X = -
4e
_ 2 cAdt+6c2d2e2 +e*+4c2de(c2d% +e2)x ) (a+b tanhfl(c
_ (d + ex)* (a + btanh 1(cx)) B bf( 1129(2 )
de 2c3¢

abe (6c2d2 + ez) x  bde’x? (a +b tanh_l(cx)) be3x3 (11 +b tanh_l(cx))
= + +
2¢3 c 6¢c

W2de2y  abe (6c2d2 + ez) x b (6c2d2 + ez) xtanh'(cx)  bde?x? (a +
= + + +
c? 2¢3 2¢3
b2de2x  abe (6c2d2 + ez) X Pde?tanhY(cx) D% (6¢:2d2 + ez) x tanh~
2 " 2¢3 - c3 - 2¢3

Pde’x  abe (6C2d2 + 62) X P2y Pdetanh'(cx) bPe (6C2d2 + ¢
c2 2¢3 12¢2 c3 2,

b*de*x abe (6C2d2 + 62) X p2e3x%  b2de? tanh (cx) b2e (6czd2 + ¢

b*de*x  abe (6C2d2 + 62) X p2e3x%  b2de? tanh (cx) b2e (6czd2 + ¢
c? 2¢3 12¢2 3 )

Mathematica [A] time = 0.93, size = 506, normalized size = 1.41

12a%c*d®x + 18a2c*d?ex? + 12a%c*de®x® + 3a?ce3x* + 36abc®d?ex + 12abc®de?x? + 2abc’ex® + 18abc®d?elog(1

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3*(a + b*ArcTanh[c*x])~2,x]

[Out] (-(b"2*e”3) + 12%a~2*c"4*d"3*x + 36*a*xbxc”3*%d " 2*e*x + 12*b~2*c~2*xd*e”2*x +
6xaxb*c*ke”3*x + 18*%a”2%c 4*xd"2xexx"2 + 12xaxb*c”3*kd*e”2*%xx"2 + bT2*CcT2*e” 3*x
T2 + 12%a”2xcT4xd*e”2*xx"3 + 2*axbkcT3%e”3*x"3 + 3*xa”2xc"4*e”3*x"4 + 3xb72*(
-4*%c”3%d"3 - 6*%cT2x%d"2%e - 4dxcxd¥e”2 - e73 + c 4dxx*x(4*d"3 + 6xd"2%exx + 4x*d
*e"2%x"2 + e73%x73))*ArcTanh[c*x] "2 + 2*bxcxArcTanh [c*xx]* (3*axc ™ 3*xx*(4*d"3
+ 6xd"2*%e*xx + 4xd*e”2%x"2 + e73*x"3) + brex(18*%cT2*%d"2*x + 6kdkex(-1 + c"2%
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X72) + e”2*x*(3 + c72%x72)) - 12*%bxd*(c"2xd"2 + e"2)*Log[l + E~(-2*%ArcTanh[
c*x])]) + 18*axb*xc”2*d"2xexLogl[l - c*x] + 3*axbxe”3xLogl[l - cxx] - 18*axbx*c
~2%d"2%exLog[1l + c*x] - 3*axb*e”3xLogl[l + c*x] + 12%axb*c”3*d"3*Log[l - c~2
*x72] + 18%b~2%c”2%d"2xexLogl[l - c”2*x”2] + 4xb~2%e”3*Log[l - c™2*xx72] + 12
xaxbxckxd*e”2*Log[-1 + c72*x72] + 12%b"2*c*kd*x(c”2*d"2 + e~2)*PolyLog[2, -E~(
-2*xArcTanh [c*x])])/(12*c™4)

fricas [F] time = 1.11, size = 0, normalized size = 0.00
integral (a263x3 + 3a%de?x? + 3 a’d%ex + a®d® + (bze3x3 + 3b2de®x? + 3 b?d%ex + b2d3) artanh (cx)® + 2 (abeg’.

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*e”3*x"3 + 3*a 2xd*e”2%x”2 + 3*%a”2*%d"2%exx + a”2*%d"3 + (b"2%e”3
*x73 + 3*b72xd*e"2*xx"2 + 3*b"2*%d"2*e*x + bT2*xd"3)*arctanh(c*x) "2 + 2*x(axbxe
“3*%x73 + 3*xaxbkd*xe”2*x"2 + 3*xaxb*d"2xe*x + axbxd~3)*arctanh(c*x), x)

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="giac")
[Out] Timed out

maple [B] time = 0.07, size = 1430, normalized size = 3.98

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~3*(atb*arctanh(c*x))~2,x)

[Out] 1/4*a~2/exd~4+a”2xe”2*xx"3%d+3/2*a" 2*e*xx~2*xd~2+b~ 2*arctanh (c*x) ~2*x*d~3+1/4x*
b~2/e*xarctanh(c*x) "2*xd~4+1/16*%b"2/e*x1ln(cxx-1) "2*xd"4+1/16%b"2/e*1n (c*x+1) ~2%
d"4+1/4xb"2%e" 3*arctanh (c*x) "2%x"4+1/16/c"4*b"2%xe~3*1n(c*x+1) "2+1/3/c"4*b"2
*e"3*1In(c*x-1)+1/3/c”4xb"2%e"3*1In(c*x+1)+1/16/c"4*xb"2*%e"3*x1n(c*x-1) "2+1/4/c
*b~2x1n(c*x-1) "2%d"3-1/c*b~2*dilog(1/2+1/2%c*x)*d~3-1/4/cxb~2*x1n(c*x+1) "2xd
~3-1/2/cxb™2x1n(1/2+1/2*%c*x)*1n(-1/2*%c*xx+1/2)*d"3-1/2/c*b"2*x1n(c*x-1) *1n(1/
2+1/2xc*x) *d~3+1/2*a*b/exarctanh (c*xx)*d"4+1/4*axb/e*x1n(c*x-1)*d~4-1/4*a*xb/e
*1n(c*x+1)*d"4-1/8*b"2/e*x1n(c*x+1) *1n(-1/2*%c*xx+1/2)*d"4+1/8*%b"2/ex1n(1/2+1/
2%c*x) *1n(-1/2*c*xx+1/2)*d~4+1/c*b”2*arctanh (c*x) *1n (c*x-1) *d"3+1/2*a*b*xe~3*
arctanh(c*x)*x"4+1/2/cxb™2*%1n(c*x+1)*1n(-1/2%c*x+1/2) *d~3+1/6/c*b~2*xe"3*arc
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tanh (c*x)*x~3+1/c*b”2*arctanh (c*xx) *1n (c*x+1) *d"3+1/2*a*xb/c”3*xx*e~3+1/c*a*xb*
In(c*x+1) *d~3+1/c*a*b*1ln(cxx-1)*d"3+1/4/c”3*b " 2%e"2x1n(c*x-1) “2*xd-1/c”3%b"2
*xe"2%dilog(1/2+1/2%c*x)*d+1/2/c”3%b"2xe"3*arctanh (c*x) *x-1/4/c”3%b"2%e™2%1n
(c*x+1) "2%d+3/8/c”2*%b " 2xex1n(c*x+1) "2xd"2-1/4/c 4xaxbxe”3*1n(cxx+1)+1/4/c~4
*axb*e”3*In(c*x-1)+3/2/c”2%b " 2%e*xIn(c*x-1) *d"2+3/2/c"2*%b " 2*e*x1n (c*x+1) *d~2+
1/2/c”3*b"2%e"2+xIn(c*x-1) *d-1/2/c"3*b"2%e"2*1n (c*x+1) *d+b~2*xe~2*arctanh (c*x
) T2%x”"3%d+3/2xb " 2*xexarctanh (c*xx) "2*x"2xd"2+1/12%b"2%e"3*xx"2/c"2-1/8/c"4%b"2
xe " 3*xIn(cxx+1)*1n(-1/2xc*xx+1/2)+1/8/c”4*b~2*xe”~3*1n(1/2+1/2*c*x) *1n(-1/2*c*x
+1/2)+1/4/c”4*b~2%xe " 3*arctanh (c*x) *1n(c*x-1)-1/4/c”4*b~2*xe” 3*arctanh (c*x) *1
n(cxx+1)-1/8/c”4*b"2*%e"3*1In(c*x-1)*1n(1/2+1/2%c*x)+1/6/c*xaxbxx~3*xe~3+3/8/c”
2+%b"2%e*x1In(cxx—1) "2xd"2+a"2*x*d"3+1/4*a"2*e"3*xx"4+1/4%b"2/e*arctanh (c*x) *1n
(c*x-1)*d"4-1/8*b"2/ex1n(c*xx-1)*1n(1/2+1/2*c*x) *d"4-1/4*b"2/e*arctanh (c*x) *
1n(c*x+1) *d~4+2*axb*arctanh (c*xx) *x*d~3+b~2xd*e”2*x/c”2+1/c”3*b"2*e” 2*arctan
h(c*x)*1n(c*xx+1) *d+3/2/c”2*b"2*exarctanh (c*x) *1n(c*x-1) *d~2+3/4/c~2*¥b"2xex*x1
n(1/2+1/2xcxx)*1n(-1/2*c*x+1/2)*d"2-1/2/c~3*%b"2%e"2*x1n(1/2+1/2*cxx) *1n(-1/2
*xcxx+1/2)*d-3/4/c”2*b"2%e*x1n(cxx-1) *1n(1/2+1/2*c*x)*d~2-1/2/c~3%b"2*xe~2*1n(
cxx-1)*1n(1/2+1/2*c*x) *d+3/c*xb~2*e*arctanh (c*x) *x*d~2+1/c*b~2*e " 2*arctanh(c
*x) *x " 2*%d+3*%a*xb/cxexxxd~2+1/c*xaxb*e” 2xx”2xd+2*xaxbxe 2*arctanh (c*x) *x~3xd+3x%
axb*e*arctanh (c*xx)*x~2xd~2+3/2/c 2*a*b*ex1n(cxx—1)*d~2+1/c 3*a*b*e”2*x1n(c*x
-1)*d-3/2/c"2xaxbxe*x1ln(c*x+1)*d~2+1/c”3*a*b*e ™ 2*1ln(cxx+1) *d-3/4/c”2*b"2%ex1
n(cxx+1)*1n(-1/2%c*x+1/2) *d"2+1/2/c"3*%b"2%e"2*¢In (cxx+1) *1n(-1/2*c*x+1/2) *d+
1/c”3*b"2xe"2*arctanh (c*x) *1n(c*xx—1)*d-3/2/c”2*%b" 2*e*arctanh (c*x) *1n (c*x+1)
*d~2

maxima [B] time = 0.56, size = 782, normalized size = 2.18
2x log(cx+1) N log (cx —1)

1 3 3

23,4, 2723 2922 2
- +acde*x’+— a“d“ex“+— |2 x* artanh (cx) + ¢| — -
e 2 2 () (02 c3 c3

))abdze+[2 x3 artanh (c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~2,x, algorithm="maxima"

[Out] 1/4*a~2*e”3*x"4 + a™2xd*e”2*xx"3 + 3/2*xa”2%d"2%exx”2 + 3/2x(2*x~2*arctanh (c*
x) + cx(2%xx/c”2 - log(c*x + 1)/c”3 + log(c*x - 1)/c73))*a*xbxd™2xe + (2%x~3x
arctanh(c*x) + c*(x72/c”2 + log(c™2*x™2 - 1)/c™4))*a*xbxd*e”2 + 1/12x(6xx"4*
arctanh(c*x) + c*(2%(c”™2*x"3 + 3%x)/c”4 - 3xlog(c*x + 1)/c”5 + 3*xlog(c*xx -
1)/c7B))*a*xbxe”3 + a~2xd"3*x + (2*kcxx*arctanh(c*x) + log(-c™2%x72 + 1))*ax*b
*d~3/c + (c72xd"3 + d*e~2)*(log(cxx + 1)xlog(-1/2%c*x + 1/2) + dilog(1l/2*cx*
X + 1/2))*%b72/c”3 + 1/6%(9%c™2+d"2%e - 3*c*d*e”2 + 2*e”3)*b"2*xlog(c*x + 1)/
c™4 + 1/6%(9%c™2+d"2%e + 3kckd*e”2 + 2%e”3)*b"2*xlog(c*kx - 1)/c™4 + 1/48x(4x*
b72xCcT2%e73%x72 + 48%bT2xcT2xd*e”2xx + 3% (bT2xcT4*e”"3*%x74 + 4xbT2xc”4*dxe”2
*x"3 + 6*%b72*CcT4xd"2%e*xx"2 + 4*b72*%cT4*d"3xx + (4*cT3%d"3 - 6%c”2*d"2*e + 4
xcxd*e”2 - e73)*b"2)xlog(c*xx + 1)72 + 3*(b72xc"4*e"3*x"4 + 4xb~2xc 4*xdxe”2x%
X73 + 6*%b72xcT4*d"2%e*xx"2 + 4*bT2xcT4*d"3*%x - (4xcT3%d”3 + 6xcT2*d"2%e + 4%
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cxd*xe”2 + e73)*b"2)xlog(-cxx + 1)72 + 4x(b"2*c"3%e”"3%x"3 + 6*%b~2*c”3*d*e”2*
X72 + 3%(6%c”3*d"2%e + c*xe”3)*b"2xx)*log(ckx + 1) - 2% (2xb~2%c”3*%e"3xx"3 +
12%b72%c " 3*d*e"2%x"2 + 6% (6*%c™3xd"2%e + c*xe”3)*b"2*x + 3x(bT2*xcT4*e”3*%x"4 +
4%D72%CcT4*d*e"2*%X "3 + 6xbT2%cT4*d"2%e*x"2 + 4xbT2xcT4*d"3*x + (4%c”3*%d73 -
6xCc”2%d"2%e + 4kxcxd*e”2 - e73)*b72)*log(cxx + 1))*log(-c*x + 1))/c™4

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f (a + batanh (cx))? (d + ex)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bx*atanh(c*x)) 2x(d + e*x)~3,x)
[Out] int((a + b*atanh(c*x)) " 2%(d + ex*x)”3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f (a + batanh (cx))2 (d+ ex)3 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(atb*atanh(c*x))**2,x)

[Out] Integral((a + b*atanh(c*x))**2*(d + e*xx)**3, x)
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310 [(d+ex)?(a+btanh(cx) dx

Optimal. Leaf size=257

1(35 + @) (0 + btanh™ (@) (3622 4 &) (a + btanh (en)? 20 (32 + ) log () (a-+ branh ™ (cx
- 3e + 3@3 - 3 C3

[Out] 2*a*b*d*exx/c+1/3*%b"2xe"2*x/c”2-1/3*b"2*e 2*arctanh (c*x) /c~3+2*xb~2*d*e*x*ar
ctanh(c*x)/c+1/3*b*e”2*x~2* (atb*arctanh (c*xx)) /c+1/3*(3*c~2*d"2+e”2) x (atb*ar
ctanh(c*x))~2/c”3-1/3*d*(d"2+3*e~2/c"2) * (a+b*arctanh(c*x)) "2/e+1/3* (e*xx+d) "~

3* (a+b*arctanh(c*x))~2/e-2/3*b* (3*c~2*xd"2+e”~2) * (a+b*arctanh (c*x) ) *1n(2/ (-cx*
x+1))/c”3+b"2*d*e*1n(-c”2%x"2+1) /c"2-1/3*b" 2% (3*c~2*d"2+e~2) *polylog(2,1-2/
(-c*x+1))/c”3

Rubi [A] time = 0.41, antiderivative size = 257, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 12, integrand size = 18,

number of rules _ 667, Rules used = {5928, 5910, 260, 5916, 321, 206, 6048, 5948, 5984, 5918,

integrand size

2402, 2315}

b? (3czd2 + ez) PolyLog (2,1 -~ %) (3020[2 4 ez) (a + btanh_l(cx))z d (iizz + dz) (a +b tanh_l(cx))2 Zb(
- 33 + 3¢3 - 3e o

Antiderivative was successfully verified.
[In] Int[(d + exx) 2x(a + bxArcTanh[c*x])~2,x]

[Out] (2*axbxd*exx)/c + (b"2%e”2*x)/(3*c"2) - (b~2*e"2*ArcTanh[c*x])/(3*%c~3) + (2
*xb~2kd*exx*xArcTanh[c*x])/c + (b*e~2*x"2%(a + b¥ArcTanh[c*x]))/(3*%c) + ((3*c
“2xd"2 + e"2)x(a + b*ArcTanh[c*x])~2)/(3*%c™3) - (d*x(d"2 + (3*e72)/c”2)*(a +
b*ArcTanh[c*x])~2)/(3*e) + ((d + e*x)”3x(a + bxArcTanh[c*x])~2)/(3*e) - (2

*xb* (3*%c™2+%d”2 + e"2)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)]1)/(3*%c™3) + (b™2x%
dxexLog[l - c™2*x72])/c”2 - (b~2*%(3*c™2*d"2 + e~2)*PolylLog[2, 1 - 2/(1 - c*
x)1)/(3%c”3)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 321

Int[((c_)*(x D))" (@m )*((a_) + (b_)*(x_ )" (@ )) (p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + *x(a + bxx™n)"(p + 1))/(bx(m + n*xp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*x(x_))]1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])“p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*(m + 1)), x] - Dist[(bx*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] & IGtQ[p, 0] && (EqQlp, 11 || In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2+%d"2 - 72, 0O
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
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Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)”(q+ 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*cxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1l

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, 0]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g, x] && I
GtQlp, 0] && EqQ[c™2xd + e, 0] && IGtQ[m, O]

Rubi steps
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3de? (a+b tanh ! (cx)) eSx(a+b tanh ™
2 (d+ex)® (a+ btanh_l(cx))z (2be) | (‘ 2 - 2
f (d + ex)? (a +b tanh_l(cx)) dx = 2 -
_ 2 2d3+3de?+e(3c2d%+¢2)x)(a+b tanh_l(cx)
_ (d + ex)® (a + btanh 1(cx)) B (2b) f( ( 1—c2x)2)( )‘
3e 3ce

(2b
2abdex  be*x? (a +b tanh_l(cx)) (d + ex)? (a + btanh_l(cx))2
= + +
c 3c 3e

2abdex  b22x  2b*dextanh l(cx)  be*x? (ﬂ +b tanh_l(cx)) (d+
= + + + +
c 32 c 3c

_ 2abdex s b2e%x b2 tanh *(cx) .\ 2b%dex tanh ™' (cx) s be*x* (ﬂ +bte
o 3c? 3¢c3 c 3c

_ 2abdex  bPPx b tanh™ (cx) | 2WPdex tanh ™ (cx) N be?x? (a + bt
o 3¢2 3c3 c 3¢

_ 2abdex  PPx e tanh™ (cx) | 2WPdex tanh ™ (cx) N be?x? (a + bte
o 3c2 3c3 c 3¢

_ 2abdex s b2e%x b2 tanh *(cx) . 2b%dex tanh ™' (cx) s be*x* (ﬂ +bte
o 3c? 3¢c3 c 3c

Mathematica [A] time = 0.65, size = 319, normalized size = 1.24

3a?c3d?x + 3a23dex? + a*cde®x> + 3abc?d? log (1 - c2x2) + 6abc?dex + abc®e®x* + abe® log (czx2 - 1) + btant

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~2*(a + b*ArcTanh[cx*x])~2,x]

[Out] (3*a”™2*c~3*d"2*x + 6G*axbkc ™ 2kd*e*xx + b~ 2xc*xe”2%x + 3*a ~2kc”~ 3kd*exx”2 + axb*
CT2%e72%xX"2 + a”2*%cT3*%e"2*xx"3 + b72* (-1 + ckx)*(e”2 + cxex(3*%d + ex*x) + c”2
*(3%d"2 + 3kdxexx + e”2*xx"2))*ArcTanh[c*x] "2 + b*ArcTanh[c*x]*(b*ex(-e + 6%
CT2xd*x + CT2%e*x”2) + 2xaxcT3xx*x(3%d72 + 3kdkexx + e72%x72) - 2%b*(3*xc”2*d
2 + e"2)*Log[1l + E7(-2xArcTanh[c*x])]) + 3*a*bxckd*exLog[l - c*x] - 3xa*bx
cxd*exLog[1l + c*x] + 3*axbxc”™2*d"2xLogl[l - c™2%x"2] + 3*b~2xcxd*e*xLog[l - ¢
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“2%x72] + axbxe”2xLog[-1 + c72*x72] + b~2*%(3*c”2*d"2 + e~2)*PolyLog[2, -E~(
-2*ArcTanh[c*x])])/(3%c”3)

fricas [F] time = 1.74, size = 0, normalized size = 0.00

integral (azezxz + 2 a%dex + a?d® + (bzezx2 + 2 bPdex + bzdz) artanh (cx)* + 2 (abezxz + 2 abdex + abdz) artant

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~"2x(atb*arctanh(c*x))~2,x, algorithm="fricas")

[Out] integral(a™2*xe”2*x"2 + 2%a”2xd*e*xx + a~2*%d"2 + (b72%e”2%x"2 + 2*b~2*d*e*x +
b~ 2*d"2) *arctanh(c*x) "2 + 2% (a*bxe”2xx"2 + 2*axbkxdxexx + a*b*d”2)*arctanh(
C*X), X)

giac [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2x(atb*arctanh(c*x))~2,x, algorithm="giac")
[Out] Timed out

maple [B] time = 0.07, size = 1050, normalized size = 4.09

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*xx+d) 2% (a+b*arctanh(c*x))~2,x)

[Out] 1/3*%b~2%e"2xarctanh(c*x) "2%x"3-1/12/c"3*%b"2xe " 2*x1n(c*x+1) "2+a " 2%e*xx"2xd+1/1
2/c”3xb"2%e”2*%1n(c*x-1)"2-1/3/c”3*%b"2xe"2*dilog(1/2+1/2*%c*x)-1/c*xb~2*dilog(
1/2+1/2*%c*x) *d"2-1/4/c*¥b”2*1n(cxx+1) "2*xd"2+1/4/c*b”2*x1n(c*xx-1) "2*xd~2+1/12%b
~2/ex1n(c*x—1) "2*xd~3+1/3*%b"2/exarctanh (c*x) "2*d"3+1/12*b"2/ex1n (c*x+1) "2*xd~
3+b~2*arctanh (c*xx) "2*x*d"2+1/6/c”3*b"2xe"2*x1n(c*x-1)-1/6/c”3*b~2*xe~2*x1n (c*x
+1)+1/3*%a"2/exd"3+1/3/c " 3*a*b*e”2xIn(c*xx+1)+1/3*xb"2%e"2*x/c”2+2*a*b*exarcta
nh(c*x)*x"2*d+1/c " 2*a*b*exIn(cxx—1)*d-1/c " 2*a*xb*e*1ln(cxx+1) *d+1/c"2*¥b " 2*e*a
rctanh(c*x)*1n(c*x-1)*d-1/2/c”2*b"2*ex1n(c*xx-1)*1n(1/2+1/2*c*x) *d+1/2/c~2%*Db
“2%ex1n(1/2+1/2*%c*x) *1n(-1/2*%cxx+1/2)*d-1/2/c”2*b"2%e*x1n(c*x+1)*1n(-1/2*c*x
+1/2)*d-1/c"2*b"2*e*arctanh (cxx) *1n(c*x+1)*d+1/4/c”2*b"2*e*x1n(c*x-1) "2*d+1/
c"2%b"2%e*x1n(c*xx-1)*d+1/c”2%b " 2xe*x1n(cxx+1) *d+1/4/c”2x¥b" 2xe*x1n (cxx+1) "2xd-1
/6/c”3%b " 2xe"2%1n(c*x-1)*1n(1/2+1/2*%c*x)+1/3/c”3*b"2%e"2*arctanh (c*xx)*1n(c*
x-1)+1/3/c"3*xb"2*e " 2xarctanh (c*x)*1n(cxx+1)-1/6/c " 3*xb~2%e"2x1n(1/2+1/2%c*x)
*1n(-1/2*%cxx+1/2)+1/6/c~3%b"2*xe"2*1n(c*x+1)*1n(-1/2*c*x+1/2)+1/3*a*b/e*1n(c
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*x-1) *d"3+2/3*a*b/exarctanh (c*x) *d"3-1/3*a*b/ex1n(c*x+1) *d"3+1/3/c” 3*a*xbxe”
2%1n(c*x-1)+1/3*%a"2*xe"2*xx"3+a " 2*x*d"2+b" 2*e*arctanh (c*x) "2*x"2*xd+2/3*axbxe”
2*%arctanh (cxx) *x~3-1/3*b~2/e*arctanh (c*x) *1n (c*x+1) *d~3+2*ax*b*arctanh (c*x) *
x*d"2-1/6*b"2/e*x1ln(c*x+1) *1n(-1/2*cxx+1/2)*d"3+1/6%b"2/e*x1n(1/2+1/2*c*x) *1n
(-1/2%c*x+1/2)*d"3-1/6*b"2/ex1n(c*x-1) *1n(1/2+1/2*c*x) *d~3+1/3*%b~2/e*arctan
h(c*x)*1n(c*x-1)*d~3-1/2/c*b"2%x1n(1/2+1/2%cxx) *1n(-1/2%cxx+1/2) *d~2+1/3/c*b
~2%e"2%arctanh (c*x)*x"2+1/2/c*¥b"2*%1n(cxx+1) *1n(-1/2%c*x+1/2) *d"2-1/2/c*xb”~ 2%
In(c*x-1)*1n(1/2+1/2*xcxx)*d"2+1/c*b~2*arctanh (cxx) *1n (c*x+1) *d~2+1/3/c*xaxbx*
x"2*e"2+1/cxb”2*arctanh (c*x) *1n(cxx—1)*d~2+1/c*a*b*1n(c*x-1) *d~2+1/c*xa*xb*1ln
(c*x+1) *d™2+2*axbxd*exx/c+2*¥b~2*d*e*x*arctanh (c*x)/c

maxima [B] time = 0.57, size = 524, normalized size = 2.04

1(, 5 x?
abde+—= |2 x° artanh (cx) + ¢c| = +
3 c2

2x log(cx+1) N log (cx —1)

1
~ a?e®x3+a*dex?+| 2 x? artanh (cx) + ¢ = - . .
c c c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(at+b*arctanh(c*x))~2,x, algorithm="maxima"

[Out] 1/3%a”2%e”2%x”3 + a”2xd*exx”2 + (2%x"2*xarctanh(cxx) + cx(2xx/c”2 - log(c*x
+ 1)/c”3 + log(c*x - 1)/c73))*axb*dxe + 1/3%(2*x"3*arctanh(c*x) + c*(x"2/c”
2 + log(c™2*x"2 - 1)/c”4))*a*xbxe”2 + a~2xd"2*xx + (2*kcxx*arctanh(c*x) + log(
—CcT2*x72 + 1))*axb*d"2/c + 1/3%(3xc”2xd"2 + e72)*(log(c*x + 1)*log(-1/2%c*x
+ 1/2) + dilog(1/2*xcxx + 1/2))*b~2/c”3 + 1/6*(6*c*d*e - e~2)*b~2xlog(c*xx +
1)/c”3 + 1/6%(6xc*d*e + e72)*b"2xlog(c*x - 1)/c”3 + 1/12%x(4xb~2%c*xe™2%x +
(b™2%c73%e72*%x™3 + 3xb72%c"3*kd*e*xx"2 + 3*b72*c73*d"2xx + (3*%cT2xd"2 - 3*cxd
xe + e72)*b72)*xlog(cxx + 1)72 + (b72%c™3%e”2*x"3 + 3*b72%c " 3xd*e*xx"2 + 3*b”
2xc73*%d"2%x - (3%c72xd"2 + 3*cxd*xe + e72)*b"2)*log(-cxx + 1)72 + 2% (b"2%c"2
*e"2%x72 + 6xb72*c " 2xdxexx)*xlog(ckx + 1) - 24 (b72%c72%e"2%x"2 + 6%b~2xc”2*d
xexx + (b72%c73%e724x73 + 3*b72%c”3kd*e*x”2 + 3*b72xc73%d"24x + (3%cT2%d"2
- 3%cxd¥e + e72)*b"2)*log(c*x + 1))*log(-c*x + 1))/c”3

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a + batanh (c x))2 (d+ ex)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bx*atanh(c*x)) " 2x(d + e*xx)"2,x)
[Out] int((a + b*atanh(c*x)) " 2%(d + ex*x)”2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + batanh (c)) (d + ex)? dx



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*xx+d)**2*(at+b*atanh(c*x))**2,x)

[Out] Integral((a + bxatanh(c*x))**2*(d + e*x)**2, x)

92
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3.11 f (d + ex) (a +b ’canh_l(cx))2 dx

Optimal. Leaf size=160

2 1 2 2
(5 +2) (a+btanh™ @) (41 ex? (a4 banh (en)’ d(a+ btanh () 2dlog () (a+ bta
+ + -
2e 2e c c

[Out] axb*exx/c+b~2xexx*arctanh(c*x)/c+d*(a+b*arctanh(c*x))~2/c-1/2*x(d"2+e~2/c"2)
* (a+b*arctanh(c*x) ) ~2/e+1/2* (e*x+d) ~2* (a+b*arctanh (c*x)) ~2/e-2*b*xd* (a+b*arc

tanh (c*x) ) *1n(2/ (—c*x+1)) /c+1/2%b"2xe*1n(-c~2*x"2+1) /c~2-b~2*d*polylog(2,1-
2/(-c*x+1))/c

Rubi [A] time = 0.33, antiderivative size = 160, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 9, integrand size = 16,

number of rules _ ) 562, Rules used = {5928, 5910, 260, 6048, 5948, 5984, 5918, 2402, 2315}

integrand size

2 2 _ 2
b*dPolyLog (2/1 - _1_Cx) (i_z + dz) (a +btanh 1(cx)) (d + ex)? (a +b tanh_l(cx))2 d (a +b tanh_l(cx))
- - + +

c 2e 2e c

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTanh[c*x])"2,x]

[Out] (a*bxexx)/c + (b~2ke*x*ArcTanh[c*x])/c + (d*(a + b*ArcTanh[c*x])"2)/c - ((d
"2 + e72/c”2)*(a + bxArcTanh[c*x])~"2)/(2xe) + ((d + exx)~2*(a + b*ArcTanh[c
xx])72)/(2%xe) - (2*%bxd*(a + b¥ArcTanh[c*x])*Log[2/(1 - c*x)])/c + (b~2xe*Lo

gll - c™2xx~2])/(2xc”2) - (b~2*d*PolyLog[2, 1 - 2/(1 - c*x)])/c

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
c*¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]
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Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)])/(1 - c™2%x72)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2%¥d"2 - e~2, 0
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, ¢, d, e}, x]
&& 1GtQlp, 1] &% IntegerQlql && NeQ[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*x(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*c*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, pr, x] && EqQ[c”2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh([c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, O]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQLc~2%d + e, 0] && IGtQ[m, O]

Rubi steps
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a+btanh (cx) 2d2+e%+2c%dex)(a
+

f(d + ex) (a - b’canh_l(cx))2 dx =

cz(l—czs
2e e
1 2 (c2d2+ez+2c2dex) (a+b tanh™! (cx))
(d + ex)? (u + btanh (cx)) ) b [ 2 dx N (be) |
2e ce
2d2(1+2—zz)(a+b tanh_l(cx)) 202,
b + —

1-c2x2

C

abex  (d+e? (a+btanh™ (cv)
+

2e

c

c

2e

abex s b2ex tanh ™ (cx) . d (ﬂ +btanh (cx)

abex Pextanh(cx) (@ +ex)” (a+btanh” o) ~ (2be d)f

@2 + e—z)(a+btanh !

c

c

abex . b2ex tanh ™! (cx) . d (11 +btanh (cx)

| N
N N

a2+ a+btanh 1

c

abex
+

c

b2ex tanh™ ' (cx) .

d(a+btanh” (cx)

N

r?\)l Aa°]

c

c

abex . b2ex tanh™}(cx) . d (51 +btanh™ (cx)

2+ < a+btanh !

2

;|
;|
(dz ¥
;|

)
) (a+ btanh™
)

c

c

c

Mathematica [A] time = 0.44, size = 174, normalized size = 1.09

2a?c?dx + a*c?ex? + 2abcd log( — ?x ) + 2bc tanh *(cx) (acx(Zd + ex) — 2bd log( ~2tanh™ (c) 4 1) + bex) +

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x])~2,x]

[Out] (2*%a”2*xc™2xd*x + 2¥axbkcke*x + a~2*xc™2xexx”2 + b 2% (-1 + c*xx)*(2*cxd + e +
cxexx)*ArcTanh[c*x] "2 + 2xbxcxArcTanh[c*x]*(bxexx + axcxx*(2+*d + e*x) - 2x*b
xd*Log[1 + E~(-2%ArcTanh[c*x])]) + axbk*exLogl[l - c*x] - axbkexLog[l + c*x]

+ 2%axbxckd*xLog[l - c™2%x72] + b™2xe*xLog[l - c72*x72] + 2%b~2xc*d*PolyLog[2

, "E7(-2xArcTanh[c*x])])/(2*c™2)

fricas [F] time = 0.58, size = 0, normalized size = 0.00

integral (azex +a%d + (bzex + bzd) artanh (cx)® + 2 (abex + abd) artanh (cx), x)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x))”2,x, algorithm="fricas")

[Out] integral(a™2*exx + a”2xd + (b72%e*x + b~2+xd)*arctanh(c*x)”2 + 2*(axb¥e*xx +
axb*d)*arctanh(c*x), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (ex + d)(bartanh (cx) + a)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))~2,x, algorithm="giac")
[Out] integrate((exx + d)*(b*arctanh(c*x) + a)”2, x)

maple [B] time = 0.06, size = 462, normalized size = 2.89

2 1. 1 cx
PIn(cx +12d BIn(cx+1)e ? dﬂog(i*?)d , ,  barctanh (cx)*x2e B1In(cx +1)
- + - +b“ arctanh (cx)” xd+ +
4c 2¢2 c 2 8c?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(atb*arctanh(c*x))~2,x)

[Out] -1/4/c*b~2*%1ln(c*xx+1) " 2xd+1/2/c”2xb~2+1n(c*x+1)*e-1/cxb~2+xdilog(1/2+1/2%c*x)
*d+b~2*arctanh (cxx) “2xx*xd+1/2%b~2*arctanh (cxx) “2xx"2%e+1/8/c”2*b~2*x1n (cxx+1
) "2xe+1/8/c”2*%b"2*x1In(cxx—1) "2xe+1/2/c”2%b"2*%1In(c*x—-1) *e+1/4/c*xb"2*1n(c*x-1)
~2xd+a”2*xd*x+axbxexx/c+b 2*xe*x*arctanh(c*xx) /c-1/2/c " 2*axb*1ln(c*x+1) *e-1/2/c
~2%b~2*arctanh (c*x)*1n(c*x+1) *e-1/4/c”2*b"2x1n(c*xx+1) *1n(-1/2*c*x+1/2) *e+1/
4/c”2xb"2x1n(1/2+1/2*c*x) *1n(-1/2*cxx+1/2) *e+1/2/c " 2*b"2*arctanh (c*x) *1n (c*
x-1)*e+1/2/c” 2*a*xb*1n(c*x-1) *e+1/2/c*b”™2*1n (cxx+1) *1n(-1/2*xc*xx+1/2)*d-1/2/c
*b"2x1n(cxx-1)*1n(1/2+1/2%c*x) *d+1/c*b~2*arctanh (c*x) *1n(c*x—-1)*d+1/c*b~2*a
rctanh (c*x) *1n(cxx+1)*d-1/2/cxb™2*1n(1/2+1/2*c*x) *1n(-1/2*c*x+1/2) *d+1/c*a*
b*1n(cxx+1)*d+1/c*a*b*In(c*x-1)*d-1/4/c”2*%b"2*%In(c*x-1) *1n(1/2+1/2*c*x) *e+1
/2%a”2*x"2*xe+axbxarctanh (c*x) *x"2*e+2*axb*arctanh (cxx) *x*d

maxima [B] time = 0.56, size = 313, normalized size = 1.96

(2 cxartanh (cx) + log (—czx2 +

2x log (cx +1) N log (cx —1)

1 1
2,.2 2
— acex +§ (Zx artanh (cx) + c( 2 3 3

))abe+a2dx+
2

c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))~2,x, algorithm="maxima"
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[Out] 1/2*a”2%e*xx~2 + 1/2*%(2*xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c"3 + 1
og(c*xx - 1)/c”3))*axb*xe + a”2xd*x + (2*ckxxarctanh(c*xx) + log(-c™2%x"2 + 1)
)*axb*d/c + (log(c*x + 1)*log(-1/2%cxx + 1/2) + dilog(1/2*%c*x + 1/2))*b"2xd

/c + 1/2*%b"2*exlog(cxx + 1)/c”2 + 1/2xb"2%exlog(c*xx - 1)/c”2 + 1/8%(4*b~2%c
xexx*xlog(cxx + 1) + (b72xc™2%exx™2 + 2*%b~2*c”2xd*x + (2%cxd - e)*b~2)*log(c

*x + 1)72 + (Db724c72xe*x"2 + 2xb72xcT2kdxx - (2xc*d + e)*b"2)*log(-ckx + 1)

T2 - 2% (2%b72xckexx + (DT24CT2xe*x”2 + 2xbT2xcT2*d*x + (2*xckxd - e)*b”2)*log

(c*xx + 1))*log(-c*xx + 1))/c”2

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f(a + batanh (c x))2 (d+ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x)) " 2x(d + e*x),x)
[Out] int((a + b*atanh(c*x)) " 2*x(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + batanh (cx)? (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x))**2,x)

[Out] Integral((a + b*atanh(c*x))**2*(d + e*x), x)
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f (a+b tanh™! (cx))2

3.12 dx
d+ex
Optimal. Leaf size=188
-1 . 2c(d+ex) -1 2 2c(d+ex) . 2 -1
_b (a + btanh (cx)) Li, (1 - m) . (a + btanh (cx)) log (m) +bL12 (1 - m) (a + btanh " (
e e e

[Out] -(at+b*arctanh(c*x)) " 2+x1n(2/(c*x+1))/e+(a+b*arctanh(c*x)) " 2x1n(2*xcx (exx+d)/(
cxd+e) /(cxx+1))/et+bx(atbxarctanh(c*x))*polylog(2,1-2/(c*x+1)) /e-b*(atb*arct

anh (c*x) ) *polylog(2,1-2*c* (exx+d)/(cxd+e) /(c*xx+1))/e+1/2¥b"2*polylog(3,1-2/
(c*x+1))/e-1/2%b"2xpolylog(3,1-2*xc* (exx+d) / (cxd+e) / (c*x+1)) /e

Rubi [A] time = 0.05, antiderivative size = 188, normalized size of antiderivative =

1.00, number of steps used = 1, number of rules used =1, integrand size = 18, number of rules

= 0.056, Rules used = {5922}

integrand size

1 2¢(d+ex)
b (a + btanh (cx)) PolyLog (2, 1- (o)At

) bPolyLog (2,1 - %) (a +b tanh_l(cx)) b*PolyLog (3, 1
+

e e 2e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])~2/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) 2*Log[2/(1 + c*x)])/e) + ((a + bxArcTanh[c*x])~2*Lo
gl(2%cx(d + exx))/((cxd + e)*x(1 + c*xx))])/e + (bx(a + bxArcTanh[c*x])*PolyL
ogl2, 1 - 2/(1 + c*x)])/e - (bx(a + bxArcTanh[c*x])*PolyLog[2, 1 - (2*c*x(d
+ exx))/((cxd + e)*x(1 + c*x))])/e + (b™2%PolyLogl3, 1 - 2/(1 + c*xx)])/(2%e)
- (b”™2*%PolyLog[3, 1 - (2*c*x(d + exx))/((c*xd + e)*(1 + c*xx))])/(2%e)

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x])~2*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*Log[(2*cx(d + exx))/((cxd + e)*x(1 + c*x))])/e, x] + Simp[(b*(a

+ bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(bx(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*d + e)*(1 + c*x))])/e, x] + Sim
pl[(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2%PolyLogl[3, 1 - (2
kck(d + exx))/((cxd + e)x(1 + c*x))])/(2%e), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2xd"2 - e72, 0]

Rubi steps
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G2 (2 Ry (2t
| (04 btanh (e’ (a +btanh™ () log(m) ) (a +btanh™ () 1og(%) K (a+1

dx = —
d+ex e e

Mathematica [C] time = 10.61, size = 759, normalized size = 4.04

“2(tanh () +tanh !
6a2 log(d + ex) — 6iab (— log( ) (71 —-2i tanh‘l(cx)) —iLi, (e 2(ta h ( e )+ta h (cx))) + i(tanh_l (%) n

2
V1-c2x?

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + exx),x]

[Out] (6%a~2xLogld + exx] + 6%axbxArcTanh[c*x]*(Log[l - c™2*x~2] + 2xLog[I*Sinh[A
rcTanh[(c*d)/e] + ArcTanh[c*x]]]) - (6*%I)*a*xb*x((-1/4*I)*(Pi - (2*I)*ArcTanh
[c*x])~"2 + I*(ArcTanh[(c*d)/e] + ArcTanh[c*x])~2 + (Pi - (2%I)*ArcTanh[c*x]
)*Log[1 + E~(2*%ArcTanh[c*x])] + (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log
[1 - E7(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - (Pi - (2%I)*ArcTanh[c*x])*
Log[2/Sqrt[1 - c™2*x72]] - (2*I)*(ArcTanh[(c*d)/e] + ArcTanh[c*x])*Log[(2*I
)*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] - I*PolyLog[2, -E~(2%ArcTanh[c*x])
] - IxPolyLog[2, E~(-2*%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]) + (b~2%(-8*c*xd*
ArcTanh[c*x] "3 + 4xexArcTanh[c*x]~3 - (4*Sqrt[1 - (c"2%d”2)/e"2]*exArcTanh[
c*x]~3)/E"ArcTanh[(c*d) /e] - 6*c*d*ArcTanh[c*x] " 2+Log[1 + E~(-2xArcTanh[c*x
1)1 - (6*I)*cxd*Pi*ArcTanh[c*x]*Log[(E~(-ArcTanh[c#*x]) + E"ArcTanh[c*x])/2]
+ 6%c*kdxArcTanh [cxx] "2*Log[1 - E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 6%c*
dxArcTanh [c*x] "2*Log[1 + E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] + 12%c*xd*ArcT
anh [(c*d) /e] *ArcTanh [c*x] *Log[(I/2)*E~ (-ArcTanh[(c*d) /e] - ArcTanh[c*x])*(-
1 + E7(2%(ArcTanh[(c*d)/e] + ArcTanh[c*x])))] + 6xc*d*ArcTanh[c*x] 2*Logl[(e
*(-1 + E7(2*%ArcTanh[c*x])) + cxd*x(1 + E~(2xArcTanh[c*x])))/(2*E~ArcTanh [c*x
1)1 - 6xcxd*ArcTanh[c*x] "2xLog[(cx(d + e*x))/Sqrt[1 - c™2*x72]] - (3*I)*cx*d
*PikArcTanh[c*xx]*Log[1l - c™2*%x72] - 12%cxdxArcTanh[(c*d)/e]*ArcTanh[c*x]*Lo
g[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]] + 6%cxd*ArcTanh[c*x]*PolyLogl2,
-E~(-2%ArcTanh[c*x])] + 12*c*dxArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d)/el
+ ArcTanh[c*x])] + 12xc*d*ArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] + Ar
cTanh([c*x])] + 3%c*kd*PolyLog[3, -E~(-2*%ArcTanh[c*x])] - 12%c*d*PolyLogl[3, -
E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 12*c*d*PolyLog[3, E~(ArcTanh[(c*d)/e
] + ArcTanh[c*x])]))/(cxd))/(6xe)

fricas [F] time = 0.55, size = 0, normalized size = 0.00

b2 artanh (cx)? + 2 abartanh (cx) + a2 )
,X

integral
integra ( o
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d),x, algorithm="fricas")
[Out] integral((b~2*arctanh(c*x)~2 + 2*axbk*arctanh(c*x) + a~2)/(exx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)®
dx
ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x)) 2/ (exx+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d), x)

maple [C] time = 0.74, size = 1170, normalized size = 6.22

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*x+d) ,x)

[Out] a~2*1ln(cxe*x+c*d)/e+b~2*1n(cxe*x+c*d) /e*xarctanh(c*x) " 2-b~2/e*arctanh(c*x) "2
*1n (((c*x+1) 72/ (-c™2xx72+1) -1) *e+ckd* (1+(cxx+1) 72/ (-c™2*x72+1) ) ) -1/2*%I*b"2/
exarctanh (c*xx) "2+Pi*csgn(I* (((c*xx+1) 72/ (-c™2%x"2+1)-1)*e+ckd* (1+(c*xx+1) "2/ (
-c72xx72+1))) / (1+(c*x+1) 72/ (-c™2*x72+1) ) ) "2*csgn(I* (((c*xx+1) "2/ (-c™2*%x"2+1)
—-1)*xe+cxd* (1+(c*x+1) 72/ (-c™2*x"2+1))) ) -1/2%I*b~2/exarctanh (cxx) “2*Pi*csgn (I
/(1+(c*xx+1) 72/ (~c™2%x72+1) ) ) *csgn (I* (((cxx+1) "2/ (—c™2%x72+1) -1) xe+cxd* (1+(c
*xx+1) 72/ (-c™2%x72+1) ) ) / (1+(c*xx+1) 72/ (-c™2%x72+1) ) ) "2+1/2*I*b~2/e*arctanh (c*
x) "24Pi*csgn (I* (((cxx+1) 72/ (-c™2%x72+1)-1) *xe+tckd* (1+(c*xx+1) 72/ (-c™2*x72+1))
)/ (1+(c*xx+1) 72/ (-c™2%x"2+1) ) ) "3+1/2%I*b~2/exarctanh (c*xx) “2*Pi*csgn (I/(1+(c*
x+1)72/(-c”2%x72+1) ) ) *csgn(I*x (((c*x+1) 72/ (-c™2*%x"2+1) -1) *e+c*xd* (1+(cxx+1) "2
/(—c72xx72+1)) ) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) *csgn (I* (((c*x+1) "2/ (-c™2*x"2+1)
-1)*e+cxd* (1+(c*x+1) 72/ (-c™2*x"2+1))) ) -b"2/e*xarctanh (c*x) *polylog(2, - (c*xx+1
)72/ (—c72xx72+1) ) +1/2%b"2/e*xpolylog(3,-(c*x+1) "2/ (-c™2*x"2+1) ) +b~2/ (cxd+e) *
arctanh (c*x) "2x1n(1-(c*d+e) * (cxx+1) "2/ (-c"2%x72+1) / (-c*xd+e) ) +b~2/ (cxd+e) *ar
ctanh (c*x)*polylog(2, (cxd+e) * (c*x+1) "2/ (-c™2*x"2+1) /(-c*d+e) ) -1/2%b~2/ (c*xd+
e)*polylog(3, (cxd+e) *x (cxx+1) "2/ (-c"2%x"2+1) / (-c*xd+e) ) +c*b~2/e*xd/ (c*xd+e) *arc
tanh (c*x) "2%1n(1-(c*xd+e) * (cxx+1) "2/ (-c™2%x"2+1) / (-c*d+e) ) +c*b~2/e*xd/ (cxd+e)
*xarctanh (cxx)*polylog(2, (cxd+e)* (c*xx+1) "2/ (-c"2xx~2+1) /(-c*d+e) ) -1/2*%c*b~2/
exd/ (cxd+e)*polylog(3, (cxd+e) * (c*x+1) "2/ (-c~2*x"2+1) /(-c*d+e) ) +2*xa*xb*1n(c*e
xx+c*xd) /exarctanh (c*x)+axb/e*x1ln(cxe*xx+c*d) *1n((cxexx-e)/(-c*d-e))+axb/exdil
og((c*xexx-e)/(-c*d-e))-a*b/ex1ln(cxe*x+c*d) *1n((c*kexx+e)/(-c*d+e))-a*b/exdil
og((c*exx+e)/(-c*d+e))
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maxima [F] time = 0.00, size = 0, normalized size = 0.00

a®log (ex + d) f bz(log (cx +1) —log (—cx + 1))2 ab(log (cx +1) - log (—cx + 1))
+ + dx

e 4(ex +d) ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(exx+d),x, algorithm="maxima")

[Out] a"2*log(e*xx + d)/e + integrate(1/4*b~2x(log(c*x + 1) - log(-cxx + 1))72/(ex
x + d) + a*xbx(log(c*xx + 1) - log(-cxx + 1))/(e*xx + d), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.01

(a + batanh (c x))?
dx
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*x),x)
[Out] int((a + b*atanh(c*x))~2/(d + ex*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(a + batanh (cx))2

d
d+ex :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**2/(e*xx+d) ,x)

[Out] Integral((a + b*atanh(c*x))**2/(d + e*x), x)
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f (a+b tanh™! (cx))2

3.13 —— dx
(d+ex)
Optimal. Leaf size=321
2 - - 2c(d+ex) 2
2bclog (ij) (a + btanh 1(cx)) _2bc (a + btanh 1(cx)) log (ﬁ) ) (a 4 b tanh_l(cx))z . bclog (E) (l
c2d? — 2 c2d? — 2 e(d + ex) e(c

[Out] -(a+b*arctanh(c*x))~2/e/(e*xx+d)+bxc*x(a+b*arctanh(c*x))*1n(2/(-cxx+1))/e/(c*
d+e) -b*xc* (at+b*arctanh (c*x))*1n(2/ (c*x+1) )/ (c*d-e) /e+2*b*c* (a+b*arctanh (c*x)
)*1n(2/ (c*xx+1)) /(c™2*d"2-e"2) -2*b*c* (a+b*arctanh (c*xx) ) *1n (2*c* (e*x+d) / (cxd+
e)/(c*x+1))/(c™2+%d"2-e72)+1/2%b" 2*c*polylog(2,1-2/(-c*x+1)) /e/(cxd+e)+1/2%Db
~2xc*xpolylog(2,1-2/(c*x+1))/(c*d-e) /e-b~2*c*polylog(2,1-2/(c*x+1))/(c~2%d"2
-e72)+b~2*c*polylog(2,1-2xc* (exx+d) / (cxd+e) / (c*x+1))/(c"2*d"2-e72)

Rubi [A] time = 0.31, antiderivative size = 321, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 6, integrand size = 18,

numberofrules _ 333 Rules used = {5928, 5918, 2402, 2315, 5920, 2447}

integrand size

2 2
) b*cPolyLog (2,1 - m) b*cPolyLog (2,1 - —

2
cx+1 (cx+1)(cd+e) cx+]

c2d? — 2 c2d? — 2 2e(cd + e) " 2e(cd —e)

b*cPolyLog (2,1 - —) b*cPolyLog (2,1 _ _2clater)
- +

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~2/(d + e*x)~2,x]

[Out] -((a + b*ArcTanh[c*x])~2/(ex(d + e*x))) + (bxc*(a + b*ArcTanh[c*x])*Log[2/(
1 - cxx)])/(ex(cxd + e)) - (bxc*(a + b¥ArcTanh[c*x])*Logl[2/(1 + c*x)])/((c*
d - e)*e) + (2*b*xc*(a + bxArcTanh[cxx])*Log[2/(1 + c*x)])/(c”2*xd"2 - e72) -
(2%b*cx(a + bxArcTanh[c*x])*Log[(2*cx(d + exx))/((c*d + e)*(1 + c*x))])/(c
“2%d72 - e72) + (b"2xc*PolylLogl[2, 1 - 2/(1 - c*x)])/(2xex(c*d + e)) + (b™2x%
c*PolyLog[2, 1 - 2/(1 + c*x)])/(2x(cxd - e)xe) - (b~2xc*PolylLog[2, 1 - 2/(1
+ cxx)])/(c™2%xd"2 - e72) + (b~2*c*PolyLogl[2, 1 - (2*c*x(d + exx))/((c*xd + e
)x(1 + cxx))])/(c™2*%d"2 - e72)

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*xd, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
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c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*x(x_)), x_Symbol
] :> -Simp[((a + bxArcTanh[c*x]) “p*Logl[2/(1 + (e*xx)/d)])/e, x] + Dist[(bxc*
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)]1)/(1 - c~2*x~2)
, x], x]1 /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c"2*d"2 - 72, 0
]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + bxArcTanh[cxx])*
Log[(2%c*(d + exx))/((c*d + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + bxArcTanh[cx*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x]) (p - 1)
, (d+exx)"(q+ 1D/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&% 1GtQ[p, 1] && IntegerQlq] && NeQ[q, -1]

Rubi steps
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5 5 ob c(u+b tanh™! (cx)) c(a+b tanh™! (cx)) 62(u+b tanh™} (cx))
(a +b tanh_l(cx)) (a +b tanh_l(cx)) (2be) f TG lre) | 2(d-o@ien) (—cd-+e)(cd+e)(d-+ex
f (d + ex)? - e(d + ex) - e
2 anh ! anh !
(a + btanh_l(cx)) (bcz) f W{ix (bcz) f de (2bce) J
T ddren (cd o) B e(cd + o) M——

(a +b tanh_l(cx))2 be (‘1 +b tanh_l(cx)) log (i) be (11 + btanh_l(cx)) log

- e(d + ex) " e(cd + e) - (cd —e)e
) (a + btanh™}( cx))2 bc (a +b tanh_l(cx)) log (ﬁ) bc (a + btanh_l(cx)) log
e(d + ex) " e(cd +e) - (cd —e)e
) (a + btanh™}( cx))2 bc (a +b tanh_l(cx)) log (ﬁ) bc (a + btanh_l(cx)) log
- e(d + ex) " e(cd + e) - (cd —e)e

Mathematica [C] time = 4.60, size = 317, normalized size = 0.99

-2
cd[—in (tanh_l (cx)— % log(l—czxz)) +Li2[e (tan

2
b (e—cd) log(1-cx)+(cd+e) log(cx+1)—2elog(c(d+ex)) _ 2tanh_1(cx)
612 +El ¢ (cd—e)(cd+e) cd+cex
e(d + ex) e

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + exx)~2,x]

[Out] -(a~2/(ex(d + e*x))) + (axbxck((-2xArcTanh[cxx])/(c*d + cxexx) + ((-(c*xd) +
e)*Log[l - c*x] + (cxd + e)xLogl[l + cxx] - 2*xexLoglc*(d + e*xx)])/((c*xd - e
)k(cxd + e))))/e + (b™2x(-(ArcTanh[c*x]~2/(Sqrt[1 - (c™2xd"2)/e"2]*e*E~ArcT
anh[(cxd)/e])) + (x*ArcTanh[c*x]~2)/(d + e*x) + (cxd*(I*PixLog[l + E~(2*Arc
Tanh[c*x])] - 2*ArcTanh[c*x]*Log[1 - E~(-2*(ArcTanh[(c*d)/e] + ArcTanh[c*x]
))] - I*Pix(ArcTanh[c*x] - Logl[l - c™2*x72]/2) - 2*xArcTanh[(c*d)/e]l*(ArcTan
hlc*x] + Logl[l - E7(-2x(ArcTanh[(c*d)/e] + ArcTanh[c*x]))] - Log[I*Sinh[Arc
Tanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~(-2*%(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))1))/(c72*d™2 - e72)))/d

fricas [F] time = 0.97, size = 0, normalized size = 0.00

b2 artanh (cx)? + 2 ab artanh (cx) + a2
X
e2x2 + 2 dex + d? !

integral (
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axbk*arctanh(c*x) + a~2)/(e”2%x72 + 2kxd*e*x
+d72), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)2
(ex + d)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))~2/(e*xx+d) 2,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d)72, x)

maple [A] time = 0.07, size = 605, normalized size = 1.88

ca® cb? arctanh (cx)® 2cb? arctanh (cx) In (cxe + cd) 2c b2 arctanh (cx) In (cx — 1) . 2c b? arctant
(cxe +cd)e (cxe +cd)e (cd+e)(cd—e) e (2cd + 2e) e (2c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*xx+d)"2,x)

[Out] -c*a”2/(cxexx+c*d)/e-c*b™2/ (cxexx+c*xd) /exarctanh (c*x) "2-2*c*b~2*arctanh (c*x
)/ (cxd+e) / (cxd-e) *1n (ckexx+c*d) —2*c*b~2/e*arctanh (cxx) / (2xc*d+2*e) *1n (cxx-1
)+2*xc*b~2/exarctanh (c*x) / (2*c*d-2%e) *1n(c*x+1) -c*xb~2/ (c*d+e) / (cxd-e) *1n(c*e
xx+cxd) *1n ((cxe*xx-e) /(-c*xd-e))-c*b~2/(c*d+e) / (cxd-e) *dilog((c*xexx-e)/(-c*d-
e))+c*b” 2/ (cxd+e) / (cxd-e) *1n(c*xe*x+c*xd) *1n((cxexx+e) / (—c*d+e) ) +c*xb™2/ (cxd+e
)/ (c*d-e)*dilog((c*xexx+e)/(-cxd+e))-1/4xc*b"2/e/(cxd-e) *1n(c*xx+1) "2+1/2*c*b
~2/e/(c*d-e)*1n(-1/2xcxx+1/2) *1n(c*x+1)-1/2*xc*b~2/e/ (c*d-e) *1n(-1/2*xc*xx+1/2
)*1n(1/2+1/2%c*x)-1/2*%c*b~2/e/(c*d-e)*dilog(1/2+1/2*c*x)-1/4*c*xb~2/e/ (c*d+e
)*1n(cxx-1)"2+1/2*%c*b~2/e/ (c*d+e) *dilog(1/2+1/2*%c*x)+1/2*c*b~2/e/ (c*d+e) *1n
(c*x-1)*1n(1/2+1/2*c*x) —2*xc*xaxb/ (cxe*x+c*d) /exarctanh (cxx)-2*c*axb/ (c*xd+e)/
(cxd-e) *1n(cxexx+c*d) -2xc*xaxb/e/ (2*xcxd+2*e) *1n (cxx—1) +2*c*axb/e/ (2*c*d-2xe)
*1n(c*x+1)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

cde — e? cde + €2 c2d? — e? e2x + de e2x +de

(C(log (cx+1) log(cx-1) 2 log(ex + d)) _ 2artanh (cx))ab_i bz(log (—cx + 1) N f_(cex —e)log (.

(

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~2,x, algorithm="maxima"

[Out] (c*(log(c*x + 1)/(ckd*e - €72) - log(cxx - 1)/(cxdxe + e72) - 2xlog(e*x + d
)/(c™2%d”2 - e72)) - 2*arctanh(c*x)/(e”2*x + d*e))*a*xb - 1/4*b~2*(log(-c*x

+ 1)72/(e"2xx + dxe) + integrate(-((cxe*x - e)*log(c*x + 1)72 + 2kx(cke*x +

ckd - (c*xexx - e)*log(c*xx + 1))*log(-c*x + 1))/(cxe”3*x"3 - d"2*xe + (2kcxdx*

e”2 - e 3)*x"2 + (c*xd"2*%e - 2xd*e”2)*x), x)) - a~2/(e”2*xx + dxe)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

(a + batanh (c x))2
> dx
(d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*xx)"2,x)
[Out] int((a + b*atanh(c*x))~2/(d + e*x)”2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(a + batanh (cx))?
> dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx))**2/(exx+d)**2,x)

[Out] Integral((a + b*atanh(c*x))**2/(d + e*xx)**2, x)



107

3.14 dx

1 2
f (a+b tanh (cx))
(d+ex)3
Optimal. Leaf size=480

2 _ 1 2c(d+ex)
2bc3dlog (j) (a-+btanh™(e) 266 (a+ btanh () log (m) o+ branh @) b2 log

(cd — e)?(cd + e)? (cd — e)%(cd + e)? (c2d2 _ ez) (d + ex) *

[Out] b*c*(a+b*arctanh(c*x))/(c™2*d"2-e72)/(exx+d)-1/2*(a+b*arctanh(c*x))~2/e/ (e*
x+d) "2+1/2xb*xc”2* (a+b*arctanh (c*xx) ) *1n(2/ (—c*x+1)) /e/ (cxd+e) "2+1/2xb"2%c ™ 2%
In(-c*x+1)/(c*d-e)/(cxd+e) "2-1/2*b*c”2* (a+b*arctanh (c*x) ) *1n(2/ (c*x+1) )/ (c*

d-e) "2/e+2xb*c”3*d* (a+bxarctanh (c*x) ) *1In(2/ (c*x+1))/(c™2%d"2-e"2) "2-1/2*b"2
*xc"2x1n(c*x+1)/(cxd-e) "2/ (cxd+e) +b~2+c " 2xe*x1n(exx+d) / (c"2*xd"2-e72) "2-2xb*c”

3*d* (a+b*arctanh (c*x) ) *1n(2*c* (exx+d) / (cxd+e)/ (c*x+1)) /(c™2*d"2-e72) "2+1/4x%
b~2*c"2*polylog(2,1-2/(-c*xx+1)) /e/(c*xd+e) “2+1/4%b~2%c " 2xpolylog(2,1-2/ (cxx+

1))/ (c*xd-e) ~2/e-b~2xc~3*d*polylog(2,1-2/(cxx+1)) /(c™2*d"2-e72) “2+b~2%c~3*d*
polylog(2,1-2*cx(exx+d)/(c*xd+e) /(c*x+1))/(c"2xd"2-e72) "2

Rubi [A] time = 0.50, antiderivative size = 480, normalized size of antiderivative
= 1.00, number of steps used = 18, number of rules used = 10, integrand size = 18,

BUMRT O — 0.556, Rules used = {5928, 5918, 2402, 2315, 5926, 706, 31, 633, 5920, 2447}

integrand size

23 __2 ) 423 _ _2c(dter) 2.2 2\ 22
_b c°dPolyLog (2,1 — 1) b-c>dPolyLog (2,1 = d+e)) b-c“PolyLog (2,1 1_Cx)+b c“PolyLog (2,
(cd — e)%(cd + e)? (cd — e)%(cd + e)? de(cd + e)? de(cd — ¢

Antiderivative was successfully verified.
[In] Int[(a + b¥ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] (bxcx(a + b*ArcTanh[c*x]))/((c™2%d"2 - e72)*(d + e*x)) - (a + b*ArcTanh[c*x
1)72/(2xex(d + e*x)”2) + (bxc”™2x(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2%e
x(cxd + e)72) + (b™2xc™2*xLogl[l - c*x])/(2%(cxd - e)*(cxd + e)72) - (b*xc™2x(
a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2%(c*d - e)"2%e) + (2%b*c™3*d*x(a + b
*ArcTanh [cxx])*Log[2/(1 + c*x)])/((c*xd - e) 2x(cxd + e)72) - (b™2xc"2*Logl1
+ c*xx]) /(2% (c*xd - e)72*(cxd + e)) + (b™2xc " 2xexLogld + exx])/((cxd - e) 2%
(cxd + e)72) - (2xbxc~3xd*(a + bxArcTanh[c*x])*Log[(2xc*(d + e*x))/((cxd +
e)*(1 + c*xx))])/((c*xd - e)~2*(cxd + e)~2) + (b~2*c"2+PolylLog[2, 1 - 2/(1 -
c*x)])/(4xex(cxd + e)”2) + (b~2*%c™2*PolylLogl[2, 1 - 2/(1 + c*x)])/(4*x(c*xd -
e)"2xe) - (b~2xc”3*d*PolyLog[2, 1 - 2/(1 + c*x)])/((c*d - e)"2*%(c*d + e)72)
+ (b72%c”3*d*PolyLog[2, 1 - (2%c*x(d + e*x))/((cxd + e)*x(1 + c*xx))])/((cxd
- e)"2x(cxd + e)72)

Rule 31
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Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (cxd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2xq), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQl[
-(axc)]

Rule 706

Int[1/(((d_) + (e_.)*x(x ))*x((a_) + (c_.)*(x_)"2)), x_Symbol] :> Dist[e”2/(c
*d"2 + a*xe”2), Int[1/(d + e*x), x], x] + Dist[1/(c*d"2 + a*e”2), Int[(c*xd -
cxexx)/(a + c*x72), x], x] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 + axe”2,
0]

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) “p*Logl[2/(1 + (e*xx)/d)])/e, x] + Dist[(bxc*
p)/e, Int[((a + bxArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*x)/d)]1)/(1 - c~2*x~2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, 0
]

Rule 5920
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*xx))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2*cx(d + exx))/((cxd + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d™2 - €72, 0]

Rule 5926

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*((d_) + (e_.)*(x_))"(q_.), x_Symbol
] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh([c*x]))/(ex(q + 1)), x] - Dist[(
bxc)/(ex(q + 1)), Int[(d + exx)"(q + 1)/(1 - ¢c™2%x~2), x], x] /; FreeQ[{a,
b, c, d, e, qf, x] && NeQl[q, -1]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((d_ ) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*x)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b¥ArcTanh[c*x])~(p - 1)
, (@ + exx)"(q + 1)/(1 - c”2%x72), x], x], x] /; FreeQ[{a, b, c, 4, e}, x]
&% 1GtQ[p, 1] && IntegerQlq] && NeQ[q, -1]

Rubi steps
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cz(u+b tanh_l(cx))
2(cd+e)2(~14cx)

cz(u+b tanh_l(cx))
2(cd—e)%(1+cx)

e? (a+b tanh_l(cx)
(—cd+e)(cd+e)(d+e:

dx = —

J

(d + ex)3

2e(d + ex)? e
-1 -1
(a+btanh () (bc3) [N g (pe3) [N D g (2pc3de
2e(d + ex)? 2(cd — e)?e - 2¢(cd + e)? - (cd

b (a + btanh™ (cx))

(a +b tanh_l(cx))z bc? (a +b tanh_l(cx)) log

T (cd—e)cd +e)d+ex)
bc (a +b tanh_l(cx))

2e(d + ex)? 2e(cd + e)?
(a +b tanh_l(cx))z bc? (a +b tanh_l(cx)) log

T (cd—e)cd +e)d+ex)
bc (a +b tanh_l(cx))

2e(d + ex)? 2e(cd + e)?
(a+b tanh_l(cx))z bc? (a + btanh™ (cx)) log

" (cd—e)cd +e)d +ex)
bc (a +b tanh_l(cx))

2e(d + ex)? 2e(cd + e)?
(a +b tanh_l(cx))z bc? (a +b tanh_l(cx)) log

- (cd —e)(cd + e)(d + ex) -

Mathematica [C]

2e(d + ex)? 2e(cd + e)?

time = 7.06, size = 470, normalized size = 0.98

Ze(cz(—d2)+252d(d+ex) 10g(c(d+ex))+ez) ) 1 ZCd[_in(tanh_l(Cx)_%108(1_0
abc2 c(cd-+e)2(d+ex) ~log(ex+1) log(1—cx) 2tanh (cx) | B2c2
5 (e—cd)? (cd+e)? (cd+cex)?
a
- - +
2e(d + ex)? 2e
Warning: Unable to verify antiderivative.
[In] Integrate[(a + b*ArcTanh[c*x])~2/(d + e*x)~3,x]

[Out] -1/2%a"2/(ex(d + exx)~2) - (axb*xc™2x((2xArcTanh[c*x])/(cxd + c*xe*x)”2 + Log
[1 - c*x]/(cxd + e)”2 + (-Logl[l + c*xx] + (2%ex(-(c™2*%d"2) + €72 + 2xc™2xdx*(
d + exx)*Loglc*x(d + e*x)]))/(c*(cxd + e)72x(d + exx)))/(-(cxd) + e)72))/ (2%

e) + (b™2*c™2x((-2xArcTanh[c*x]~2)/(Sqrt[1

- (c”2%d"2) /e~ 2] *e*E~ArcTanh [ (c*

d)/el) - (ex(-1 + c™2*x72)*ArcTanh[c*x]~2)/(c™2%(d + e*x)~2) + (2xx*ArcTanh
[cxx]*(-e + c*d*ArcTanh([c*x]))/(c*d*(d + exx)) + (2%e*x(-(e*ArcTanh[c*x]) +

ckd*xLog[(cx(d + e*xx))/Sqrt[l - c™2*x72]]))/(c™3*%d"3 - c*xd*e”2) + (2kcxd*(Ix*
PixLog[1l + E~(2xArcTanh[c*x])] - 2%ArcTanh[c*x]*Log[l - E~(-2*(ArcTanh[(c*d
)/e]l + ArcTanh[c*x]))] - IxPix(ArcTanh[c*x] - Logl[l - c™2*x"2]/2) - 2xArcTa
nh[(cxd) /e]*(ArcTanh[c*x] + Log[l - E~(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x])



111

)] - Logl[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh([c*x]]]) + PolyLog[2, E~(-2%(ArcT
anh[(c*d)/e] + ArcTanh[c*x]))]1))/(c™2%d"2 - €72)))/(2x(c*xd - e)x(cxd + e))

fricas [F] time = 0.61, size = 0, normalized size = 0.00

b2 artanh (cx)* + 2 abartanh (cx) + a2 N
e3x3 + 3de?x? + 3d2%ex + d° ’

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)”3,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x)~2 + 2*axb*arctanh(c*x) + a~2)/(e"3*x"3 + 3*dxe”2
*x72 + 3%d"2%exx + 4d73), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)®
(ex +d)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(e*xx+d)~3,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~2/(e*xx + d)73, x)
maple [A] time = 0.08, size = 824, normalized size = 1.72

2ab 2abln (cx +1) c2b? In (cx —1)1n(% + %) 2 1n (—% + %)ln (cx +1) c?b?In

(cd + e) (cd — e) (cxe + cd) * 2¢(cd - e) * e (cd + ) ’ 4e(cd — e)?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x)) 2/ (e*xx+d)"3,x)

[Out] c”2*axb/(cxd+e)/(c*d-e)/(cxe*xx+c*d)+1/2*xc”2*axb/e/ (cxd-e) "2x1n(c*x+1)+c™2*b
~2xarctanh (c*x)/(cxd+e)/(c*d-e) / (c*xe*xx+cxd)-1/2xc”2%¥b"2/exarctanh (cxx) / (c*d
+e) "2*x1In(c*xx—-1)+1/2%c"2%b"2/e*arctanh (c*x) / (cxd-e) "2*1ln(c*x+1)+1/4*c~2*xb"2/
e/ (c*xd+e) "2*xIn(cxx—1)*1n(1/2+1/2*c*x)+1/4*xc"2*xb"2/e/ (c*d-e) "2*%1n(-1/2*%c*xx+1
/2)*1n(c*x+1)-1/4*c™2%b"2/e/ (cxd-e) "2x1n(-1/2*c*x+1/2) *1n(1/2+1/2*c*x) -c~ 2%
a*b/ (ckexx+cxd) “2/e*xarctanh (c*x) -c~3*b~2xd/ (cxd+e) "2/ (c*xd-e) "2xdilog((c*e*x
-e)/(-c*d-e))+c~3*b72+d/ (cxd+e) "2/ (c*d-e) “2xdilog((c*xe*x+e)/(-cxd+e))-1/2%c
~2xaxb/e/ (cxd+e) “2x1n(cxx-1)+c~2*%b"2*xe/ (cxd+e) "2/ (c*d-e) "2*1n(cxe*xx+c*xd)+c”
2%b~2/ (c*xd+e) / (cxd-e) / (2*%c*d+2*e) *In(c*xx—-1) -c~2*xb~2/ (c*d+e) / (cxd-e) / (2*xc*xd-
2xe)*1n(c*x+1)-1/2*c”2*a~2/ (cxe*xx+c*xd) “2/e-2*c~3*axbxd/ (c*d+e) "2/ (c*xd-e) ~2%
1n(c*e*xx+c*xd) -2*xc~3*xb"2*xarctanh (c*x) *d/ (cxd+e) "2/ (c*d-e) "2*1n(cxe*x+cxd)-c”
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3*xb~2*xd/ (cxd+e) "2/ (c*d-e) "2*1n(cxe*xx+c*xd) *1n((c*xe*xx-e) / (-c*d-e) ) +c~3*xb~2xd/
(c*d+e) "2/ (c*d-e) "2*1n(ckexx+c*xd) *1n( (c*xe*xx+e) / (—c*xd+e) )+1/4*xc™2+%b"2/e/ (c*xd
+e) "2*xdilog(1/2+1/2%c*x)-1/8*c”2*%b~2/e/ (cxd-e) "2x1n(c*x+1) "2-1/4%c"2xb"2/e/
(c*xd-e)"2xdilog(1/2+1/2xc*x)-1/2%c”2xb~2/ (cxe*x+c*d) "2/exarctanh (cxx) "2-1/8
*c"2%b"2/e/ (cxd+e) "2x1n(c*x-1) "2

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

1 [[ 4c?dlog (ex + d) clog(cx +1) clog(cx—-1) 2 2 arta
2

- — — c+
cAdt —2c2d2e? + et 2d%e—2cde? +e3  2d%e +2cde? +e3 243 — de? + (czdze _ 63) x e3x2 4+ 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~2/(exx+d)~3,x, algorithm="maxima"

[Out] -1/2%((4*c™2xd*log(e*xx + d)/(c™4*d™4 - 2%c™2%d"2*e”2 + e74) - c*log(c*x + 1
)/ (c™2xd"2*%e - 2xcxd*e”2 + e73) + ckxlog(cxx - 1)/(c™2xd"2%e + 2xc*xd*e™2 + e

73) - 2/(c72%d"3 - dxe”2 + (c"2*d"2%e - e73)*x))*c + 2*xarctanh(c*xx)/(e”3*x”

2 + 2*dxe”2*xx + d72xe))*a*xb - 1/8xb"2x(log(-c*x + 1)72/(e73%x72 + 2*xd*e”2xx

+ d"2*%e) + 2*integrate(-((cxe*x - e)*log(c*x + 1)72 + (c*e*xx + cxd - 2x(c*

exx - e)*log(c*x + 1))xlog(-c*x + 1))/(c*e"4*x"4 - d"3%e + (3*c*d*e™3 - e74

)*xx~3 + 3*(c*kd"2xe”2 - d¥e”3)*x72 + (cxd"3%e - 3xd"2*e”2)*x), x)) - 1/2%a”2
/(e73%x72 + 2xd*e”2*x + d”"2xe)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

(a + batanh (c x))?

dx
(d+e x)3

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~2/(d + e*x)"3,x)
[Out] int((a + b*atanh(c*x))~2/(d + ex*x)”3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + batanh (cx))2
3 dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**2/(exx+d)**3,x)

[Out] Integral((a + bxatanh(c*x))**2/(d + e*x)**3, x)
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3 -1 3
315  [(d+ex)®(a+btanh (cx)) dx
Optimal. Leaf size=614

2 1 2
b2e3log(m) (4 +btanh™ (@) 302400 262 (a+ btanh ™ (c) 3b2e(6czd2+ez)log(m)(a+b1
2ct T T 4c? 2c*

[Out] 3*axb~2xd*e~2xx/c”2+1/4%b"3*e”3*x/c~3-1/4%b"3*e " 3*arctanh (c*xx)/c~4+3%b~3*d*
e"2*x*arctanh(c*x)/c”2+1/4%b"2%e"3*x"2* (a+b*arctanh (c*x)) /c~2-3/2*b*xd*e 2% (
a+b*arctanh(c*x))~2/c”3+1/4*b*xe”3* (a+b*arctanh(c*x) ) ~2/c”4+3/4*b*xe*x (6xc”2*d
~2+e"2) *(at+b*arctanh(c*x)) ~2/c”4+3/4*b*xe*x (6xc~2*xd"2+e~2) *x* (a+b*arctanh (c*x
))"2/c”3+3/2%b*d*e” 2xx" 2% (a+b*arctanh (c*x)) ~2/c+1/4*xbxe”3xx~3* (a+b*arctanh (
cxx))"2/c+d* (c™2*d"2+e”2) * (a+b*arctanh (c*x)) ~3/c™3-1/4* (c™4*d~4+6*c™2*d " 2*e
~2+e"4)* (a+b*arctanh(c*x))~3/c”4/e+1/4* (exx+d) “4* (a+b*arctanh(c*x)) ~3/e-1/2
*b"2%e” 3% (a+b*arctanh (c*x) ) *1n(2/ (—c*xx+1)) /c~4-3/2%b"2%e* (6*%c~2*xd"2+e"2) * (a
+b*arctanh(c*x) ) *1n(2/(-c*x+1)) /c”"4-3*b*xd* (c"2*d~2+e"2) * (a+b*arctanh(c*x) )~
2%1n(2/ (-cxx+1))/c~3+3/2%b"3*d*e"2*1n(-c~2xx"2+1) /c~3-1/4xb"3*e"3*polylog(2
,1-2/ (—c*x+1)) /c”4-3/4%b"3%e* (6xc™2xd"2+e”2) *polylog(2,1-2/(~c*x+1) ) /c~4-3*
b~2*d* (c"2*d"2+e”2) * (atb*arctanh (c*x))*polylog(2,1-2/(-c*x+1))/c~3+3/2*b" 3%
dx(c~2*d"2+e"2) *polylog(3,1-2/(-c*x+1))/c”3

Rubi [A] time = 1.18, antiderivative size = 614, normalized size of antiderivative
= 1.00, number of steps used = 29, number of rules used = 15, integrand size = 18,

number of rules _ ) 833, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260,
integrand size
5948, 321, 206, 6048, 6058, 6610}

37 (22 + ) PolyLog (2,1 - 1= ) (a-+ btanh ™' (c)  38% (628 + ¢%) PolyLog (2,1 - 1= v (2

c3 4c4

Antiderivative was successfully verified.
[In] Int[(d + exx) " 3x(a + bxArcTanh[c*x])~3,x]

[Out] (3*axb~2xd*e~2xx)/c”2 + (b"3*e”3*x)/(4*c"3) - (b~ 3*e"3*ArcTanh[c*x])/(4*xc™4
) + (3*%b"3*d*e”2*xx*ArcTanh[c*x])/c”2 + (b™2*e"3*x"2*x(a + bxArcTanh[c*x]))/(
4xc~2) - (3*bxd*e”2*x(a + bxArcTanh[c*x])~2)/(2xc"3) + (b*e~3*(a + b*ArcTanh
[cxx])~2)/(4%c™4) + (3*b*xex(6%xc™2*d"2 + e~2)*(a + b*ArcTanh[c*x])~2)/(4*xc™4
) + (3*b*xex(6*%c™2xd"2 + e72)*xx(a + b*ArcTanh[c*x])~2)/(4*xc~3) + (3*b*d*e”2
*x72%(a + bxArcTanh[c*x])"2)/(2%c) + (b*e"3*x"3*(a + b*ArcTanh[c*x])~2)/(4x*
c) + (d*x(c™2%d"2 + e"2)*(a + bxArcTanh[c*x])"3)/c”3 - ((c™4*d"4 + 6%c™2*xd"2
*e"2 + e”4)*(a + bxArcTanh[c*x])"3)/(4*xc"4*xe) + ((d + e*xx) 4x(a + bxArcTanh
[c*x])~3)/(4xe) - (b~2%e”3*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2*c”4) -
(3*b~2xex* (6*%c™2%d"2 + e72)*(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/(2%c™4)
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- (3*%bxd*(c™2xd"2 + e"2)*(a + b*ArcTanh[c*x]) 2xLog[2/(1 - c*xx)])/c”3 + (3%
b~3xd*e”2*xLog[1 - c™2*xx72])/(2%c”3) - (b~3*e”~3*PolyLogl[2, 1 - 2/(1 - c*x)])
/(4xc™4) - (3xb~3*xex(6*%c™2%d"2 + e72)*PolyLog[2, 1 - 2/(1 - c*x)])/(4%c"4)
- (3*%b72%d*(c"2*d"2 + e72)*(a + b*ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)]
)/c”3 + (3%b~3*d*x(c"2*%d"2 + e~2)*PolyLog[3, 1 - 2/(1 - c*x)])/(2%c”3)

Rule 206

Int[((a ) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(

n - D*(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQl{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQl[c, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[bxc*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2*xx72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + bxArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
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xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x72), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2%d"2 - 72, 0O
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_)*((d.) + (e_.)*(x_))"(q_.), x_8
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c”2*x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&% IGtQ[p, 1] && IntegerQlql && NeQlq, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxcxd*x(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTanh[c*x
1)7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQ[c™2xd + e, 0] && IGtQ[p, O]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*x(b_.))"(p_)*x((£f_) + (g_.)*x(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
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“p/(d + exx72), (f + gxx)"m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] && I
GtQlp, 0] && EqQlc™2xd + e, 0] && IGtQ[m, O]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> -Simp[((a + bxArcTanh[c*x]) “p*PolyLogl[2, 1 - ul])/(2*cxd),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLogl[2, 1 - ul)/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c™2xd +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,

x]}, Simp[wxPolyLog([n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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ez(6c2d2+ez)(a+b tanh_l(cx))2 4de3;

3 (3b - -
(@ + ex)* (a + btanh ™ (cv)) (3bo) | A
4e B
_ 3 cAdt+6c2d?e? +et+4ac2de(c2d?+¢2)x) (a+b tar
(d +ex)* (a + btanh™ (cx)) (D) [ ( 1(_sz2 N
4e 4c3e

3be (602d2 + ez) x (a + b’canh_l(cx))2 3bde*x? (a +b ’canh_l(cx))2 b

+ + -
4¢3 2c

3be (602012 + ez) (u +b ’camh_l(cx))2 3be (602112 + ez) x (a + btanh (c:
4ct " 1

3ab2de?y  bPe3x? (a +b tanh_l(cx)) 3bde? (a +b ’canh_l(cx))2 be®
+ —_

+ PR
c? 4c? 2¢3

3ab?de?x b3e3x  3b3de’xtanh (cx) bPex? (ﬂ +b tanh_l(cx)) 3
+ + + — -
c2 4¢3 c2 4c?

3ab?de?x  b3edx  betanh '(cx) 3b3dextanh (cx) bPex? (a+
2z " Tag T 4c4 " c2 "

3ab%de*x  b3e3x  b3e3 tanh™(cx) . 3b3de?x tanh ™ (cx) .\ b2 x? (ﬂ +

+
c? 43 4ct c?

Mathematica [A] time = 2.11, size = 830, normalized size = 1.35

2a3e3x4c* + 6a%bx (4d3 + 6exd? + 4e*x%d + e3x3) tanh ™! (cx)c* + 2a2e2(4acd + be)x3c® + 12a2de(acd + be)xc3

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~3*(a + b*ArcTanh[c*x])~3,x]

[Out] (2*%a~2*c*(4xaxc™3*d"3 + 3*xbkxe*x(6%c™2xd"2 + e72))*x + 12*a~2xc”~3*d*e* (a*xcxd
+ b*e)*x”"2 + 2%a"2xc"3%e"2x (4*axckd + bkxe)*x"3 + 2%a"3*c”4*e”3*x"4 + 6*xa”2x
bxcT4xx*x (4*xd~3 + 6+%d"2*e*xx + 4xd*e"2*xx"2 + e”3*x"3)*ArcTanh[c*x] + 3*a~2xb*
(4%c™3%d"3 + 6*%c™2*%d"2%e + 4d*cxd*e”2 + e73)xLogl[l - cxx] + 3*a”2%bx(4*xc”3xd
73 - 6*%cT2xd"2%e + 4xcxd*xe”2 - e"3)*xLogl[l + cxx] + 36%axb"2xcT2*xd"2xex (2xcx
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x*xArcTanh[c*x] + (-1 + c”2*x"2)*ArcTanh[c*x] "2 + Logl[l - c™2*x72]) + 2%a*b”
2%e"3x (-1 + c72xx72 + 2xcxx*k(3 + c"2*x72)*ArcTanh[c*x] + 3%(-1 + c74*x74)*A
rcTanh[c*x] "2 + 4%Logl[l - c™2%x72]) - 12xb~3%c”2*d"2%e* (ArcTanh [c*x]*((3 -

3xc*x)*ArcTanh[c*x] + (1 - c¢72%x72)*ArcTanh[c*x]"2 + 6xLog[l + E~(-2*%ArcTan
hlc*x])]) - 3*%PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 24*xa*xb”2xc*kd*xe 2% (cxx + (
-1 + ¢”3*x73)*ArcTanh[c*x] "2 + ArcTanh[cxx]*(-1 + c™2%x"2 - 2*Log[l + E~(-2
xArcTanh[c*x])]) + PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 24*axb~2*c”~3*d~3x*(Ar
cTanh[c*x]*((-1 + cxx)*ArcTanh[c*x] - 2xLogl[l + E~(-2*ArcTanh[c*x])]) + Pol
yLog[2, -E~(-2%ArcTanh[c*x])]) + 2%b73%e”3*(c*x + (-4 + 3*ckx + c”3%x”3)*Ar
cTanh[c*x] "2 + (-1 + c74xx"4)*ArcTanh[c*x]~3 + ArcTanh[c*x]*(-1 + c™2*x72 -
8xLog[1l + E~(-2*%ArcTanh[c*x])]) + 4*PolyLog[2, -E~(-2%ArcTanh[c*x])]) + 8%
b~3%c”3*%d"3* (ArcTanh [c*x] "2*% ((-1 + c*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcT
anh[c*x])]) + 3%ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + (3*PolyLogl
3, -E~(-2%ArcTanh[c*x])])/2) + 4xb~3*xc*d*xe”2* (6*xc*x*xArcTanh[c*x] - 3*ArcTan
hlc*x] 72 + 3%c™2xx"2%ArcTanh[c*x] "2 - 2*%ArcTanh[c*x]~3 + 2%c~3*x”~3*ArcTanh[
c*x]~3 - 6*xArcTanh[c*x] "2%Log[1 + E~(-2xArcTanh[c*x])] + 3*Log[l - c™2*x"2]
+ 6xArcTanh [c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + 3*PolyLogl[3, -E~(-2*Ar
cTanh[c*x])]))/(8xc™4)

fricas [F] time = 1.22, size = 0, normalized size = 0.00

integral (a3e3x3 +3a’de?x® + 3aPd%ex + a>d® + (b3e3x3 +3b3%de?x? + 3b3d%ex + b3d3) artanh (cx)° + 3 (abzeSJ

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”3*x~3 + 3*a”~3xd*e”2%x”2 + 3*%a~3*%d"2*exx + a~3*d"3 + (b"3*e”3
*x73 + 3*b73kd*e"2*xx"2 + 3*¥b"3*%d"2*e*xx + b~3*d"3)*arctanh(c*x) "3 + 3*x(axb”~2
*e"3%x73 + 3*kaxb"2xd*e"2*%x"2 + 3*axb”"2xd"2*exx + axb~2*%d"3)*arctanh(c*x) "2

+ 3x(a"2*b*e”3%x73 + 3*a 2%bxd*e”2*x"2 + 3*a”2xb*d"2*exx + a”2%b*d~3)*arcta
nh(c*x), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (ex + d)*(bartanh (cx) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 3*(atb*arctanh(c*x))~3,x, algorithm="giac")
[Out] integrate((exx + d)~3*(bxarctanh(c*x) + a)~3, x)

maple [C] time = 11.29, size = 6104, normalized size = 9.94

output too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~3*(at+b*arctanh(c*x))~3,x)
[Out] result too large to display

maxima [F] time = 0.00, size = 0, normalized size = 0.00

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x))~3,x, algorithm="maxima")

[Out] 1/4*a”3*e"3*x74 + a~3*d*e”2*x"3 + 3/2*a~3*d"2%e*x"2 + 9/4*(2xx~2*arctanh (c*
x) + cx(2xx/c”2 - log(c*x + 1)/c”3 + log(cxx - 1)/c™3))*a”2xb*xd"2xe + 3/2%(
2xx~3*arctanh(c*x) + c*(x72/c”2 + log(c™2*x"2 - 1)/c”4))*a"2xb*xd*e”2 + 1/8%
(6xx~4*arctanh(c*x) + c*(2*(c™2%x"3 + 3%x)/c”4 - 3*xlog(c*x + 1)/c”5 + 3xlog
(c*xx - 1)/c75))*a"2%b*xe”3 + a~3*%d"3*x + 3/2x(2*c*x*arctanh(cxx) + log(-c™2x%
x"2 + 1))*a"2xbxd"3/c - 1/32%((b”"3%c"4*e"3*x"4 + 4*b~3%c”4*xd*e”2*x"3 + 6%b”
3kcT4*d"2%xe*xx"2 + 4*b"3%cT4*xd"3*x — (4*%c”3%d"3 + 6%cT2xd"2%e + 4*cxdxe”2 +
e"3)*b~3)*xlog(-c*x + 1)73 - (6%a*xb”™2xc”4*e”3*x"4 + 2% (12%a*b~2*c”4xd*e”2 +
b7"3*c"3%e"3) *x"3 + 12*x(3*a*b”2*xc"4*d"2*e + b7 3*c"3*kd*e”2)*x"2 + 6% (4*axb"2x*
cT4*xd"3 + (6*c”3*d"2%e + c*xe”3)*b"3)*x + 3k (b"3*c"4*e”"3*x"4 + 4xb"3*kc"4*d*e
"2xx73 4+ 6%b73%cT4*d"2%e*x"2 + 4*xb 3%cT4*d"3*x + (4*xc”3*d"3 - 6xcT2xd"2%e +
4xc*xd*xe”2 - e73)*b"3)xlog(c*x + 1))*log(-c*xx + 1)72)/c”4 - integrate(-1/16
* (2% (b73*%c74*e"3*x"4 - b~ 3*%c"3*%d"3 + (3*kc"4*xd*e”2 - ¢ 3*%e”3)*b"3*x"3 + 3*(c
“4xd"2%e - c73*d*e”2)*b”"3*x"2 + (c74*d”3 - 3xc”3*d"2*e)*b"3xx)*Llog(c*kx + 1)
~3 + 12%(a*xb"2*c”4*xe"3*x"4 - axb”2*c"3*%d"3 + (3*kc"4*d*e”2 - c"3%e”3)*xaxb 2%
X"3 + 3*(c74xd"2%e - c”3*kd*e”2)*axb"2xx"2 + (cT4*d"3 - 3*cT3*xd"2*e) *axb"2*x
)*log(ckx + 1)72 - (6*axb™2kc™4*e”3*x74 + 2% (12%axb~2xc~4*d*xe”2 + b~3xc”3*e
"3)*x73 + 12*(3*axb"2xc"4*d"2%e + bT3*c"3*kd*e"2)*x"2 + 6% (b"3*kc"4*e"3*xx"4 -
b"3*%c73%d"3 + (3*cT4xd*e”2 - c”3%e"3)*b”3*x"3 + 3*(cT4*d"2xe - c”3*d*e”2)*
b73%x72 + (c74*%d"3 - 3%c73*d"2%e)*b"3*x)*log(ckx + 1)72 + 6% (4*axb™2xc 4*d”
3 + (6xc”3*d"2%e + c*e”3)*b"3)*x - 3*(8*axb"2*xc"3*d"3 - (8*axb”"2*c"4*xe”3 +
b~3*c"4*xe"3)*x"4 - (4*c”3*d"3 - 6*xc”2xd"2%e + 4*ckd*e”2 - e73)*b"3 - 4%(b”3
*CT4*d*e”2 + 2% (3*xcT4xd*xe”2 - c”3*e”3)*axb"2)*x"3 - 6% (b "3*c”4*d"2*%e + 4x(c
“4+d72%e - c”"3*xd*e”2)*axb"2)*x"2 - 4*x(b"3*c"4*d"3 + 2% (c"4*d"3 - 3*c"3xd"2*
e)*axb~2) *x)*log(c*xx + 1))*log(-c*x + 1))/(c"4*x - ¢73), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f(a + batanh (c x))3 (d+ ex)3 dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((a + bxatanh(c*x)) " 3*x(d + e*x)"3,x)
[Out] int((a + b*atanh(c*x)) 3*(d + e*x)~3, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f (a + batanh (c0)’ (d + ex)® dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3%(atb*atanh(c*x))**3,x)

[Out] Integral((a + bxatanh(c*x))**3*(d + e*x)**3, x)
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316 [(d+ex (a+btanh(cx) dx

Optimal. Leaf size=387

2 - . 2 -1
6b*delog (E) (a + btanh 1(cx)) +ab2e2x b? (3czd2 + ez) Li, (1 — @) (a + btanh (cx)) be? (a + btan

c? c? c3 2c3

[Out] axb™2*%e”2*x/c”2+b~3*e”2*x*arctanh(c*x)/c~2+3*b*d*e* (a+b*arctanh(c*x))~2/c"2
-1/2*b*xe~2* (a+b*arctanh (cxx) ) ~2/c”3+3*bxd*e*x* (atb*xarctanh (c*x)) ~2/c+1/2*bx*
e”2%x”2* (a+b*arctanh(c*xx)) ~2/c+1/3*%(3*c”2*xd"2+e”2) * (a+b*arctanh(c*x)) ~3/c”3
-1/3*d*(d"2+3*e"2/c"2) * (at+b*arctanh (c*x)) “3/e+1/3* (e*x+d) ~3* (a+b*arctanh (c*

X)) "3/e-6xb"2*d*e* (a+b*arctanh(c*x) ) *1n(2/ (—c*x+1)) /c ™ 2-b* (3*c~2*xd"2+e~2) * (
at+b*arctanh(c*x)) "2*%1n(2/(-c*x+1))/c™3+1/2*b"3*e”"2*x1n(-c~2*x"2+1) /c~3-3%b"3
*dxexpolylog(2,1-2/(-c*x+1))/c™2-b" 2% (3*c~2+d"2+e~2) * (a+b*arctanh (c*x) ) *pol
ylog(2,1-2/(-c*x+1))/c™3+1/2xb" 3% (3*xc~2*d"2+e"2) *polylog(3,1-2/(-c*x+1))/c”

3

Rubi [A] time = 0.80, antiderivative size = 387, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 13, integrand size = 18,

number of rules _ ) 722, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 5916, 5980, 260,

integrand size

5948, 6048, 6058, 6610}

2 - 2
b? (3c2d? + ez) PolyLog (2,1 - E) (a+ btanh 1(cx)) v (302112 + ¢2) PolyLog (3, 1- E) 3b3dePolyL

—_ + —_
c3 2¢3

Antiderivative was successfully verified.
[In] Int[(d + exx)~2%(a + bxArcTanh[c*x])~3,x]

[Out] (a*b~2xe”2xx)/c”2 + (b~ 3*e~2*x*ArcTanh[c*x])/c”2 + (3*b*d*ex(a + b*ArcTanh[
cxx])72)/c”2 - (b*e”"2*x(a + bxArcTanh[c*x])~2)/(2*c”3) + (3*bxd*e*xx*(a + b*A
rcTanh[c*x])"2)/c + (b*e™2*x"2*(a + bxArcTanh[c*x])~2)/(2*c) + ((3*c~2%d"2

+ e72)*(a + bxArcTanh[c*x])~3)/(3*c”3) - (d*(d"2 + (3*e”2)/c"2)*(a + b*ArcT
anh[c*x])~3)/(3%xe) + ((d + exx) 3*(a + bxArcTanh[c*x])~3)/(3*e) - (6*xb~2*d*

ex(a + bxArcTanh[c*x])*Log[2/(1 - c*x)])/c™2 - (b*(3%c™2*%d"2 + e"2)*(a + b*
ArcTanh [c*x]) "2xLog[2/(1 - c*x)])/c”3 + (b~ 3*e"2xLog[1 - c~2*x72])/(2%c~3)

- (3*b~3*dxe*PolyLog[2, 1 - 2/(1 - c*x)])/c”2 - (b™2*%(3*%c™2*d"2 + e"2)*(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c”3 + (b73*(3*%c™2xd"2 + e 2)*
PolyLog[3, 1 - 2/(1 - c*xx)]1)/(2%c”3)

Rule 260

Int[(x_ )" (m_.)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]
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Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 5910

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.), x_Symbol] :> Simp[xx(a + bxA
rcTanh[c*x])"p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c"2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*x(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + bxArcTanh([c*x])”~(p - 1)*Logl[2/(1 + (e*x)/d)]1)/(1 - c~2*x~2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, 0
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1D/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q]l && NeQl[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*x(x_)I*(b_.))"(p_.)/((d.) + (e_.)*x(x_)"2), x_Symb
ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
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, ¢, d, e, p}, x] && EqQ[c™2xd + e, 0] && NeQ[p, -1]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx”2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] &% GtQ[m, 1
]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_.)*x(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && IGtQ[p, 0]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((f_) + (g_.)*(x_))"(m_.))/(
(d_) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx"2), (f + gxx)"m, x], x] /; FreeQ[{a, b, ¢, d, e, f, g}, x] && I
GtQlp, 0] && EqQlc™2xd + e, 0] && IGtQ[m, O]

Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I1*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> -Simp[((a + bxArcTanh[c*x]) “p*PolyLog[2, 1 - ul)/(2*cxd),
x] + Dist[(b*p)/2, Int[((a + b¥ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - u])/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd +
e, 0] & EqQ[(1 - w~2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610
Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,

x]}, Simp[wxPolyLog([n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
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2
3de? (a+b tanh ™! (cx)) e3x(a+b tanh ™! (c

b - _
q 5 b tanh™! 3 p (d + ex)® (a +b tanh_l(cx))3 (b f e 2
f( + ex) (a + btan (cx)) X = o _
_ 3 2d3+3de? +e(3c2d%+62)x) (a+b tanh_l(cx) g
_ (d + ex)® (a + btanh 1(cx)) B bf( ( 1—c23)c2)( ) dx |
3e ce

3bdex (a +b tanh_l(cx))2 be?x? (a +b tanh_l(cx))2 (d + ex)® (a +bt:
= + +
c 2c 3e

2 2
3bde (a+ btanh™'(cx))”  3bdex(a+btanh™(cx))”  be?x? (a + btanh

5 + +
c c 2c

2,2 T be? 1))
ab?e?x  3bde (a + btanh (cx)) be (a + btanh (cx)) 3bdex (a +
c? " c? 2¢3 "

202y Plxtanh\cx) 3bde(a+btanh(cv)”  be (a+btanh ™"
ab“e“x b e“xtanh™ (cx) e (ﬂ +btan (cx)) e (ﬂ +btan
+ +

c? c? c? 2c3

c? c? c? 2c3

22y Pertanh-Mcy) 3bde(a+btanhi(cx)”  be? (a+ btanh™!
ab’e’x  bPe’xtanh” (cx) e(a + btan (cx)) e (a +bta
+ +

c? c? c? 2c3

22y Pertanh\cx) 3bde(a+btanh ()" be (a+btanh ™"
ab“e“x  b’e“xtanh” (cx) e (ﬁl + btan (cx)) e (a + btan
+ +

Mathematica [A] time = 1.31, size = 591, normalized size = 1.53

20336223 + 6a2bc3x tanh ™~ (cx) (3d2 + 3dex + ezxz) +3a%b (3c2d2 + 3cde + ez) log(1 — cx) + 3a?b (3C2d2 — 3cde

Warning: Unable to verify antiderivative.

[In] Integrate[(d + e*x)~2*(a + b¥ArcTanh[c*x])~3,x]

[Out] (6*a~2%c”2kd*(akcxd + 3%bke)*x + 3xa~2%c ™ 2kex(2kaxckd + bke)*x™2 + 2%a~3%c”
3%e72%x73 + 6%a”2%b*c”3*x*x(3%d72 + 3kdkexx + e”"2%x"2)*ArcTanh[ckx] + 3*a”2x
b*(3%c7™2xd"2 + 3*cxd*e + e”2)*Logl[l - c*xx] + 3*%a”2*b*x(3*xc”2*d"2 - 3*cxd*e +
e"2)xLog[1l + c*xx] + 18*axb~2kcxd*ex(2xc*x*xArcTanh[c*x] + (-1 + c™2*x72)*Ar
cTanh[c*x] "2 + Logl[l - c™2%x72]) - 6%b~3*ckd*ex(ArcTanh[c*xx]*((3 - 3*c*x)*A
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rcTanh[c*x] + (1 - c”2*x"2)*ArcTanh[c*x] "2 + 6*Log[l + E~(-2%ArcTanh[c*x])]
) - 3*%PolyLog[2, -E~(-2*ArcTanh[c*x])]) + 6*a*b™2xe”2*(c*x + (-1 + c”3*x73)
*ArcTanh [c*x] "2 + ArcTanh[c*x]*(-1 + c™2*%x72 - 2*Log[1l + E~(-2*ArcTanh[c*x]
)1) + PolyLogl[2, -E~(-2*ArcTanh[c*x])]) + 18%axb~2*c~2+d~2* (ArcTanh [c*x]* ((
-1 + c*x)*ArcTanh[c*x] - 2%Log[l + E~(-2xArcTanh[c*x])]) + PolyLog[2, -E~(-
2%ArcTanh [c*x])]) + 6*%b~3*c™2+d~2* (ArcTanh[c*x] 2% ((-1 + c*x)*ArcTanh[c*x]
- 3*xLog[1l + E~(-2xArcTanh[c*x])]) + 3xArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTan
hlc*x])] + (3*PolyLogl3, -E~(-2*ArcTanh[c*x])])/2) + b~ 3%e”2%(6*c*x*ArcTanh
[c*x] - 3*ArcTanh[c*x] "2 + 3*c™2%x"2xArcTanh[c*x]~2 - 2*ArcTanh[c*x]"3 + 2%
c~3*x"3*%ArcTanh [c*x] "3 - 6%ArcTanh[c*x] “2*Log[1 + E~(-2%ArcTanh[c*x])] + 3%
Log[l - c™2%x72] + 6%ArcTanh[c*x]*PolyLog[2, -E~(-2*ArcTanh[c*x])] + 3*Poly
Log[3, -E~(-2*ArcTanh[c*x])]))/(6xc"3)

fricas [F] time = 0.81, size = 0, normalized size = 0.00
integral (aSerz + 2 adex + a®d? + (173@23(2 + 2 b3dex + b3d2) artanh (cx)® + 3 (abzezxz + 2 ab?dex + abzdz) at
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a™3*e”2*x"2 + 2%a~3xd*exx + a”3*d"2 + (b73%e”2%x"2 + 2*b~3*d*exx +
b~3*d"2)*arctanh(c*x) "3 + 3*x(a*xb~2xe”2%x"2 + 2*axb~2xd*exx + axb~2*d"2)*ar
ctanh(c*x) "2 + 3*(a~2xb*e”2*x"2 + 2*a”~2xbkd*xexx + a~2*bxd~2)*arctanh(c*x),

x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (ex + d)*(bartanh (cx) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2*(atb*arctanh(c*x))~3,x, algorithm="giac")
[Out] integrate((exx + d) 2x(b*arctanh(c*x) + a)~3, x)

maple [C] time = 6.21, size = 4600, normalized size = 11.89

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) "2x(atb*arctanh(c*x))~3,x)

[Out] d*x"2%a~3%e+1/2/c”3*a"2*xb*xe”2*x1n(c*xx-1)+1/2/c”3%a"2*xbxe " 2*%1n(c*x+1)-6/c”2*b
“3xexd*dilog (1+I* (c*xx+1)/(-c™2*x"2+1)~(1/2))-6/c”2*b~3*e*xd*dilog (1-TI* (c*x+1
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)/ (=c”2*%x72+1) 7 (1/2))-1/c”2*%b~3*exd*arctanh (c*x) "3+1/4*a*xb~2/ex1n (c*xx+1) ~2%*
d~3+axb~2%e”2*xx/c”2+b"3*e~2*x*arctanh (c*x) /c"2-3/4*1/c”2*b"3*xexPixd*csgn(I/
(1+(c*xx+1) 72/ (-c™2*x72+1) ) ) *csgn (I* (cxx+1) "2/ (c™2%x72-1) ) *csgn (I* (cxx+1) "2/
(c™2*%x72-1) / (1+(c*xx+1) "2/ (-c™2%x"2+1) ) ) *arctanh (c*x) "2+a~2*bxe~2*arctanh (c*
X)*xX"3+axb~2xe"2*xarctanh (c*xx) “2%x”~3+b~3*e*arctanh (c*x) ~3*x"2*d+3*axb~2*arct
anh (c*x) "2xx*d~2+1/2xb~3/e*arctanh (c*x) "2*1n(c*x-1)*d~3-1/2%b~3/e*arctanh(c
*xx) “2*1n(cxx+1) *d"3+b~"3/e*1n((c*xx+1) /(-c™2*x"2+1) " (1/2) ) *arctanh (c*x) "2*d"~3
+3%a”2*%bxarctanh (cxx) *x*xd~2-1/2%a"2xb/e*1n(c*x+1) *d~3+1/4*a*b”~2/ex1n(c*x-1)
~2xd"3+axb~2/e*arctanh(c*x) “2*d"3+a"2*b/e*arctanh (c*x)*d~3+1/2*a"2*b/ex1n(c
*xx-1)*d"3+1/2/c*a”2%b*x"2%e"2+3/c"2*b" 3*e*xarctanh (c*xx) “2+d+1/2/c”3*a*xb~2*e”
2x1n(c*x-1)-1/2/c”3*a*xb~2*e"2*1n(c*xx+1)+3/2/c*b~3*arctanh (c*x) "2*1n(c*x-1)*
d~2-3/c*b~3*polylog(2,-(c*x+1) "2/ (-c~2*x~2+1) ) *arctanh (c*x) *d~2-3/c*b~3*1n(
(c*xx+1)/(-c™2%x72+1) " (1/2) ) *arctanh (c*x) “2*xd~2+3/2/cxb~3*arctanh (c*x) ~2*1n(
c*x+1)*d~2-3/4/c*a*xb”2%1n (c*x+1) "2%d"2+3/4/c*a*xb”2*1n (c*x-1) "2*d"2-3/c*a*b”
2xdilog(1/2+1/2%c*x)*d~2-3/c*b~3*1n(2) *d"2*arctanh (c*x) "2+1/2/c*b~3*e 2*arc
tanh (c*x) "2%x72+3/2/c*a”2xb*1n(c*x-1) *d"2+3/2/c*a”2*b*1n(c*xx+1) *d"2-1/c~3*Db
~3xe”2*polylog(2,-(cxx+1) 72/ (-c~2*%x"2+1) ) *arctanh(c*x)-1/c~3*b~3*e~2*1n((c*
x+1)/(=c™2*x72+1) " (1/2) ) *arctanh (c*x) "2+1/2/c~3*b~3*e"2*arctanh (c*x) “2*1n(c
*xx-1)+1/2/c”"3%b~3*e"2*xarctanh (c*xx) "2*1n(c*kx+1)+1/4/c”3%a*xb"2xe " 2x1In(c*x-1)"
2-1/c”3*%a*xb”"2xe"2xdilog(1/2+1/2%c*x)-1/4/c”3*a*xb™2xe " 2x1n(c*x+1) "2-1/c~3*b~
3xe”2*x1n(2) *arctanh (cxx) “2+3/4%1/c”2*b" 3*e*Pikd*csgn(I* (c*x+1)~2/(c"2*x"2-1
)/ (1+(c*xx+1) "2/ (-c™2*%x"2+1))) “3*arctanh (c*x) "2-3/2*%I/c*b~3*Pi*d~2*csgn(I*(c
*x+1) / (—c”2%x72+1) 7 (1/2) ) *csgn (I*(cxx+1) 72/ (c"2%x"2-1) ) "2xarctanh (cxx) ~2-3/
4%I/c*b™3*xPixd"2*%csgn(I/(1+(cxx+1) 72/ (-c™2%x72+1)) ) *csgn (I* (ckx+1) 72/ (c™2*x
~2-1)/(1+(c*x+1) "2/ (-c™2*%x"2+1) ) ) "2*arctanh (c*x) "2+3/4*I/c*b~3*Pi*d~2*csgn(
I*(cxx+1)72/(c™2xx72-1) ) *csgn (I* (c*xx+1) 72/ (c™2xx"2-1) / (1+(c*xx+1) "2/ (-c™2*x~
2+1))) ~2*arctanh (c*x) "2-3/4*%I/cxb~3*Pi*d~2*csgn (I* (c*x+1)/(-c™2*x"2+1)~(1/2
)) "2xcsgn(I*(cxx+1)72/(c™2%x72-1) ) *arctanh(c*x) "2+1/4%I/c”3*b~3%e " 2*Pi*csgn
(Ix(cxx+1)72/(c™2xx72-1) ) *csgn(I* (cxx+1) 72/ (c™2*xx"2-1) / (1+(c*xx+1) 72/ (-c™2*x
~2+1))) " 2*arctanh(c*x) "2+1/4*Ixb~3/e*Pi*d"3*csgn(I/(1+(c*x+1) "2/ (-c™2*x72+1
)))*xcsgn(I*x(cxx+1) 72/ (c™2%x72-1) / (1+(c*x+1) 72/ (-c™2*x"2+1)) ) "2*arctanh (c*x)
“2+1/4%I1*%b~3/exPixd"~3*%csgn (I* (ckxx+1)/(-c™2*x72+1) " (1/2)) "2*csgn (I* (c*xx+1) "2
/(c™2xx72-1))*arctanh (c*x) "2+1/2xI*b~3/e*xPi*d~3*csgn (I* (cxx+1)/(-c™2*x~2+1)
~(1/2))*csgn(I*(c*xx+1)72/(c™2%x72-1)) "2*arctanh(c*x) "2-1/4*I*b~3/e*Pi*d " 3*c
sgn (I*(c*xx+1)72/(c™2xx"2-1) ) *csgn (I* (cxx+1) 72/ (c™2%xx"2-1) / (1+(c*x+1) "2/ (-c™
2%x72+1))) "2*arctanh (c*x) "2-1/4*I/c”3*b~3*%e~2*Pik*csgn (I/(1+(c*xx+1) 2/ (-c™2%
x72+1)))*xcsgn(Ix(cxx+1) 72/ (c™2*%x72-1) / (1+(c*x+1) "2/ (-c~2*x~2+1) ) ) “2*arctanh
(cxx)"2-1/2%1/c”3xb"3*e”~2*xPikcsgn(I* (cxx+1)/(-c™2%x72+1) ~(1/2) ) *csgn (I* (c*x
+1)72/(c72%x72-1) ) "2*arctanh (c*x) "2-1/4%I/c”3*b~3*e”"2*Pi*csgn (I* (c*x+1)/(-c
T2%x72+1) 7 (1/2) ) "2*xcsgn (I*x (cxx+1) "2/ (c™2%x72-1) ) *arctanh (c*xx) "2+3/4*I/c”2%b
“3*exPixd*csgn(I*(c*xx+1)72/(c”2*%x"2-1)) "3*%arctanh (c*x) "2+3/2%I/c"2%b~3*e*Pi
xd*xcsgn (I/(1+(c*kx+1)72/(-c™2*x"2+1))) "2*arctanh(c*x) "2-3/2*I/c~2xb~3*exPixd
xcsgn(I/(1+(cxx+1) 72/ (-c"2%x72+1)) ) "3*arctanh (c*x) “2+6/c*a*b~2*e*arctanh (c*
x)*x*d-3/2/c”2%a*xb~2%ex1n(ckx+1) *1n(-1/2%c*x+1/2) *d+3/2/c”2*%a*b~2*e*1n(-1/2
*xcxx+1/2)*1n(1/2+1/2%c*x) *d-3/2/c”2%a*b”2*e*x1n(ckx-1) *1n(1/2+1/2%c*x) *d+3/c
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~2%axb”2*e*xarctanh (cxx)*1n(c*x-1) *d-3/c”2*a*xb~2*xe*xarctanh (c*x) *1n(c*x+1) *d-
1/2*%I/c”3*b~3*e 2+Pi*csgn (I/(1+(cxx+1) "2/ (-c™2*x"2+1))) "3*arctanh (c*x) ~2-1/
4xI/c”3*%b"3xe 24Pi*csgn (I*(c*xx+1) 72/ (c™2%x72-1) / (1+(c*x+1) "2/ (-c™2*x"2+1)))
~3*arctanh (c*x) "2+1/2*%I/c”3*b~3%e~2*Pi*csgn (I/(1+(c*xx+1)~2/(-c™2*x"2+1))) "2
xarctanh (cxx) "2-1/4%1/c”3*b"3*e”2xPi*csgn(I*(c*x+1) "2/ (c”2*x"2-1)) "3*arctan
h(c*x)~2-3/2%I/c”2xb~3*e*Pi*d*arctanh (c*xx) “2-3/4%I1/cxb~3*Pixd ~2*csgn (I* (c*xx
+1)72/(c™2%x72-1)) “3*arctanh (cxx) "2-3/4*I/cxb~3*Pixd~2*csgn (I* (c*x+1) "2/ (c”
2xx72-1) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) "3*arctanh (c*xx) "2+3/2%I/c*xb~3*Pixd " 2*cs
gn(I/(1+(c*x+1)72/(-c™2%x"2+1))) "2*arctanh (c*x) "2-3/2*%I/c*b~3*Pi*d"2*csgn (I
/(1+(c*xx+1)72/(-c72%x72+1)) ) "3*arctanh (c*x) "2-1/2*%I*b~3/exPi*d~3*csgn(I/(1+
(c*xx+1)72/(-c72%x72+1)) ) "3*arctanh (c*x) "2+1/2*I*b~3/exPi*d"3*csgn(I/(1+(c*x
+1)72/(-c”2*%x"2+1))) "2*arctanh (c*x) “2+1/4*Ixb~3/e*Pi*d~3*csgn (I* (cxx+1)~2/(
c"2%x72-1)) "3*arctanh(c*x) "2+1/4*%Ixb~3/e*Pi*d " 3*csgn (I* (c*xx+1) "2/ (c™2*xx"2-1
)/ (1+(c*x+1) "2/ (-c™2*x~2+1) ) ) "3*arctanh (c*x) ~2+a”~ 3*x*xd~2+1/3*%a"3*e~2*x~3-1/
2/c”3*xa*xb"2*xe”"2x1n(-1/2xc*x+1/2) *1n(1/2+1/2*c*xx)-1/2/c”3*a*b”2*e " 2*x1n (cxx—-1
Y*1n(1/2+1/2%c*x)+1/c”3*axb~2xe " 2*xarctanh (c*x) *1n(c*xx-1)+1/c 3*a*b™2*e” 2*ar
ctanh (c*x) *1n(cxx+1)+1/2/c”3*a*xb~2*%e " 2*%1In(cxx+1) *1n(-1/2%c*x+1/2)-6/c”2*b"3
*exd*arctanh (c*x)*1n(1+I* (c*xx+1)/(-c™2*x"2+1)~(1/2))-3/2/c”2*%b"3*e*arctanh (
cxx) "2%1n(c*x+1) *d+3/2/c”2*xb~3*e*arctanh (c*x) ~“2*1n(c*xx—-1)*d-6/c~2*¥b~3*e*xd*a
rctanh (c*x)*1n(1-I* (c*x+1) /(-c™2%x72+1) " (1/2) ) +3/c”2%b"3*e*x1n((cxx+1) /(-c~2
*x72+1) " (1/2) ) *arctanh (c*x) "2%d+3/2/c”2*%a" 2xbxex1n (c*x-1) *d-3/2/c”2*a" 2xb*e
*x1n (cxx+1) *d+3/c”2*a*xb~2*xex1n (cxx+1) *d+3/c”2*a*xb”~2*ex1n (cxx—-1) *d+3/4/c”2*ax*
b~ 2xe*x1n(c*x+1) "2+d+3/4/c” 2*axb”2%ex1n(cxx-1) "2*d-1/2*Ixb~3/e*Pi*d~3*arctan
h(c*x)~2-3/2%I/c*b~3*Pi*d~2*arctanh(c*xx) ~2-1/2%I/c”3*b"3*e " 2*Pi*arctanh (c*x
) T2+3%a”2xb/c*kx*kd*re+3*a” 2xbxexarctanh (c*x) *x~2*xd+axb~2/exarctanh (c*x) *1n(c*
x-1)*d"3-axb~2/e*arctanh (c*x) *1n(c*xx+1)*d~3-1/2*a*b”2/ex1n(cxx+1)*1n(-1/2*c
xx+1/2)*d"3+1/2%a*xb”2/ex1n(-1/2%c*xx+1/2) *1n(1/2+1/2*cxx) *d~3-1/2*a*b~2/e*1n
(c*x-1)*1n(1/2+1/2*c*x) *d~3+3*a*xb~2*xe*arctanh (c*x) ~2*xx~2*d+1/c*a*b”2*e” 2*ar
ctanh (c*x) *x~2+3/c*b~3*exarctanh (c*x) ~2*x*d+3/2/c*axb”2*x1n(c*x+1)*1In(-1/2*c
*x+1/2)*d"2-3/2/c*a*b”2*1n(-1/2*c*x+1/2)*1n(1/2+1/2*c*xx) *d~2-3/2/c*xa*xb”2*1n
(c*x-1)*1n(1/2+1/2*c*x) *d~2+3/c*a*b~2*arctanh (c*x) *1n(cxx-1) *d~2+3/c*xa*b™2x*
arctanh (c*x) *1n(c*x+1)*d~2+1/3%b"3*e” 2*arctanh (c*x) ~3*x~3+b " 3*arctanh (c*x)~
3xx*xd~2+1/c*b~3xd"2*arctanh (c*x) ~3+3/2/cxb~3*polylog(3,-(c*xx+1) "2/ (-c™2*x"2
+1))*d"2+1/3/c”3*b"3*e"2*xarctanh(c*x) ~“3-1/2/c”3*b~3*e " 2*xarctanh (c*x) ~2+1/2/
c~3*b~3%e"2*polylog(3,-(c*x+1) 72/ (-c™2%x72+1))-1/c"3*b"3*e”2%x1In(1+(c*x+1) "2
/(=c72%x72+1) ) +1/c"3%b"3*e"2*arctanh (c*x)+1/3*a~3/e*d"3+3/4*1/c*xb~3*Pixd~ 2%
csgn(I/(1+(c*xx+1)72/(~c™2%x72+1) ) ) *csgn (I* (c*x+1) "2/ (c™2%x"2-1) ) *csgn (I* (c*
x+1)72/(c™2%x72-1) / (1+(c*x+1) "2/ (-c~2*x"2+1) ) ) *arctanh (c*x) "2-3/4*I/c"2%b"3
xe*xPikxdxcsgn(I*(cxx+1) 72/ (c™2%x72-1) ) *csgn(I*(cxx+1) "2/ (c™2*x72-1) / (1+ (c*x+
1)72/(-c™2*x"2+1))) "2*arctanh (c*x) "2+3/4*I/c”2xb~3*%exPi*d*csgn (I* (cxx+1) /(-
cT2xx72+1)7(1/2)) "2xcsgn(Ix(cxx+1) "2/ (c™2*x72-1) ) *arctanh (cxx) “2+3/4*1/c~ 2%
b~ 3*%exPixd*csgn(I/(1+(c*x+1)72/(-c™2*%x"2+1)) ) *csgn(I*(cxx+1)~2/(c"2%x"2-1)/
(1+(c*xx+1) 72/ (-c™2*x72+1)) ) "2*arctanh (c*x) "2+1/4*I1/c~3*b~3*e~2*Pi*csgn(I/(1
+(c*xx+1) 72/ (~c™2*x72+1) ) ) *csgn (I* (cxx+1) "2/ (c™2%x"2-1) ) *csgn (I* (cxx+1) "2/ (c
“2xx72-1) / (1+(cxx+1) "2/ (-c"2*x72+1) ) ) *arctanh (c*x) “2+3/2*1/c~2xb~3*e*Pi*d*c
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sgn (I* (c*xx+1) /(-c™2%x72+1) " (1/2) ) *csgn(Ix (c*xx+1) "2/ (c"2*x"2-1)) “2*arctanh(c
*x) "2-1/4%I*b"3/exPixd~3*csgn(I/ (1+(cxx+1) 72/ (-c™2*x"2+1) ) ) *csgn (I* (c*x+1)~
2/ (c72%x72-1) )*xcsgn(I*x (cxx+1) "2/ (c™2%x72-1) / (1+(c*x+1) "2/ (-c™2*x72+1) ) ) *arc
tanh (c*x) "2

maxima [F] time = 0.00, size = 0, normalized size = 0.00

2

1
a?bde+~|2 x3 artanh (cx) + ¢ Al
2 c2

1 3 2 1 +1) 1 -1
— a%e?x>+adex?+= |2 x? artanh (cx) + ¢ 2x_log(ex+1) i -1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2 (atb*arctanh(c*x))~3,x, algorithm="maxima"

[Out] 1/3%a”"3*e”2%x"3 + a~3*d*exx™2 + 3/2%(2*x”2*xarctanh(c*x) + c*x(2*xx/c”2 - log(
ckx + 1)/c”3 + log(cxx - 1)/c”3))*a”2xbxd*e + 1/2%(2*x"3*arctanh(c*x) + c*(
X72/c72 + log(c™2%x72 - 1)/c™4))*a"2*xb*xe”2 + a~3*d"2xx + 3/2%(2*kcxx*arctanh
(c*xx) + log(-c™2xx72 + 1))*a”2xb*xd~2/c - 1/24*((b~3*c~3*e”"2%x~3 + 3*%b~3*c”3
xd*e*xx"2 + 3*b73%c73xd"2*x - (3*%cT2*d"2 + 3xckdxe + e72)*b"3)*log(-c*kx + 1)
73 - 3% (2%a*b"2xc”3*e”2*%x"3 + (6%axb”2*kc”3xd*xe + b73xc"2*e”2)*x”2 + 6x(axb”
2%Cc"3%d"2 + b73*cT2*d*e)*x + (bT3*%cT3xe”2*x”3 + 3*b73*kc"3xd*xe*x”"2 + 3*b”3*c
T3*%d72%x + (3%cT2xd"2 - 3*cxdxe + e72)*b"3)*log(ckx + 1))*log(-c*xx + 1)72)/
c™3 - integrate(-1/8%((b~3*c~3%e"2*x"3 - b~ 3*c"2%d"2 + (2%c"3*d*e - c"2%e”2
)*¥b73%x72 + (c73%d"2 - 2*c”2*d*e)*b”3*x)*log(cxx + 1)73 + 6x(axb™2xc”3*%e”2x*
X73 - a*b”2xcT2%d”2 + (2%c"3xd*e - cT2xe”2)*axb”2*x"2 + (c73%d"2 - 2xcT2*dx*
e)*axb”™2*x)*log(c*xx + 1)72 - (4*axb™2xc”3%e”™2%x"3 + 2% (6*axb”2xc”3*d*e + b~
3kcT2%e72)*x72 + 3x(b73*cT3%e”2%x™3 - bT3%cT2xd"2 + (2%c”3*dxe - cT2%e”2)*Db
T3%x72 + (c73%d72 - 2*%cT2*d*e)*b"3*xx)*xlog(cxx + 1)72 + 12x(axb”2xc”3*d"2 +
b~3%cT2%d*e) *x — 2% (6*%axb”2*cT2xd"2 - (3*%cT2*%d"2 - 3*ckdke + e72)*xb"3 - (6%
a*b"2xc"3%e”2 + b73*c”3%e"2)*x"3 - 3*(b"3*c”3*kd*e + 2% (2%c”3*kd*e - c"2%e”2)
*axb~2)*x72 - 3% (b73*c”3*d"2 + 2%x(c73%d"2 - 2%c”2xd*e)*axb”2)*x)*log(ckx +
1)) *log(-c*x + 1))/(c™3*%x - ¢72), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00
f (a + batanh (c x))3 (d+ ex)2 dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3*(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x)) " 3%(d + e*x)”2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + batanh ()’ (d + ex)? dx



129

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2*(atb*atanh(c*x))**3,x)

[Out] Integral((a + bxatanh(c*x))**3*(d + e*x)**2, x)
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3.17 f (d + ex) (a +b tanh_l(cx))3 dx

Optimal. Leaf size=244

— . - 2 - 3
_3Vebg(£§)@+4nmﬁ1%mﬂ_3ﬁdb2@—iéﬁ(a+bmnh1@@)_Gg+dﬂ(ﬁ+bmnhl@@)+3M(
C2 C 26

[Out] 3/2*b*ex(at+b*arctanh(c*x)) "2/c”2+3/2*xb*exx* (atb*arctanh(c*x)) ~2/c+d* (at+b*ar
ctanh(c*x))~3/c-1/2x(d"2+e~2/c"2) * (a+b*arctanh(c*x) ) ~3/e+1/2* (e*x+d) "2*(a+b
*arctanh (c*x)) ~3/e-3*b"2xex (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1)) /c~2-3*b*d* (a+b
xarctanh (cxx)) "2%1n(2/ (-c*x+1))/c-3/2xb~3*%expolylog(2,1-2/(-c*x+1))/c~2-3%b

~2xd* (atb*arctanh(c*x) ) *polylog(2,1-2/(-c*x+1))/c+3/2*b~3*d*polylog(3,1-2/(
-c*x+1))/c

Rubi [A] time = 0.60, antiderivative size = 244, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 10, integrand size = 16,

number of rules _ 1,625, Rules used = {5928, 5910, 5984, 5918, 2402, 2315, 6048, 5948, 6058,

integrand size

6610}

2 - 2 2
3b?dPolyLog (2,1 - m) (a + btanh 1(cx)) 3b3ePolyLog (2,1 - m) 3b3dPolyLog (3,1 - E) 3b?elo

+ —_—
c 2¢2 2c

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b*ArcTanh[c*x])"3,x]

[Out] (3*b*ex(a + bxArcTanh[c*x])"2)/(2*xc"2) + (3*b*e*x*(a + b*ArcTanh[c*x])~2)/(
2%c) + (d*(a + bxArcTanh[c*x])"3)/c - ((d72 + e”2/c"2)*(a + b*ArcTanh[c*x])
~3)/(2xe) + ((d + e*x)”~2%(a + bxArcTanh[c*x])~3)/(2%e) - (3%b~2xex(a + b*Ar
cTanh[c*x])*Log[2/(1 - c*xx)])/c”2 - (3*b*d*(a + bxArcTanh[c*x]) 2*Log[2/(1

- c*xx)])/c - (3*%b"3*e*xPolyLog[2, 1 - 2/(1 - c*x)])/(2%c”2) - (3*xb~2xdx*(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - 2/(1 - c*x)])/c + (3*b~3*d*PolyLog[3, 1 - 2/

(1 - c*xx)1)/(2%c)

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]
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Rule 5910

Int[((a_.) + ArcTanh[(c_.)*x(x_)I*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + bxA
rcTanh[c*x])"p, x] - Dist[b*c*p, Int[(x*(a + b*ArcTanh[c*x])~(p - 1))/(1 -
c2%x72), x], x] /; FreeQ[{a, b, c}, x] && IGtQ[p, O]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d)) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x]) " (p - 1)*Logl[2/(1 + (exx)/d)])/(1 - c™2%x72)
, x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d"2 - e”2, 0
]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + e*xx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])"(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x72), x], x], x] /; FreeQ[{a, b, ¢, d, e}, x]
&& 1GtQlp, 1] && IntegerQlql && NeQ[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*x(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, pr, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh([c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQ[c™2%d + e, 0] && IGtQ[p, O]

Rule 6048

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((f_) + (g_.)*(x_))"(m_.))/(
(@) + (e_.)*(x_)"2), x_Symbol] :> Int[ExpandIntegrand[(a + b*ArcTanh[c*x])
“p/(d + exx”2), (f + g*x)”m, x], x] /; FreeQ[{a, b, c, d, e, f, g}, x] & I
GtQlp, 0] && EqQLc~2%d + e, 0] && IGtQ[m, O]

Rule 6058
Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_ ) + (e_.)*(x_)~
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2), x_Symbol] :> -Simp[((a + bxArcTanh[c*x]) “p*PolyLogl[2, 1 - ul])/(2*cxd),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d
+ exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQc~2xd +
e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))"2, 0]

Rule 6610

Int[(u_)*PolyLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, u*v,
x]}, Simp[wxPolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps

2(g4b tanh ™ (cx 2 c2d%+e2+2c%dex (:

, L s (3ho) f e ( + ta2 (c )) 4 ( +e%+2c%de )(

(d + ex) (a + btanh (cx)) c ?(1-c
2e - 2e

f (@ +ex) (a+ btanh™ () dx =

2 1 3 (C2d2+ez+2r:2dex) (a+b tanh ™! (Cx))2
_ (d + ex) (a + btanh (cx)) B (3b) f T2 dx . (ib
2e 2ce
242 1+—§
3b) [ [

3bex (a +b tanh_l(cx))2 (d + ex)? (a +b tanh_l(cx))3
= +
2c 2e

FURY: FUERY ) _
3be (a + btanh (cx)) 3bex (a + btanh (cx)) (d + ex) (a + btanh
B 2¢2 " 2c " 2¢

2 2 3
3be(a+btanh™'(cx))”  3bex(a+btanh™(cx)) d(a+btanh™(cx))
= + +
2¢? 2c c

_ 3be (a +b tanh_l(cx))2 .\ 3bex (a + b’canh_l(cx))2 .\ d (a +b tanh_l(cx))3
22 2c c

~ 3be (a +b tanh_l(cx))2 .\ 3bex (a +b tanh_l(cx))2 . d (a +b tanh_l(cx))3
2¢? 2c c

_ 3be(a+btanh ) Bbex(a+btanh ex))’  d(a+btanhex))

+ +
2c2 2c c
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Mathematica [A] time = 0.75, size = 331, normalized size = 1.36

2a3c2ex? + 6a2bcx tanh ™ (cx)(2d + ex) + 2a%cx(2acd + 3be) + 3a2b(2cd + ) log(1 — cx) + 3a2b(2cd — €) log(c:

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x])~3,x]

[Out] (2%a~2xc*x(2*ka*xckd + 3*bke)*x + 2%a~3xc™2%exx™2 + 6%a”2xbxc™2xx* (2%d + e*x)*
ArcTanh[c*xx] + 3*a~2%b*(2%c*d + e)*Logl[l - c*x] + 3*%a~2xb*(2xc*d - e)*Logl[1
+ c*x] + 6xaxb”2xex(2kckx*kArcTanh[c*x] + (-1 + c™2xx72)*ArcTanh[c*x]~"2 + L
ogll - c™2%xx72]) - 2xb~3%ex(ArcTanh[c*x]*((3 - 3*cxx)*ArcTanh[c*x] + (1 - ¢
~2%x72)*ArcTanh [c*x] "2 + 6%Log[1 + E~(-2xArcTanh[c*x])]) - 3*PolyLog[2, -E~
(=2xArcTanh[c*x])]) + 12*%axb~2xc*d* (ArcTanh[c*x]*((-1 + c*x)*ArcTanh[c*x] -
2xLog[1 + E~(-2*%ArcTanh[c*x])]) + PolyLogl[2, -E~(-2*ArcTanh([c*x])]) + 4*b~
3*ckd* (ArcTanh [c*xx] 2% ((-1 + cx*x)*ArcTanh[c*x] - 3*Log[l + E~(-2xArcTanh[c*
x])]) + 3*%ArcTanh[c*x]*PolyLog[2, -E~(-2%ArcTanh[c*x])] + (3*PolyLogl[3, -E~
(-2*%ArcTanh [c*x])])/2) )/ (4%c™2)

fricas [F] time = 0.74, size = 0, normalized size = 0.00

integral (a3ex +a%d + (b3ex + b3d) artanh (cx)® + 3 (abzex + abzd) artanh (cx)* + 3 (azbex + azbd) artanh (c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x))~3,x, algorithm="fricas")

[Out] integral(a”3*exx + a"3*d + (b~ 3%e*x + b~3*d)*arctanh(c*x)”~3 + 3*(a*xb~2%e*xx
+ axb”2*d)*arctanh(c*x) "2 + 3x(a”2*xbxe*x + a~2*bxd)*arctanh(c*x), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00
f (ex + d)(bartanh (cx) + a)° dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x))~3,x, algorithm="giac")
[Out] integrate((exx + d)*(b*arctanh(c*x) + a)~3, x)

maple [C] time = 1.25, size = 12404, normalized size = 50.84

output too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((exx+d)*(atb*arctanh(c*x))~3,x)
[Out] result too large to display

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

3 (2 cxartanh (cx) + log (—czx2

2x ~ log (cx +1) N log (cx —1)
2c

c? c3 c3

1 3
5 a3ex2+1 (2 x? artanh (cx) + c( ))azbe+a3dx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x))~3,x, algorithm="maxima")

[Out] 1/2%a”3%e*xx~2 + 3/4*%(2xx"2*arctanh(c*x) + c*(2*x/c”2 - log(c*x + 1)/c”3 + 1
og(c*x - 1)/c”3))*a"2*bkxe + a~3*d*xx + 3/2*(2*c*x*arctanh(c*xx) + log(-c™2xx~
2 + 1))*a”2*b*xd/c - 1/16%((b"3*c™2%e*x"2 + 24b~3*%c™2xd*x - (2*c*d + e)*b~3)
xlog(—cxx + 1)73 - 3%(2xa*b™2%c " 2%e*x”2 + 2x(2%a*xb”2*c”2%d + b7 3*kcxe)*x + (
b73*%cT2%e*xx"2 + 2%b73*c”2xd*x + (2%ckxd - e)*b~3)*log(c*kx + 1))*xlog(-c*xx + 1
)72)/c”2 - integrate(-1/8*((b~3*c™2%e*x"2 - b~ 3*cxd + (c72*d - c*e)*b~3*x)*
log(c*x + 1)73 + 6*x(a*b™2*c™2%e*xx"2 - a*xb”™2xc*d + (c7™2*d - cxe)*a*b~2*x)*1lo
g(cxx + 1)72 - 3x(2xaxb™2*c™2%exx"2 + (b73*%c™2*%exx”2 - b73xcxd + (c72*%d - ¢
xe) *b”~3*x) *1log(c*x + 1)72 + 2% (2%axb~2%c™2*d + b~ 3*cke)*x - (4*axb~2*cxd -
(2xc*d - e)*b73 - (4*%axb™2%c”™2%e + b73*kcT2xe)*x"2 - 2% (b73%cT2xd + 2% (c”2*d
- cxe)*axb~2)*x)*log(c*x + 1))*log(-cxx + 1))/(c™2*x - ¢c), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
f (a + batanh (cx))® (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))~3*(d + e*x),x)
[Out] int((a + b*atanh(c*x)) " 3*x(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00
f (a + batanh (cx))3 (d + ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x))**3,x)

[Out] Integral((a + b*atanh(c*x))**3*%(d + e*xx), x)
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dx

f (a+b tanh™! (cx))3

d+ex

3.18

Optimal. Leaf size=272

- . 2c(d-+ex) . 2 - - 2.
302 (a + btanh 1(cx)) Li; (1 - %) +3172L13 (1 - m) (a + btanh 1(cx)) 3b (a + btanh 1(cx)) Li,

2e 2e 2e

[Out] -(atb*arctanh(c*x)) ~3*1n(2/(c*x+1))/e+(atb*arctanh(c*x)) ~3*1n(2*c* (e*xx+d)/(
cxd+e) /(cxx+1))/e+3/2*b* (atb*arctanh (c*x)) “2xpolylog(2,1-2/(c*x+1)) /e-3/2*b

* (a+b*arctanh (c*x)) "2*polylog(2,1-2*c* (exx+d) / (cxd+e) / (cxx+1)) /e+3/2*%b"2* (a
+b*arctanh (c*x))*polylog(3,1-2/(c*x+1))/e-3/2xb~2* (atb*arctanh(c*x))*polylo
g(3,1-2%c*x(exx+d) /(c*d+e) / (cxx+1)) /e+3/4*b"3*polylog(4,1-2/(c*x+1)) /e-3/4*Db
~3*polylog(4,1-2xc*(exx+d)/(cxd+e)/(c*xx+1)) /e

Rubi [A] time = 0.06, antiderivative size = 272, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 1, number of rules used =1, integrand size = 18, e e

= 0.056, Rules used = {5924}

integrand size

) 1 2¢(d+ex)
312 (a + btanh™ (cx)) PolyLog (3,1 T G+

) 3t?PolyLog (3,1 - %) (a+btanh™(cx)) 3b(a+bt
2e * 2e

Antiderivative was successfully verified.
[In] Int[(a + b¥ArcTanh[c*x])~3/(d + e*x),x]

[Out] -(((a + b*ArcTanh[c*x]) 3*Log[2/(1 + c*x)])/e) + ((a + b*ArcTanh[c*x]) ~3*Lo
gl(2%cx(d + e*xx))/((cxd + e)*x(1 + c*xx))])/e + (3xb*(a + b*ArcTanh[c*x]) ~2*P
olyLogl[2, 1 - 2/(1 + cxx)])/(2xe) - (3*%bx(a + bxArcTanh[c*x]) 2*PolyLog[2,
1 - (2%c*x(d + exx))/((cxd + e)*(1 + c*xx))]1)/(2%e) + (3*b~2%(a + b*ArcTanhl[c
*x])*PolyLog([3, 1 - 2/(1 + c*x)])/(2%e) - (3*b"2*(a + b*ArcTanh[c*x])*PolyL
ogl3, 1 - (2%cx(d + exx))/((cxd + e)*(1 + cxx))])/(2*%e) + (3*xb~3*PolyLogl[4,

1 -2/(1 + cxx)])/(4*e) - (3*xb~3*PolyLogl[4, 1 - (2*cx(d + exx))/((c*xd + e)
*(1 + c*x))])/(4xe)

Rule 5924

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"3/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x])~3*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "3*Log[(2*cx(d + e*xx))/((c*d + e)*(1 + c*x))])/e, x] + Simp[(3*bx(
a + bxArcTanh[c*x]) “2*PolyLog[2, 1 - 2/(1 + c*x)])/(2*%e), x] - Simp[(3*bx(a
+ b¥ArcTanh[c*x]) "2*PolyLog[2, 1 - (2xc*(d + e*x))/((cxd + e)*(1 + c*x))])
/(2xe), x] + Simp[(3*b~2*x(a + b*ArcTanh[c*x])*PolyLog[3, 1 - 2/(1 + c*x)])/
(2%e), x] - Simp[(3*b~2x(a + b*ArcTanh[c*x])*PolyLog[3, 1 - (2%c*x(d + e*x))
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/((cxd + e)*x(1 + c*x))])/(2%e), x] + Simp[(3*b~3*PolyLog[4, 1 - 2/(1 + c*x)
1)/(4xe), x] - Simp[(3*b~3*PolyLog[4, 1 - (2xc*(d + e*x))/((cxd + e)x(1 + ¢
xx))])/(4%e), x]) /; FreeQ[{a, b, c, d, e}, x] && NeQ[c™2*d"2 - e~2, 0]

Rubi steps
3 -1 3 2 -1 3 2c(d+ex)
| (o banen) (a +btanh™ () log(m) ) (a + btanh™ () 1og(m) 3 (a+0
d+ex T e e

Mathematica [F] time = 98.02, size = 0, normalized size = 0.00

dx

f (a +b tanh_l(cx))3

d+ex
Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTanh[c*x])~3/(d + exx),x]
[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + exx), x]

fricas [F] time = 0.49, size = 0, normalized size = 0.00

b3 artanh (cx)° + 3 ab? artanh (cx)* + 3 a2b artanh (cx) + a3 )
x
ex +d ’

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(exx+d),x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*a*b~2xarctanh(c*x)~2 + 3*a”2xb*arctanh(c*x
) +a”3)/(exx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)3
dx
ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x)) 3/ (exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(exx + d), x)
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maple [C] time = 0.66, size = 2367, normalized size = 8.70

Expression too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))~3/(e*xx+d) ,x)

[Out] 3/4*c*xb~3/exd/(c*d+e)*polylog(4, (cxd+e)* (cxx+1)~2/(-c”2*xx"2+1)/(-c*d+e))+1/
2xI*xb~3/e*xarctanh (c*x) “3*Pixcsgn(I*(((c*x+1) 2/ (-c™2xx"2+1) -1) *e+c*xd* (1+(c*
x+1)72/(-c™2xx72+1))) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) "3-3/2*c*a*xb~2/e*d/ (cxd+e)
*polylog(3, (ckd+e)*(c*x+1) 72/ (-c72%x72+1)/(-c*d+e) ) +cxb~3/exd/ (c*d+e) *arcta
nh(c*x) ~3*%1n(1-(c*d+e)* (cxx+1) "2/ (-c™2*xx"2+1) / (—c*d+e) ) +3/2xc*xb~3/e*xd/ (cxd+
e)*arctanh (c*x) "2*polylog(2, (cxd+e) * (cxx+1) "2/ (-c”2*x~2+1) / (-c*d+e) ) -3/2*cx*
b~3/exd/ (c*d+e)*arctanh (cxx)*polylog(3, (c*xd+e)* (cxx+1) "2/ (-c"2xx"2+1) / (~c*d
+e) ) +3/2xIxa*xb~2/exarctanh (c*xx) "2*xPikxcsgn (I* (((cxx+1) "2/ (-c™2*x"2+1)-1) *e+c
*xdk (1+(cxx+1) 72/ (-c72%x72+1) ) ) / (1+(c*x+1) "2/ (-c™2%x72+1)) ) "3-1/2*I*b~3/e*ar
ctanh(c*x) "3*Pikcsgn(I/(1+(c*x+1) "2/ (-c™2%x72+1)) ) *csgn(I* (((c*xx+1)72/(-c"2
*xx"2+1) -1) xe+cxd* (1+(c*xx+1) 72/ (-c™2*x72+1) ) ) / (1+(cxx+1) "2/ (-c™2%x"2+1) ) ) "2-
1/2%Ixb~3/e*arctanh (c*x) "3*Pixcsgn (I* (((c*x+1) 72/ (-c™2%x72+1)-1) *e+c*d* (1+(
cxx+1) 72/ (-c™2*%x72+1)) ) / (1+(cxx+1) "2/ (~c™2%x72+1) ) ) "2*csgn (I* (((c*xx+1) "2/ (-
cT2%x72+1) -1) *e+ckd* (1+ (c*x+1) 72/ (-c72%x72+1) ) ) ) +3*c*ka*xb~2/e*xd/ (cxd+e) *arct
anh (c*x) "2%1n(1-(c*kd+e) * (ckx+1) "2/ (-c™2+x72+1) / (-c*d+e) ) +3*c*xa*xb™2/e*xd/ (cxd
+e) *arctanh (c*x) *polylog(2, (cxd+e) * (c*x+1) "2/ (-c"2%x72+1) /(-cxd+e) ) -3/2xI*a
xb~2/exarctanh (c*x) "2*Pixcsgn (I/(1+(c*x+1) "2/ (-c”2%xx"2+1) ) ) *csgn (I* (((c*xx+1
)72/ (—c72%x72+1) -1) *e+ckd* (1+ (c*x+1) 72/ (-c™2%x"2+1) ) ) / (1+ (c*x+1) "2/ (-c™2%x™
2+1)))"2-3/2xI*a*b”~2/exarctanh (cxx) "2xPikcsgn (I* (((cxx+1)72/(-c2*x"2+1)-1)
xetckd* (1+(c*xx+1) 72/ (-c™2*x72+1)) ) / (1+(cxx+1) "2/ (—c™2%xx72+1) ) ) "2*csgn (I* (((
c*xx+1) 72/ (-c72%x72+1) -1) *et+ckd*x (1+(cxx+1) "2/ (-c™2%xx"2+1) ) ) ) +1/2%xI*b"3/e*arc
tanh (c*x) “3*Pi*csgn(I/ (1+(c*x+1) 72/ (-c™2*x72+1)) ) *csgn (I* (((c*xx+1) "2/ (-c~2%
Xx"2+1)-1) *e+ckd* (1+(c*xx+1) "2/ (~c™2%x72+1) ) ) / (1+(c*x+1) "2/ (-c™2xx"2+1) ) ) *csg
n(I*x(((c*x+1) 72/ (~c™2*%x"2+1) -1) *e+cxd* (1+(c*x+1) "2/ (~c™2*x"2+1) ) ) ) -3/4*b"3/
expolylog(4,-(c*x+1)72/(-c™2*x"2+1))-3*%axb~2/e*arctanh (c*x) *polylog(2,-(c*x
+1) 72/ (-c™2%x"2+1) ) +3*a*xb”2/ (c*d+e) *arctanh (c*xx) “2*1n(1- (cxd+e) * (c*x+1) "2/ (
-c72*xx72+1) / (-c*d+e) ) +3*xa*b~2/ (c*d+e) *arctanh (c*xx) *polylog(2, (cxd+e) * (ckx+1
)72/ (~c”2xx72+1) / (~c*d+e) ) +3*a” 2xb*1ln (cxe*x+c*d) /exarctanh (c*xx)+3/2*a~2*b/e
*x1n (ckexx+ckxd) *1n((cxexx—e)/(~c*xd-e))-3/2*%a~2*b/e*1n(cke*x+cxd) *1n((c*xe*xx+e
)/ (—c*d+e) ) +3*a*b~2+1n(c*xe*x+c*d) /e*xarctanh (c*x) "2-3*a*b”~2/e*arctanh (c*x) ~2
*1n(((cxx+1) 72/ (-c™2xx72+1) -1) *e+ckd* (1+(c*xx+1) 72/ (-c™2%x72+1) ) ) +3/4xb~3/ (c
xd+e) *polylog(4, (cxd+e)* (c*xx+1) "2/ (-c™2%x72+1) /(-cxd+e) ) +a~3x1n (ckexx+c*xd) /
e+3/2*b~3/e*xarctanh (c*xx)*polylog(3,-(c*x+1)~2/(-c”2*x~2+1) ) +b~3/ (c*d+e) *arc
tanh (c*x) "3*1n(1-(c*xd+e) * (c*x+1) "2/ (-c~2*x7"2+1) / (-cxd+e) ) +3/2xb~3/ (cxd+e) *a
rctanh(c*x) “2xpolylog(2, (cxd+e)* (c*xx+1) "2/ (-c™2%x"2+1) /(-c*d+e) ) -3/2*%b~3/(c
xd+e) *arctanh (cxx)*polylog(3, (cxd+e)* (c*xx+1) "2/ (-c"2xx"2+1) /(~c*d+e) ) +b~3*1
n(ckxexx+ckxd) /e*xarctanh(c*x) "3-b~3/exarctanh (cxx) “3*1n(((c*x+1) "2/ (-c™2*x"2+
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1) -1)xe+cxd* (1+(c*x+1) 72/ (-c™2*x"2+1)) ) -3/2*%b~3/exarctanh (cxx) “2*polylog(2,
- (cxx+1)72/(-c™2*x"2+1) ) +3/2*%a"2xb/e*dilog((cxexx-e) / (-c*d-e) ) -3/2*a"2*xb/e*
dilog((cxexx+e)/(-c*d+e))+3/2*a*b~2/expolylog(3,-(c*x+1)~2/(-c™2%x"2+1))-3/
2*a*xb~2/ (cxd+e) *polylog(3, (cxd+e)* (c*xx+1) "2/ (-c™2%x72+1) / (-c*xd+e) ) +3/2xIxax
b~2/exarctanh (cxx) “2*Pi*csgn (I/(1+(c*xx+1) "2/ (-c™2%x"2+1)) ) *csgn(I*(((c*x+1)
72/ (-c72xx72+1) -1) *et+cxd* (1+(cxx+1) 72/ (-c™2%x72+1) ) ) / (1+(c*xx+1) 72/ (-c™2%x72
+1)) ) *csgn(Ix (((c*xx+1) "2/ (~c™2%x72+1) -1) xe+cxd* (1+(c*x+1) "2/ (-c™2*x"2+1))))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

2
2 log (ex +d) f b3 log cx +1) — log (—cx + 1)) +3 abz(log (cx +1) - log (—cx + 1)) +3a2b(log (cx+1)—
8 (ex + d) 4 (ex + d) 2 (ex + ¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d),x, algorithm="maxima"

[Out] a"3*log(exx + d)/e + integrate(1/8%b~3x(log(cxx + 1) - log(-c*x + 1))~3/(ex
x + d) + 3/4*xaxb”2x(log(c*x + 1) - log(-c*xx + 1))72/(e*xx + d) + 3/2%a”2%b*(
log(cxx + 1) - log(-c*x + 1))/(e*x + d), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

(a + batanh (c x))3
d+ex

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*x),x)
[Out] int((a + b*atanh(c*x))~3/(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(a + batanh (cx))
d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(e*xx+d) ,x)

[Out] Integral((a + b*atanh(cxx))**3/(d + e*x), x)
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f (a+b tanh™! (cx))3

(d+ex)?

3.19 dx

Optimal. Leaf size=517

' ) _ - . 2c(d-+ex) - 2
3b%cLi, (1 — m) (a + btanh 1(cx)) +3b2c (a + btanh 1(Cx)) Li, (1 - —(cdie):ci:kl)) +3b2CL12 (1 - m) (” +1

c2d? — 2 c2d? — 2 2e(cd + e)

[Out] -(atb*arctanh(c*x))~3/e/(exx+d)+3/2*b*xc* (atb*arctanh(c*x)) 2*1n(2/(-c*xx+1))
/e/ (c*d+e)-3/2xbkxc* (atbxarctanh (cxx)) "2%1n(2/ (c*x+1) )/ (cxd-e) /e+3*¥b*c* (atb*
arctanh(c*x)) "2*1n(2/(c*xx+1))/(c"2*d"2-e~2) -3*b*c* (at+tb*arctanh (c*xx) ) "2x1n(2

xc* (exx+d) /(cxd+e) / (cxx+1))/(c™2*%d"2-e72) +3/2*b~2*c* (atb*arctanh (c*x) ) *poly
log(2,1-2/(-c*xx+1))/e/ (c*xd+e)+3/2*%b~2xc* (atb*arctanh (c*x) ) *polylog(2,1-2/(c
*xx+1))/(c*d-e)/e-3*%b~2*c* (atb*arctanh(c*x))*polylog(2,1-2/(cxx+1))/(c™2*d"2
-e72)+3%b"2*c* (atb*arctanh (c*x))*polylog(2,1-2xc* (e*xx+d) / (c*xd+e) / (c*x+1) ) /(
c"2xd"2-e72)-3/4xb"3*c*polylog(3,1-2/(-c*xx+1)) /e/(c*d+e)+3/4xb~3*c*polylog(
3,1-2/(c*xx+1))/(c*d-e)/e-3/2xb~3*cxpolylog(3,1-2/(cxx+1)) /(c"2*d"2-e72)+3/2
*b~3*c*xpolylog(3,1-2xc* (e*xx+d) /(cxd+e)/(c*xx+1))/(c™2*d"2-e"2)

Rubi [A] time = 0.52, antiderivative size = 517, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 9, number of rules used =7, integrand size = 18, e e

= 0.389, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 5922}

integrand size

B - - 2c(d+ex
3b*cPolyLog (2, 1- ﬁ) (a + btanh™ (cx)) +3b2c (2 + btanh™ (cx)) PolyLog (2,1 - cldex)

_2c(d+ex) 2 Pol
cx+1)(cd+e)) 3b CPOl-
242 — 2 242 — 2

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~3/(d + ex*xx)~2,x]

[Out] -((a + bxArcTanh[c*x])~3/(e*x(d + e*x))) + (3*b*xcx(a + bxArcTanh[cx*x]) " 2*Log
[2/(1 - c*xx)])/(2xex(cxd + e)) - (3*bxck(a + b*ArcTanh[c*x]) 2xLog[2/(1 + ¢
*x)])/(2x(c*d - e)*e) + (3*xbxcx(a + b¥ArcTanh[c*x]) 2+Log[2/(1 + c*x)])/(c”
2¥d"2 - e72) - (3*b*cx(a + bxArcTanh[c*x]) " 2*Log[(2%c*(d + e*x))/((c*xd + e)
*(1 + c*xx))])/(c”2%d"2 - e72) + (3*b~2*cx(a + bxArcTanh[c*x])*PolyLog[2, 1
- 2/(1 - cxx)])/(2%ex(cxd + e)) + (3*b~2xc*(a + b*ArcTanh[c*x])*PolyLogl[2,
1 -2/(1 + cxx)])/(2%(cxd - e)*e) - (3*b"2xc*(a + b*ArcTanh[c*x])*PolyLogl[2
, 1 = 2/(1 + cxx)])/(c™2%xd"2 - e72) + (3*b~2*xcx(a + bxArcTanh[c*x])*PolyLog
[2, 1 - (2%c*(d + e*x))/((ckd + e)*(1 + c*x))])/(c™2+xd™2 - e72) - (3xb"3*cx
PolyLog[3, 1 - 2/(1 - c*x)])/(4*ex(cxd + e)) + (3*b~3*cxPolyLogl[3, 1 - 2/(1
+ c*xx)])/(4x(cxd - e)*xe) - (3*b~3*c*PolyLog[3, 1 - 2/(1 + c*x)])/(2%(c”2*d
"2 - e72)) + (3*%b"3*c*kPolyLog[3, 1 - (2%c*x(d + e*xx))/((c*xd + e)*(1 + cxx))]
)/ (2% (c™2%d"2 - e72))
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Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d.) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c™2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, 0
]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x])~2*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*Log[(2%cx(d + exx))/((cxd + e)*x(1 + c*x))])/e, x] + Simp[(b*(a

+ b¥ArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(b*(a + b*ArcTa
nh[c*x])*PolyLog[2, 1 - (2%cx(d + exx))/((c*d + e)*(1 + c*x))])/e, x] + Sim
pL(b~2*%PolyLog[3, 1 - 2/(1 + c*x)])/(2xe), x] - Simp[(b~2%PolyLogl[3, 1 - (2
kcx(d + exx))/((cxd + e)*(1 + c*x))])/(2xe), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2*d"2 - e~2, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+ exx)"(q + 1)/(1 - c™2%x"2), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[ql && NeQ[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)"2), x_Symb
0l] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxc*xdx(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1]

Rule 6056

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d ) + (e_.)*(x_)~
2), x_Symbol] :> Simp[((a + b*ArcTanh[c*x]) “p*PolyLog[2, 1 - u])/(2*cxd), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] & EqQ[(1 - w2 - (1 - 2/(1 + c*x))~2, 0]

Rule 6058

Int [(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.))/((d_) + (e_.)*(x_)~
2), x_Symbol] :> -Simp[((a + bxArcTanh[c*x]) “p*PolyLog[2, 1 - ul])/(2*c*d),



141

x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d
+ exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d +
e, 0] && EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610

Int[(u_)*PolyLog[n_,
x]1}, Simp[w*Polylog[n + 1,

:> With[{w = DerivativeDivides[v, u*v,
IFalseQ[wl] /; FreeQ[n, x]

v_], x_Symbol]
vl, x] /;

Rubi steps

2
a+b tanh™ ( ))

c(a+b tanh ! (cx))2

ez(a+b tanh71(1

2(cd+e)(—1+cx) 2(cd—e)(1+cx)

a+b tanh_l(cx))3 (a +b tanh_l(cx))3 (3bc) f (
+

(—cd+e)(cd+e)(q

dx =

f( (d + ex)? -

e(d + ex) e

2
a+btanh ™! (cx))

5 (a+b tanh ! (cx))2
dx (3bc ) f ——dx

—1+cx

(a + btanh_l(cx))S + (3bC2) f ( 1+cx

e(d + ex) 2(cd — e)e

+

2e(cd + e)

_ 2 2 -
(a + btanh_l(cx))3 3be (“ + btanh 1(cx)) log (m) 3bc (a +btanh ' (cx

e(d + ex) 2e(cd + e)

2(cd - e)

- 2 2 -
(a+ btanh ' (ey))’  3be (a+btanh™'(e0) log (5)  3be(a-+ btanh ™ (cx

e(d + ex) 2e(cd + e) 2(cd — e)
2
(a+ btanh ()’ 3be(a+ btanh™(e0)’ log (1&) 3be (a + btanh™ (cx
- e(d + ex) 2e(cd + e) - 2(cd —e)
Mathematica [C] time = 13.85, size = 813, normalized size = 1.57
cd
3b2 _e_tanh ( )tanh L
242
al 3btanh™(cx)a? 3bclog(l —cx)a? 3bclog(cx +1)a? 3bclog(d + ex)a? . 2
e(d + ex) e(d + ex) 2e(cd + e) 2cde — 262 c2d? — e2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*x])~3/(d + exx)~2,x]

[Out] -(a"3/(ex(d + exx))) - (3*a"2xbxArcTanh[c*x])/(ex(d + exx)) — (3*a~2xb*cx*Lo

gll - c*xx])/(2xex(cxd + e)) + (3*%a"2xbxcxLogl[l + c*x])/(2*ckd*e - 2*e”2) -
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(3*xa~2xb*cxLogl[d + exx])/(c™2xd™2 - e72) + (3*axb~2*(-(ArcTanh[c*x]~2/(Sqrt
[1 - (c™2*%d"2)/e"2]*exE"ArcTanh[(c*d)/e])) + (x*ArcTanh[c*x]~2)/(d + exx) +

(cxd* (I*xPixLog[1 + E~(2%ArcTanh[c*x])] - 2*ArcTanh[c*x]*Log[l - E~(-2*(Arc
Tanh[(c*d)/e] + ArcTanh[c*x]))] - I*Pix(ArcTanh[c*x] - Logl[l - c™2*x~2]/2)
- 2xArcTanh[(c*d) /el *(ArcTanh[c*x] + Log[l - E~(-2x(ArcTanh[(c*d)/e] + ArcT
anh[c*x]))] - Log[I*Sinh[ArcTanh[(c*d)/e] + ArcTanh[c*x]]]) + PolyLog[2, E~
(-2%(ArcTanh[(c*d)/e] + ArcTanh[c*x]))]))/(c™2%d"2 - e72)))/d + (b~ 3*((x*Ar
cTanh[c*x]~3)/(d + e*xx) + (3*(3*c*d*ArcTanh[c*x]~3 - exArcTanh[c*x]~3 + (2%
Sqrt[1 - (c™2*d"2)/e"2]*e*xArcTanh[c*x]~3) /E~ArcTanh[(c*d) /e] + (3%I)*c*d*Pi
xArcTanh [c*x]*Log [(E~ (-ArcTanh[c*x]) + E~ArcTanh[c*x])/2] - 3*c*d*ArcTanh[c
xx] “2*Log[1 - E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 3*c*d*ArcTanh[c*x] 2L
og[l + E"(ArcTanh[(c*d)/e] + ArcTanh[c*x])] - 6*c*d*ArcTanh[(c*d)/e]*ArcTan
h[c*x]*Log[(I/2)*E~(-ArcTanh[(c*d)/e] - ArcTanh([c*x])*(-1 + E~(2*(ArcTanh[(
cxd)/e] + ArcTanh([c#*x])))] - 3*c*d*ArcTanh[c*x] 2+Log[(ex(-1 + E~(2*ArcTanh
[c*x])) + cxdx(1 + E~(2xArcTanh[c*x])))/(2+«E"ArcTanh[c*x])] + 3*cxd*ArcTanh
[c*xx] "2xLog[(cx(d + exx))/Sqrt[l - c~2*x"2]] + ((3%*I)/2)*c*xd*Pi*ArcTanh[c*x
1xLog[1l - c™2%x72] + 6*cxd*ArcTanh[(c*d)/e]*ArcTanh[c*x]*Log[I*Sinh[ArcTanh
[(c*d)/e]l + ArcTanh[c*x]]] - 6%cxd*ArcTanh[c*x]*PolyLog[2, -E~(ArcTanh[(c*d
)/e] + ArcTanh[c*x])] - 6*cxdxArcTanh[c*x]*PolyLog[2, E~(ArcTanh[(c*d)/e] +
ArcTanh[c*x])] + 6xc*d*PolyLog[3, -E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])] +
6*xcxd*PolyLog[3, E~(ArcTanh[(c*d)/e] + ArcTanh[c*x])]))/(3*%c™2*d"2 - 3*e~2)
))/d

fricas [F] time = 0.60, size = 0, normalized size = 0.00

b3 artanh (cx)° + 3 ab? artanh (cx)* + 3 a2b artanh (cx) + a3
X
e2x2 + 2dex + d?

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2xarctanh(c*x)~2 + 3*a~2*b*arctanh(c*x
) + a”™3)/(e”2%x72 + 2xd*exx + d72), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)°
(ex + d)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~2,x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)~3/(e*xx + d)~2, x)
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maple [C] time = 0.89, size = 3497, normalized size = 6.76

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))~3/(e*xx+d) 2,x)

[Out] -c*a~3/(ckxexx+c*xd)/e+3/4*xI*xc"2%b"3/e/ (c*xd+e)/(c*d-e)*arctanh (c*xx) “2+«Pi*d*cs
gn(I*(c*x+1)72/(c™2*x"2-1) ) *csgn(I*(c*x+1) "2/ (c™2*x"2-1) / (1+(c*x+1) "2/ (-c~2
*x"2+1))) "2-3/2xIxc"2%b"3/e/ (c*xd+e) / (c*kd-e)*arctanh (c*x) "2*Pi*d*csgn (I* (c*x
+1)/(~c72*%x72+1) " (1/2) ) *csgn (I* (c*x+1) "2/ (c™2*%x72-1) ) "2-3/4*I*c"2*¥b"3/e/ (c*
d+e)/(c*d-e)*arctanh (c*x) "2+Pi*d*csgn(I/ (1+(cxx+1) "2/ (-c2%x"2+1)) ) *csgn (I*
(c*xx+1)72/(c™2*%x72-1) / (1+(c*x+1) "2/ (-c™2*x"2+1) ) ) "2-3/4*I*c~2*b"3/e/ (c*xd+e)
/ (cxd-e)*arctanh (c*x) "2xPi*d*csgn (I* (cxx+1)/(-c™2%x72+1)~(1/2)) "2*csgn (I*(c
*x+1)72/(c™2%x72-1) ) -3/4*I*c*b~3/ (c*xd+e) / (c*d-e) *arctanh (c*x) "2*Pi*csgn (I* (
c*x+1) 72/ (c™2%x72-1)) "3-3/2%I*c*b~3/ (c*d+e) / (c*xd-e) *arctanh (cxx) "2xPixcsgn(
Ix(((cxx+1) 72/ (—c™2%x72+1) -1) *e+ckd* (1+ (c*x+1) 72/ (-c™2%x72+1) ) ) / (1+ (c*x+1)~
2/ (-c™2%x72+1))) ~3-3/2*I*c*b~3/(c*d+e) / (cxd-e) *arctanh (c*x) "2*Pixcsgn(I/(1+
(c*x+1)72/(-c™2%x72+1)) ) ~3+3/2xI*c*xb~3/ (c*d+e) / (c*d-e) *arctanh (c*xx) “2*Pi*cs
gn(I/(1+(c*x+1) "2/ (-c™2%x72+1)) ) ~2-3/4*I*c*b~3/ (c*d+e)/(c*d-e) *arctanh (c*x)
~2xPi*xcsgn(I* (c*x+1) 72/ (c™2%x72-1) / (1+(c*x+1) "2/ (~c™2%x72+1) ) ) "3-c*b"3/ (c*e
*xx+c*d) /exarctanh (c*x) “3+c*b”~3/exarctanh(cxx) "3/ (ckd-e)+3/4*I*c*b~3/ (c*xd+e)
/ (cxd-e)*arctanh (c*x) "2xPi*csgn(I/(1+(c*x+1) 72/ (-c™2%x72+1)) ) *csgn (I* (ckx+1
)72/ (c72%x72-1) ) *xcsgn(I* (cxx+1) "2/ (c™2*x72-1) / (1+(c*x+1) "2/ (-c"2*x"2+1))) -3
/4xI*xc~2%b~3/e/ (cxd+e) /(cxd-e)*arctanh (c*xx) "2*xPikd*csgn (I* (cxx+1) 72/ (c™2xx~
2-1)/ (1+(cxx+1) 72/ (-c™2*%x"2+1) ) ) "3-3/4*I*c"2+b~3/e/ (c*d+e) / (c*d-e) *arctanh (
c*x) "2*Pixd*csgn(I* (cxx+1)72/(c™2xx72-1))"3-3/2xIxc"2xb~3/e/ (c*d+e) / (c*xd-e)
xarctanh (cxx) “2*Pi*d*xcsgn(I/ (1+(cxx+1) "2/ (-c™2%x72+1))) ~2+3/2*%I*xc"2xb~3/e/(
c*d+e) /(cxd-e)*arctanh (c*x) "2xPixd*csgn(I/(1+(c*xx+1)~2/(-c™2*%x"2+1)))~3-3/2
*xIxc*b~3/ (c*d+e) / (c*d-e) *arctanh (c*x) “2+Pixcsgn(I/(1+(c*xx+1) 72/ (-c™2*x"2+1)
))*csgn(Ix(((c*xx+1)72/(-c™2%x"2+1) -1) *e+ckd* (1+(cxx+1) 72/ (-c72%x72+1) ) ) ) *cs
gn(Ix(((cxx+1)72/(-c™2*%x"2+1)-1) *e+cxd* (1+(c*xx+1) "2/ (-c™2*x"2+1))) / (1+(c*x+
1)72/(-c™2%x72+1)) ) +3/4*%I*xc"2xb~3/e/ (c*d+e) / (cxd-e) *arctanh (c*x) "2*xPixd*csg
n(I/(1+(cxx+1) 72/ (-c™2%x"2+1) ) ) *csgn(I* (c*x+1) "2/ (c"2*%x"2-1) ) *csgn (I* (c*x+1
)72/ (c™2%x72-1) / (1+(c*x+1) 72/ (-c™2%x"2+1) ) ) -3*c*b~3/exarctanh (cxx) "2/ (2xc*d
+2%e) *1n(c*x-1) +3*c*b~3/exarctanh (cxx) "2/ (2xcxd-2*e) *1n (c*x+1) -3*c*b~3/ex*ar
ctanh(c*x) "2/ (c*d-e)*1n((c*xx+1)/(-c™2%x72+1) " (1/2) ) +3*c*b~3*arctanh(c*x) "2/
(ckd+e) /(cxd-e) *In(((c*xx+1) 72/ (-c™2xx72+1) -1) xe+ckd* (1+(ckx+1) 72/ (—c™2xx™2+
1)))-3*%c*b~3*arctanh (c*xx) "2/ (c*d+e) / (c*xd-e) *1n(cxe*x+c*d) -3kc*xa*xb~2/ (ckexx+
c*d) /exarctanh (cxx) “2+3/2*c*axb~2/e/ (c*d+e) *dilog(1/2+1/2%cxx)+3/2xc*b~3xe/
(cxd+e) "2/ (cxd-e) *polylog(3, (cxd+e)* (c*x+1) "2/ (-c™2%x"2+1) / (-c*d+e) ) -3*c*b™
3/ (c*xd+e)/ (c*d-e) *arctanh (c*x) “2*1n(2)+3/2*c~2*b~3/ (cxd+e) "2/ (cxd-e) *d*poly
log(3, (cxd+e)*(c*x+1) "2/ (-c™2%x72+1) / (-c*xd+e) ) -3*c*xa~2*xb/ (c*d+e) / (cxd-e) *1n
(cxexx+c*xd) -3xc*a”2xb/e/ (2*c*kd+2*e) *1n(cxx-1)+3*c*a”2xb/e/ (2xc*d-2*e) *1n (c*
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x+1)-3*%cxa*xb”~2/(c*d+e) /(cxd-e) *dilog((c*xexx-e)/(-c*d-e) ) +3xc*axb~2/ (c*xd+e)/
(cxd-e)*dilog((c*xe*xx+e)/(-cxd+e))-3/4xcxaxb~2/e/(c*xd-e)*1n(c*x+1) ~2-3/2*c*a
*xb~2/e/(c*d-e)*dilog(1/2+1/2%c*x)-3/4*c*a*xb~2/e/(cxd+e) *1n(cxx-1) "2-3*c*a~2
*xb/ (ckexx+ckxd) /exarctanh (c*x) -6*cxa*xb~2/e*xarctanh (c*x) / (2xc*d+2xe) *1n (c*xx-1
)+6*xc*xaxb~2/exarctanh (c*xx)/(2xc*d-2%e) *1n(c*xx+1) -3*%c*xa*b~2/ (c*d+e) / (cxd-e) *
1n(c*xexx+cxd) *1n((c*xe*xx-e) /(-cxd-e))+3*cxa*xb~2/(c*d+e)/ (cxd-e) *1n(c*ke*x+cxd
)*1n((cxexx+e)/(-c*d+e) ) -3xc*b~3xe/ (c*xd+e) "2/ (c*d-e) *arctanh (c*x) "2*1n(1-(c
xd+e) * (cxx+1) "2/ (-c™2xx72+1) / (—cxd+e) ) -3*cxb~3*e/ (c*d+e) "2/ (c*d-e) *arctanh (
cxx)*polylog(2, (c*xd+e)* (cxx+1) "2/ (-c™2xx"2+1) / (-c*d+e) ) -3*c~2%b~3/ (cxd+e) "2
/ (c*xd-e) *d*arctanh (cxx) “2*1n(1-(c*xd+e) * (ckxx+1) "2/ (-c”2*x"2+1) / (—c*d+e) ) -3*c
~2%b~3/(c*d+e) "2/ (c*d-e)*d*arctanh (c*x) *polylog(2, (c*xd+e) * (cxx+1) "2/ (-c~2xx
~2+1)/(-c*d+e) ) -3/2*c*a*xb”2/e/ (cxd-e) *1n(-1/2%c*x+1/2) *1n(1/2+1/2%c*x) -3/2%
Ixc*xb~3/(cxd+e)/(c*d-e) *arctanh (c*x) “2*Pi+3/2*c*a*b~2/e/ (cxd-e)*1n(-1/2%c*x
+1/2)*1n(c*x+1)+3/2%c*xa*b”™2/e/ (cxd+e) *1n(cxx—-1) *1n(1/2+1/2*cxx) —6*c*a*xb™2*a
rctanh (c*xx)/(cxd+e) / (cxd-e) *1n(ckexx+c*xd) +3/2xI*c*xb~3/ (c*d+e) / (c*d-e) *arcta
nh(c*x) "2*Pixcsgn(I/(1+(cxx+1) "2/ (~c™2xx"2+1) ) ) *csgn (I* (((c*xx+1) "2/ (-c™2%x~
2+1)-1) *e+ckd* (1+(c*x+1) 72/ (-c™2xx72+1)) ) / (1+(c*x+1) "2/ (-c™2%x"2+1) ) ) "2+3/4
*Ixcxb~3/ (c*d+e)/(c*d-e)*arctanh(c*xx) "2+Pikcsgn (I*(cxx+1) "2/ (c™2%x"2-1) ) *cs
gn(I*(c*xx+1)72/(c™2xx"2-1) / (1+(c*xx+1) "2/ (-c™2%x"2+1) ) ) "2-3/4*I*c*b~3/ (cxd+e
)/ (c*d-e)*arctanh (c*x) "2+Pi*csgn(I* (c*x+1)/(-c™2xx"2+1) " (1/2)) "2*csgn (I* (c*
x+1)72/(c™2%x72-1) ) -3/4*Ixc*b~3/ (c*d+e) / (cxd-e) *arctanh (c*x) "2xPixcsgn(I/ (1
+(c*xx+1) 72/ (~c™2*x72+1) ) ) *kcsgn (I* (cxx+1) "2/ (c™2xx72-1) / (1+(c*x+1) "2/ (-c™2%*x
“2+1)))"2-3/2*%Ixcxb~3/ (c*d+e) / (cxd-e) *arctanh (cxx) “2xPixcsgn (I* (cxx+1)/(-c”
2%x72+1) 7 (1/2) ) *csgn (I* (c*x+1) "2/ (c™2%x72-1) ) "2+3/2%I*c*b~3/ (c*xd+e) / (c*xd-e)
xarctanh (cxx) "2*Pikcsgn (I* (((cxx+1) "2/ (-c™2%x72+1) 1) *e+cxd* (1+ (c*xx+1) "2/ (-
c™2xx72+1))) ) *xcsgn(Ix (((c*xx+1) 72/ (-c™2*x72+1) -1) *e+c*d* (1+(cxx+1) "2/ (-c™2*x
~2+1)))/ (1+(c*xx+1) "2/ (~c™2%x72+1) ) ) "2+3/2*%I*c"2xb~3/e/ (c*d+e) / (cxd-e) *arcta
nh (c*x) “2*Pi*d

maxima [F] time = 0.00, size = 0, normalized size = 0.00

3( (loglex+1) log(ex-1) 2loglex+d)| 2artanh(ex)) , a° _((cPde—ce®)l’x - (cde - )1
2 ¢ cde — e? cde + €2 c2d? — e? e2x + de e2x + de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)”2,x, algorithm="maxima")

[Out] 3/2*%(c*(log(c*x + 1)/(c*dxe - e72) - log(cxx - 1)/(cxd*e + e72) - 2xlog(e*x
+ d)/(c72*%d"2 - e72)) - 2*arctanh(c*x)/(e"2%x + d*e))*a”2xb - a~3/(e"2xx +

dxe) - 1/8%(((c™2*d*e - c*e”2)*b~3*x - (cxdxe - e72)*b~3)*log(-c*x + 1)73

+ 3x (2% (c72%d™2 - e72)*a*b”2 - ((c"2*d*e + c*e”2)*b7"3*x + (cxd¥e + €72)*b”3
)*¥log(cxx + 1))*log(-c*xx + 1)72)/(c™2%d"3%e - d*e”3 + (c™2+%d"2%e”™2 - e74)*x

) - integrate(1/8%(((c™2*d*xe - c*e”2)*b~3*x - (c*d*e - e"2)*b~3)*log(c*xx +

1)73 + 6%((c™2*d*e - c*xe”2)*axb~2*x - (c*d*e - e~2)*a*b~2)xlog(c*x + 1)72 +
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3% (4*(c™2*xd*e — cxe”2)*axb”2*x + 4*x(c72*xd"2 - c*xd*e)*axb”2 - ((c"2*xd*e - ¢
*xe"2)*b"3%x - (c*kd*e - e72)*b"3)xlog(ckx + 1)72 - 2% (b7 3*c™2%xe"24x"2 + b~ 3%
cxdxe - 2x(c*d*e - e72)*axb”2 + (2%(c"2*d*e - c*e”"2)*axb”2 + (c"2*d*e + c*e
~2)*b~3) *x)*log(cxx + 1))*log(-c*x + 1))/(c*xd"3*%e - d"2*e”2 - (c"2%d*e”3 -
cxe"4)*x"3 - (2*%cT2*d"2*xe"2 - 3*c*d*e”3 + e74)*x”2 - (c72x%d"3%e - 3*ckd"2x*e
"2 + 2%d*e”3)*x), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

(a + batanh (c x))3
> dx
(d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*xx)"2,x)
[Out] int((a + b*atanh(c*x))~3/(d + e*x)"2, x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

(a + batanh (cx))°
> dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))**3/(exx+d)**2,x)

[Out] Integral((a + bxatanh(c*x))**3/(d + e*x)**2, x)
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f (a+b tanh™! (cx))3

(d+ex)3

3.20 dx

Optimal. Leaf size=953

. 2 . 2 . 2 . 2c(d+ex) . 2 )
3c2Liy (1 - m) v 3c2Li, (1 - m) v® 3c%eLi, (1 - m) b® 3c2eLi, (1 - (Ci) b3_3c2L13 (1 - =

cd+e)(cx+1) 1-cx,

C4(cd-e)(cd+e)?  Acd—e(cd+e)  2(cd - e)2(cd + e)? 2(cd — e)?(cd + e)? 8e(cd + e)?

[Out] 3/2*b*c*(atb*arctanh(cxx))~2/(c"2xd"2-e72)/(e*xx+d)-1/2* (atb*arctanh(c*x))~3
/e/ (exx+d) ~2-3/2*b"2xc~2* (a+b*arctanh (c*x) ) *1n(2/ (-c*x+1) )/ (c*d-e) / (cxd+e)”
2+3/4*b*c”2* (a+b*arctanh(c*x)) "2*1n(2/ (-c*xx+1)) /e/ (cxd+e) "2+3/2*%b"2*xc" 2% (a+
b*arctanh(c*x))*1n(2/(c*x+1))/(cxd-e) "2/ (c*d+e) -3*b~2*xc" 2*e* (a+b*arctanh (c*
x))*¥1In(2/ (c*x+1))/(c™2%d"2-e72) "2-3/4*b*xc"2* (a+b*arctanh (c*x)) ~"2*x1n(2/ (cxx+
1))/ (c*d-e) "2/e+3*bxc”3*d* (a+b*arctanh (c*x)) "2*x1n(2/ (c*x+1))/(c"2%d"2-e"2) "
2+3%b~2*c”2*xe* (a+b*arctanh (c*x) ) *1n(2*xc* (exx+d) / (c*xd+e) / (c*x+1) )/ (c™2*xd"2-e
~2)"2-3*b*c”3*d* (a+b*arctanh (c*x)) "2*x1n(2*xc* (exx+d) / (c*xd+e) / (c*x+1)) / (c™2*d
~2-e72)72-3/4%b"3*c"2*polylog(2,1-2/(-c*x+1))/(c*d-e)/(c*d+e) "2+3/4*b~2*c"2
* (atb*arctanh(c*x))*polylog(2,1-2/(-c*xx+1))/e/(c*d+e) "2-3/4%b"3*c”2*polylog
(2,1-2/(c*x+1)) /(c*d-e) "2/ (c*xd+e) +3/2%b~3*c " 2*e*polylog(2,1-2/ (c*x+1)) / (c™2
*xd~2-e72) "2+3/4*b"2*c”2* (atb*arctanh (c*x) ) *polylog(2,1-2/(c*x+1) )/ (c*d-e) "2
/e=-3*b~2*c~3*d* (atb*arctanh(c*x))*polylog(2,1-2/(cxx+1))/(c"2*d"2-e72)"2-3/
2*b~3*c"2*e*xpolylog(2,1-2*c* (exx+d) / (c*xd+e) / (c*xx+1) )/ (c™2xd"2-e72) "2+3xb~2%
c~3*d* (at+b*arctanh (c*x))*polylog(2,1-2*c* (exx+d) /(c*d+e) /(cxx+1))/(c™2*d"2-
€72)"2-3/8*b~3*c”2*polylog(3,1-2/(-c*x+1)) /e/ (cxd+e) "2+3/8*b~3*c~2*polylog(
3,1-2/(c*xx+1))/(c*d-e) "2/e-3/2%b"3*c~3*d*polylog(3,1-2/(c*x+1))/(c"2xd"2-e"
2) "2+3/2%b~3*c”"3*d*polylog(3,1-2*c* (exx+d) / (c*d+e) /(cxx+1)) /(c"2*d"2-e72) "2

Rubi [A] time = 1.03, antiderivative size = 953, normalized size of antiderivative
= 1.00, number of steps used = 21, number of rules used = 11, integrand size = 18,

number of rules _ ) 611, Rules used = {5928, 5918, 5948, 6058, 6610, 6056, 2402, 2315, 5920,

integrand size

2447,5922}

3c2PolyLog (2, 1- ﬁ) b® 3c?PolyLog (2, 1- %) v +3czePolyLog (2, 1- ﬁ) b 3c2ePolyLog (2, 1-
4(cd — e)(cd + e)? 4(cd — e)%(cd + e) 2(cd - e)?(cd + e)? 2(cd - e)?(ca

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x])~3/(d + e*x)~3,x]

[Out] (3*bxc*(a + b*ArcTanh[c*x])~2)/(2*%(c”2*d"2 - e"2)*(d + exx)) - (a + bxArcTa
nh[cxx])~3/(2%ex(d + e*x)"2) - (3*b~2*c™2*x(a + bxArcTanh[c*x])*Log[2/(1 - c
*x)]) /(2% (c*xd - e)*(cxd + e)72) + (3xb*c™2%(a + bxArcTanh[cxx]) 2xLog[2/ (1
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- cxx)])/(4*xex(cxd + e)72) - (3*%b~2*c"2%e*x(a + b*ArcTanh[c*x])*Log[2/(1 + ¢
*x)])/((c*xd - e)”2x(c*xd + e)”2) + (3*b~2xc"2x(a + bxArcTanh[c*x])*Log[2/(1

+ c*x)])/(2%(cxd - e)”2%(cxd + e)) - (3*b*c”™2%(a + bxArcTanh[c*x]) "2xLog[2/
(1 + c*xx)])/(4x(cxd - e)"2xe) + (3*%b*xc”~3*d*(a + b*ArcTanh[c*x]) ~2*Log[2/(1

+ cxx)])/((c*xd - e)72%(c*xd + e)72) + (3*%b"2xc"2%e*x(a + b*ArcTanh[c*x])*Logl
(2%c*k(d + exx))/((c*d + e)*(1 + cxx))]1)/((cxd - e)72%(ckd + e)72) - (3*b*c™
3xd*(a + bxArcTanh[c*x]) “2*Log[(2*c*x(d + e*xx))/((c*xd + e)*(1 + c*xx))])/((c*
d - e)72x(cxd + e)72) - (3*%b"3xc”2*PolyLogl[2, 1 - 2/(1 - c*x)])/(4*(c*d - e
Yx(cxd + e)”2) + (3*b~2xc”2*(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 - c*x)
1)/ (4xex(cxd + e)72) + (3*%b~3*c”2*exPolyLog[2, 1 - 2/(1 + c*x)])/(2%(c*d -

e)"2x(cxd + e)”2) - (3*%b"3xc”"2xPolyLog[2, 1 - 2/(1 + c*x)])/(4*(c*d - e) 2%
(cxd + e)) + (3*b~2+c”2%(a + bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/(
4x(c*xd - e)"2*xe) - (3*%b"2%c”3*d*(a + bxArcTanh[c*x])*PolyLogl[2, 1 - 2/(1 +

cxx)])/((cxd - e)"2*(c*xd + e)72) - (3xb~3*c”2*exPolylogl[2, 1 - (2*xc*(d + ex
x))/((c*xd + e)*(1 + cxx))])/(2*(c*xd - e)"2x(cxd + e)72) + (3*b™2xc"3xd*(a +
b*ArcTanh [c*x])*PolyLog[2, 1 - (2*xc*x(d + exx))/((cxd + e)*(1 + c*x))])/((c
*d - e)72x(cxd + e)”2) - (3xb~3*c"2xPolyLogl3, 1 - 2/(1 - c*x)])/(8*ex(cxd

+ e)72) + (3*b"3xc”2%Polylogl3, 1 - 2/(1 + c*x)])/(8x(cxd - e) 2*e) - (3*b~
3xc~3*%d*PolyLogl[3, 1 - 2/(1 + c*xx)])/(2%(cxd - e) 2x(cxd + e)72) + (3*%b~3x*c
~3*%d*PolyLog[3, 1 - (2%cx(d + e*xx))/((c*xd + e)*(1 + c*xx))])/(2*(c*d - e) 2%
(cxd + e)72)

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2402

Int[Logl(c_.)/((a) + (e_)*(x_))1/((f) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~"(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (exx)/d)]1)/(1 - c™2*x"2)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2+#d"2 - 72, 0
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Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*x))
/((c*xd + e)*x(1 + c*x))]/(1 - c™2*x"2), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2xcx(d + exx))/((cxd + e)*x(1 + c*x))1)/e, x1) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 5922

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"2/((d_) + (e_.)*(x_)), x_Symbol] :>
-Simp[((a + b*ArcTanh[c*x])~2*Log[2/(1 + c*x)])/e, x] + (Simp[((a + b*ArcT
anh [c*x]) "2*xLog[(2*cx(d + exx))/((c*d + e)*(1 + c*x))])/e, x] + Simp[(b*(a

+ bxArcTanh[c*x])*PolyLog[2, 1 - 2/(1 + c*x)])/e, x] - Simp[(bx(a + b*ArcTa
nh[c*xx])*PolyLog[2, 1 - (2xcx(d + e*x))/((cxd + e)*(1 + c*x))])/e, x] + Sim
pl(b~2*%PolyLogl[3, 1 - 2/(1 + c*x)])/(2*e), x] - Simp[(b~2#PolyLog[3, 1 - (2
xck(d + exx))/((cxd + e)x(1 + c*x))])/(2xe), x]) /; FreeQ[{a, b, c, d, e},
x] && NeQ[c™2xd"2 - e72, 0]

Rule 5928

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((d_) + (e_.)*(x_))"(q_.), x_S
ymbol] :> Simp[((d + exx)~(q + 1)*(a + b*ArcTanh[c*x])"p)/(ex(q + 1)), x] -
Dist [(b*c*p)/(ex(q + 1)), Int[ExpandIntegrand[(a + b*ArcTanh[c*x])~(p - 1)
, (d+exx)"(q+ 1D/ - c™2%x72), x], x], x] /; FreeQ[{a, b, c, d, e}, x]
&& IGtQ[p, 1] && IntegerQ[q]l && NeQ[q, -1]

Rule 5948

Int[((a_.) + ArcTanh[(c_.)*x(x_)I*(b_.))"(p_.)/((d.) + (e_.)*(x_)"2), x_Symb
0ol] :> Simp[(a + bxArcTanh[c*x])~(p + 1)/(bxcxd*(p + 1)), x] /; FreeQ[{a, b
, ¢, d, e, p}, x] && EqQ[c™2*d + e, 0] && NeQ[p, -1l

Rule 6056

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> Simp[((a + b¥ArcTanh[c*x]) p*PolylLog[2, 1 - ul)/(2%c*d), x
] - Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d +
exx~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2*d + e
, 0] && EqQ[(1 - w)™2 - (1 - 2/(1 + c*xx))~2, 0]
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Rule 6058

Int[(Loglu_l*((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.))/((d_) + (e_.)*x(x_)"
2), x_Symbol] :> -Simp[((a + b*ArcTanh[c*x]) “p*PolyLog[2, 1 - ul)/(2*c*d),
x] + Dist[(b*p)/2, Int[((a + b*ArcTanh[c*x])~(p - 1)*PolyLog[2, 1 - ul)/(d
+ exx”2), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQlp, 0] && EqQ[c~2xd +
e, 0] & EqQ[(1 - w2 - (1 - 2/(1 - c*x))~2, 0]

Rule 6610

Int[(u_)*PolylLog[n_, v_], x_Symbol] :> With[{w = DerivativeDivides[v, ux*v,
x]}, Simp[w*PolyLog[n + 1, v], x] /; !FalseQ[w]] /; FreeQ[n, x]

Rubi steps
2
a+b tanh™ (cx)) cz(a+b tanhfl(cx)) ez(a+b tanh’
+
(a +b tanh_l(cx))3 (a +b tanh_l(cx))3 (3bc) f 2(Cd+e 2(-1+cx) 2(cd—e)?(1+cx) (~cd+e)(cd+e
f dx = — +
(d + ex)3 2e(d + ex)? 2e

2 o
(a+b’canh_1(cx))3 (3bc3)fde (3bc3)fde

1+cx _ —l+cx

2e(d + ex)? " 4(cd - e)?e de(cd + e)?

_ 2 .
3bc(a+b tanh_l(cx))z (a+b tanh_l(cx))3 3bc? (a + btanh™ (cx))  log (1—_
" 2(cd - e)(cd + e)(d + ex) 2e(d + ex)? i de(cd + e)?

_ 2 :
3bc (a +b ’canh_l(cx))2 (a +b tanh_l(cx))3 3bc? (a + btanh 1(cx)) log (1__
" 2(cd —e)(cd + e)(d + ex) 2e(d + ex)? - de(cd + e)?

3bc (a +b tanh‘l(cx))2 (a+b tanh_l(cx))s 302c2 (a + btanh™ (cx)) log (1—

T 2cd—e)cd+e)d+ex)  2ed+ex? 2(cd — e)(cd + e)2
~ Bhe(a+b tanh_l(cx))z (a+b tanh_l(cx))3 302c2 (a + btanh™ (cx)) log (1—
T 2cd-e)cd+e)d+ex)  2e(d+ex)? 2(cd — e)(cd + e)2

_ 3bc (a +0b ’tanh_l(cx))2 (a +b tanh_l(cx))3 3b%c? (a +b tanh_l(cx)) log (1__‘
T 2cd-e)(cd+e)d+ex)  2e(d+ex? P ETE
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Mathematica [F] time = 85.89, size = 0, normalized size = 0.00

dx

f (a +b tanh_l(cx))3

(d + ex)3

Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTanh[c*x])~3/(d + exx)~3,x]
[Out] Integrate[(a + b*ArcTanh[c*x])~3/(d + exx)~3, x]

fricas [F] time = 0.64, size = 0, normalized size = 0.00

b3 artanh (cx)° + 3 ab? artanh (cx)* + 3 a2b artanh (cx) + a3
X
e3x3 + 3de2x? + 3 d%ex + d®

integral (

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="fricas")

[Out] integral((b~3*arctanh(c*x)~3 + 3*axb~2xarctanh(c*x)~2 + 3*a~2*b*arctanh(c*x
) + a”™3)/(e"3%x73 + 3*d*e”2*x"2 + 3%d"2%e*x + d73), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

(bartanh (cx) + a)°

dx
(ex + d)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)~3,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x) + a)~3/(exx + d)~3, x)

maple [C] time = 3.86, size = 53538, normalized size = 56.18

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))~3/(e*xx+d) " 3,x)
[Out] result too large to display

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))~3/(e*xx+d)”3,x, algorithm="maxima")

[Out] -3/4*((4xc”2xd*log(e*x + d)/(c™4*d"4 - 2*c™2+%d"2%e”2 + e74) - c*xlog(c*xx + 1
)/ (c™2xd"2%e - 2xc*d*e”2 + e73) + cxlog(c*x - 1)/(c™2xd"2%e + 2xcxd*e”2 + e
~3) - 2/(c”2%d"3 - d*e”2 + (c"2%d"2*%e - e 3)*x))*c + 2*xarctanh(c*x)/(e”3*xx~
2 + 2%d*e”2*xx + d72*e))*a"2%b - 1/2*%a"3/(e"3*x"2 + 2*d*e”2*x + d"2*e) - 1/1
6x(((c™4*d™2%e”2 — 2*c™3*d*e”3 + ¢ 2%e"4)*b"3*x"2 + 2x(c"4*d"3xe - 2*c”3*d”
2%e”2 + cT2%d*e”3)*b"3*x - (2%c73%d"3*%e - 3*xc”"2xd"2*e"2 + e”4)*b"3)*log(-cx*
X + 1)73 = 3%x(2%(c73*%d72*%e”2 - c*xe"4)*b"3*x - 2% (cT4*d"4 - 2*xcT2xd"2xe”2 +
e”4)*a*xb”2 + 2x(c"3*d"3*xe - c*d*e”3)*b”"3 + ((cT4*d"2%e"2 + 2*c”3*d*e”3 + ¢~
2%e74)*b"3*x"2 + 2% (cT4*d"3*e + 2%c”3*kd"2*e”2 + c"2*%d*e”3)*b"3*x + (2*c”3*d
T3%e + 3%cT2xd"2%e”2 - e74)*b"3)xlog(ckx + 1))*log(-ckx + 1)72)/(c”4*d"6%e
- 2%Cc72*%d74*e”3 + d72xe”5 + (cT4*d74*e”3 - 2*xcT2xd"2%e”5 + e 7)*x"2 + 2x(c”
4xd"b*e”2 - 2%c72%d"3%e”4 + d*e"6)*x) - integrate(1/8*(((c"4*d"3*e - c~3*d”
2%e”2 - c72xd*e”3 + c*e"4)*b"3xx - (c"3*%d"3%e - c"2*%d"2*%e”2 - cxd*e”3 + e74
)*¥b~3) *log(cxx + 1)73 + 6%((c™4*d"3*%e - c™3*d"2*%e”2 - c”"2*xd*e”3 + c*xe"4)x*ax
b72%x - (c73*%d"3%e - c72%d72%e”2 - cxd*e”3 + e74)*axb"2)*xlog(ckx + 1)72 - 3
* (2% (c73*d*e”3 - cT2*xe"4)*b"3*%x"2 - 2*%(cT4*d"4 - c"3*%d"3*e - cT2*d"2*e”2 +
cxd*xe”3)*a*xb”2 + 2*x(c"3*d"3%e - c72%d"2*%e”2)*b"3 + ((c"4*d"3*e - c”"3*d"2*e”
2 - ¢c72*%d*e”3 + c*xe"4)*b"3*x - (c73*d"3*%e - cT2xd"2%e”2 - c*kd*e”3 + e74)*b”
3)*log(cxx + 1)72 - 2x((c™4*d"3*%e - c~3*d"2*%e”2 - c"2*xd*e”3 + c*xe"4)*axb~2
- 2% (c73*%d"2%e"2 - c”2*xd*e"3)*b"3)*x + ((cT4*d*e”3 + c"3%e"4)*b"3*x"3 + 3*(
CT4xd72%e”2 + c”3*xd*e”3)*b"3xx72 - 4% (c”3*d"3*%e - cT2*xd"2%e”2 - c*d*e”3 + e
“4)*xaxb”2 + (2%cT3*d"3xe + cT2%d"2%e”2 - cxd*e”3)*b"3 + (4%(c”4*d"3*e - ¢c73
*Q72%e"2 - cT2%d*e”3 + cxe"4)*axb”2 + (2*c"4*d"3xe + 4*xc”3kd"2%e”2 + cT2*dx*
e”3 - c*xe”4)*b"3)*x)*xlog(cxx + 1))*log(-c*x + 1))/(c”3*d"6*e - c~2xd"5*e"2
- c*d"4*e”3 + d"3*e"4 - (c74*%d"3*%e"4 - c”"3*xd"2*xe”5 - c"2%d*e”6 + c*ke”T7)*x"4
- (3%c74*xd"4%e”3 - 4*c™3%d"3*e"4 - 2%c”2*d"2%e”5 + 4*xcxd¥e”6 - e T7)*x"3 -
3*(c74*d"5xe”2 — 2%c”3*xd"4*e”3 + 2*%c*xd"2*%e”5 - d*e”6)*x"2 - (c"4*d"6xe - 4x
c”3*%d"b*e”2 + 2%c”2xd"4*e”3 + 4xc*xd"3*e”4 - 3xd"2*e”5)*x), X)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

(a + batanh (cx))®
d+ex)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x))~3/(d + e*xx)"3,x)

[Out] int((a + b*atanh(c*x))~3/(d + e*x)~3, x)



sympy [F] time = 0.00, size = 0, normalized size = 0.00

(a + batanh (cx))3
3 dx
(d + ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*atanh(cxx))**3/(exx+d)**3,x)

[Out] Integral((a + bxatanh(c*x))**3/(d + e*x)**3, x)
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3.21

f a+btanh ™" (cx)
14+2cx

Optimal. Leaf size=67

-1{1 2cx+1 . [1
(a —btanh (E)) log (— > ) BLiy(~2cx — 1) . bLi, (5(2cx + 1))
2c 4c 4c

[Out] 1/2*(a-b*xarctanh(1/2))*1n(1/2*%(-2*c*x-1)/d)/c-1/4*b*polylog(2,-2*c*x-1)/c+1
/4*xb*xpolylog(2,2/3*cxx+1/3)/c

Rubi [A] time = 0.07, antiderivative size = 109, normalized size of antiderivative =

ber of rul
1.63, number of steps used = 4, number of rules used = 4, integrand size = 17, /e e

= 0.235, Rules used = {5920, 2402, 2315, 2447}

integrand size

bPolyLog (2,1 - %) bPolyLog (2,1 - 2(2cx+1)) log (%) (a +btanh™ (cx)) log (2(2cx+1)
B +

cx+1 3(cx+1) +1 3(cx+1) ) (LZ +btanh

4c 4c 2c 2c

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x])/(1 + 2xc*x),x]

[Out] -((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/(2*c) + ((a + b*ArcTanh[c*x])*Logl
(2% (1 + 2%cx*x))/(3*%(1 + c*x))])/(2%c) + (bxPolyLog[2, 1 - 2/(1 + cxx)])/(4x*
c) - (b*PolyLogl2, 1 - (2%(1 + 2%cx*x))/(3*x(1 + c*x))])/(4*c)

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*xd, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/Dlu, %113}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5920
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[cx*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]1/(1 - c™2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xcx(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2kcx(d + exx))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2*d"2 - e~2, 0]

Rubi steps
btanh(cx)) 1 btanh ™ (cx)) log (220
fa + btanh_l(cx) gy — (a +0Otan (cx)) 08 l+cx) N (a +btan (cx)) 08 3a7er) f 1+cx
1+ 2cx r= 2c 2c 2 1-c2x2 |
(a+ btanh™(cx)) log (m) (a+ btanh™(cx)) log (zs(glfm)) bLi, (1 "
- 2c " 2c - 4c
(a +btanh™ (cx)) log ( 1+cx) (a +b tanh_l(CX)) log (2;(11113)) bLi (1 —~ 1+Cx)
- 2c " 2c " 4c }

Mathematica [C] time = 0.28, size = 240, normalized size = 3.58

ot} a1
alog(2cx +1) - %ib (— log( - 22 : ) (m - 2itanh™ (cx)) - iLi, ( 2tanh” (cx)) ~iLi (e 2(tanh™ (e +tanh (2))) B
—C=X

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*x])/(1 + 2%cxx),x]

[Out] (axLogll + 2xc*x] + b¥ArcTanh[c*x]*(Logl[l - c¢"2*x72]/2 + Log[I*Sinh[ArcTanh
[1/2] + ArcTanh[c*x]]]) - (I/2)*bx((-1/4*I)*x(Pi - (2*I)*ArcTanh[c*x])"2 + I
*(ArcTanh[1/2] + ArcTanh[c#x])"2 + (Pi - (2*I)*ArcTanh[c*x])*Log[1l + E™(2*A
rcTanh[c*x])] + (2%xI)*(ArcTanh([1/2] + ArcTanh[c*x])*Logl[l - E~(-2*%(ArcTanh[

1/2] + ArcTanh[c*x]))] - (Pi - (2*I)*ArcTanh[c*x])*Log[2/Sqrt[l - c~2*xx~2]]

- (2%I)*(ArcTanh[1/2] + ArcTanh[c*x])*Log[(2*I)*Sinh[ArcTanh[1/2] + ArcTan
hlc*x]]] - I*PolyLog[2, -E~(2*ArcTanh[c*x])] - IxPolyLog[2, E~(-2x(ArcTanh[

1/2] + ArcTanh[c*x]))]1))/(2*c)

fricas [F] time = 0.94, size = 0, normalized size = 0.00

bartanh (cx) +a x)

integral
megm( 2cx+1

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="fricas")

[Out] integral((b*arctanh(c*x) + a)/(2%c*x + 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

bartanh (cx) + a
f dx
2cx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x))/(2*c*x+1),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x) + a)/(2*c*x + 1), x)

maple [B] time = 0.04, size = 118, normalized size = 1.76

2cx

aln(2cx +1) N bln (2cx + 1) arctanh (cx) N

2 2cx 2 2cx 1 .
bln(g - T)ln(Zcx +1)_bln(§ - T)ln(T + 3) bdilog

2c 2c 4c 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x))/(2%c*x+1) ,x)

[Out] 1/2/c*a*1n(2*c*x+1)+1/2/c*¥b*1n(2*c*x+1)*arctanh(c*x)+1/4/c*bx1n(2/3-2/3*c*x
)*1n(2xc*x+1)-1/4/c*b*1n(2/3-2/3*c*x) *1n(2/3*%c*xx+1/3)-1/4/c*b*dilog(2/3*c*x
+1/3)-1/4/cxb*dilog(2xc*x+2)-1/4/c*b*1n(2*c*x+1) *1n (2*c*x+2)

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

lbflog(cx+1)—log(—cx+1) x4 alog(2cx +1)
2 2cx+1 2c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x))/(2*c*x+1),x, algorithm="maxima"
[Out] 1/2*bxintegrate((log(c*x + 1) - log(-c*x + 1))/(2xc*x + 1), x) + 1/2%axlog(

2%xc*xx + 1)/c

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

a + batanh (cx)
f dx
2cx+1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + bxatanh(c*x))/(2*c*x + 1),x)



[Out] int((a + b*atanh(c*x))/(2%c*xx + 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f a + batanh (cx)
2cx +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x))/(2*c*x+1),x)

[Out] Integral((a + bxatanh(c*x))/(2%c*x + 1), x)
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tanh (x)
1- \ﬁix Ci

Optimal. Leaf size=88
(V22 [ V2-2x -1 1
La(5E) | (G e (G es (1 V2
2V2 22 V2

[Out] -1/2*arctanh(1/2%27(1/2))*1n(1-x*%27(1/2))*2~(1/2)-1/4*polylog(2, (2*x-2"(1/2
))/(2-27(1/2)))*27(1/2)+1/4*polylog(2, (-2*x+27(1/2)) /(2+27(1/2)))*27 (1/2)

3.22 f

Rubi [A] time = 0.07, antiderivative size = 108, normalized size of antiderivative =

1.23, number of steps used = 4, number of rules used = 4, integrand size = 15, number of rules

= 0.267, Rules used = {5920, 2402, 2315, 2447}

integrand size

2(1+v2)(1-v2x 2(14+v2)(1-v2x _
PolyLog (2,1~ ;) PolyLog (ZI%H) log( [ tanh ™) log (—%)mnh]
e 23 Vi V2

Antiderivative was successfully verified.
[In] Int[ArcTanh[x]/(1 - Sqrt[2]*x),x]

[Out] (ArcTanh[x]*Log[2/(1 + x)])/Sqrt[2] - (ArcTanh[x]*Log[(-2%x(1 + Sqrt[2])=*(1
- Sqrt[21*x))/(1 + x)1)/Sqrt[2] - PolyLog[2, 1 - 2/(1 + x)]1/(2*Sqrt[2]) + P
olyLogl[2, 1 + (2%x(1 + Sqrt[2])*(1 - Sqrt[2]*x))/(1 + x)]/(2%Sqrt[2])

Rule 2315

Int[Logl(c_.)*x(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]
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Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c”2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*xx))
/((cxd + e)*x(1 + c*x))]/(1 - c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*xd + e)*x(1 + c*x))]1)/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2x%d"2 - 72, 0]

Rubi steps
) i 214 V2)1V30)) g2 e
ftanh_l(x) e tanh 1(x)log (%) i tanh 1(x)log — ) fl ?(_;x) dx ) f ((l\g)(ux)) g
o T T V2 V2 V2
- +V2)(1-v2x +2)(1-vV2x
tanh™ (x) log (%) tanh™ (x) log _W Li; (1 + %(x)) Subst
- \2 ' 22 )
_ 2(1+v2)(1-V2x 2(1+v2)(1
tanh™ (x) log (%) tanh 1(x) log (—%) Li, (1 - %) Li, (1 + ( 1)+(x
) V2 . V2 A 22

Mathematica [C] time = 0.10, size = 272, normalized size = 3.09

. 2tanh71(L)—2 tanhfl(x) 2 tanh™ . 2
4Lip (e V2 + 4Li, ( t (x)) 4mlog(m) 810g( )tanh (x) —4log (1 X )

Warning: Unable to verify antiderivative.

[In] Integrate[ArcTanh([x]/(1 - Sqrt[2]*x),x]

[Out] (Pi"2 - 4*ArcTanh[1/Sqrt[2]]72 - (4*I)*Pi*ArcTanh[x] + 8*ArcTanh[1/Sqrt[2]]
xArcTanh[x] - 8*ArcTanh[x]~2 + 8*ArcTanh[1/Sqrt[2]]*Logl[l - E~(2*ArcTanh([1/
Sqrt[2]] - 2*%ArcTanh([x])] - 8*ArcTanh[x]*Log[l - E~(2%ArcTanh[1/Sqrt[2]] -
2xArcTanh([x])] + (4%I)*PixLog[l + E~(2*%ArcTanh([x])] + 8*ArcTanh[x]*Log[1l +
E~(2%ArcTanh([x])] - (4*I)*PixLog[2/Sqrt[1 - x~2]] - 8*ArcTanh[x]*Log[2/Sqrt

[1 - x72]] - 4*ArcTanh[x]*Log[l - x72] - 8%ArcTanh[x]*Log[(-I)*Sinh[ArcTanh
[1/Sqrt[2]] - ArcTanh[x]]] - 8%ArcTanh[1/Sqrt[2]]*Log[(-2*I)*Sinh[ArcTanh[1
/Sqrt[2]] - ArcTanh([x]]] + 8*ArcTanh[x]*Log[(-2*I)*Sinh[ArcTanh[1/Sqrt[2]]

- ArcTanh([x]]] + 4*PolyLog[2, E~(2*ArcTanh[1/Sqrt[2]] - 2*ArcTanh[x])] + 4%
PolyLog[2, -E~(2%ArcTanh[x])])/(8*Sqrt[2])
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fricas [F] time = 0.70, size = 0, normalized size = 0.00

(\/E X+ 1) artanh(x)
2x2 -1

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*27(1/2)),x, algorithm="fricas")
[Out] integral(-(sqrt(2)*x + 1)*arctanh(x)/(2*x"2 - 1), x)
giac [F] time = 0.00, size = 0, normalized size = 0.00

f artanh(x)
\/Ex 1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x*27(1/2)),x, algorithm="giac")
[Out] integrate(-arctanh(x)/(sqrt(2)*x - 1), x)

maple [A] time = 0.04, size = 127, normalized size = 1.44

_ln(x\/E —1)\/5 arctanh(x) V2 ln(x\/E _1)1 ( : x\/_) V2 ln(X\/_ ) ( 2+x\/_) V2 dllog(

2 - 4 4 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(arctanh(x)/(1-x*¥2"(1/2)),x)

[Out] -1/2*1n(x*2~(1/2)-1)*2"(1/2)*arctanh(x)-1/4*2"(1/2)*1n(x*2"(1/2)-1)*1n((27(
1/2)-x*x27(1/2)) /(27 (1/2)-1))+1/4x27 (1/2) *1n(x*x2~ (1/2)-1)*1n ((27(1/2) +x*2~ (1
/2))/(1+27(1/2)))-1/4%27(1/2) *dilog((27(1/2)-x*27(1/2)) /(27 (1/2)-1) ) +1/4%2~
(1/2)*dilog((27(1/2)+xx27(1/2))/(1+27(1/2)))

maxima [B] time = 0.42, size = 144, normalized size = 1.64

V21 -

i V2 (log (x+1) —log (x - 1)) log (\/Ex - 1)—% V2 artanh(x) log (\/Ex - 1)—}L V2 [log (x +1)log [— N

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(arctanh(x)/(1-x¥27(1/2)),x, algorithm="maxima"
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[Out] 1/4*sqrt(2)*(log(x + 1) - log(x - 1))*log(sqrt(2)*x - 1) - 1/2xsqrt(2)*arct
anh (x) *log(sqrt(2)*x - 1) - 1/4*sqrt(2)*(log(x + 1)*log(-(sqrt(2)*x + sqrt(
2))/(sqrt(2) + 1) + 1) + dilog((sqrt(2)*x + sqrt(2))/(sqrt(2) + 1))) + 1/4%

sqrt (2)*(log(x - 1)*log((sqrt(2)*x - sqrt(2))/(sqrt(2) - 1) + 1) + dilog(-(
sqrt(2)*x - sqrt(2))/(sqrt(2) - 1)))

time = 0.00, size = -1, normalized size = -0.01
f atanh(x) i
\/5 x-1

Verification of antiderivative is not currently implemented for this CAS.

mupad [F]

[In] int(-atanh(x)/(27(1/2)*x - 1),x)
[Out] -int(atanh(x)/(2°(1/2)*x - 1), x)

time = 0.00, size = 0, normalized size = 0.00
f atanh (x
\/5 X — 1

Verification of antiderivative is not currently implemented for this CAS.

sympy [F]

[In] integrate(atanh(x)/(1-x*2%x(1/2)),x)

[Out] -Integral(atanh(x)/(sqrt(2)*x - 1), x)
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3.23 f (d + ex)? (a +btanh™ (cxz)) dx

Optimal. Leaf size=182

(d + ex)* (a +btanh ™’ (cxz)) bd (cd2 -~ ez) tan™! (\/E x) bd (cd2 + ez) tanh ™ (\/E x) b (c2d4 + 6cd%e? + 64)
4e " c3/2 - 32 " 8c2e

[Out] 2*bxd*e~2*xx/c+1/4*b*e”3*x"2/c+b*xd* (cxd~2-e~2)*arctan(x*c”~(1/2))/c~(3/2)+1/4
* (exx+d) "4* (a+b*arctanh(c*x~2)) /e-b*d*(cxd"2+e”~2) *arctanh (x*c”~(1/2))/c~(3/2
)+1/8*b* (c™2xd"4+6*c*d"2xe”"2+e"4) *1n(-c*xx"2+1) /c"2/e-1/8*b* (c~2*xd"4-6*c*d "2
*e"2+e"4)*1n(c*x"2+1)/c”2/e

Rubi [A] time = 0.22, antiderivative size = 220, normalized size of antiderivative
= 1.21, number of steps used = 19, number of rules used = 10, integrand size = 18,

nuumber OLIWES _ 0,556, Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 321, 212, 275}

integrand size

a(d + ex)* 3bd%elog (1 —~ c2x4) bde? tan™! (\/E x) bde? tanh ™! (\/E x) be® tanh ™! (cxz)
e 4c - 32 - 32 B 4¢?

+Zbd2ex? tanh ™ (c
2

Antiderivative was successfully verified.
[In] Int[(d + e*x)~"3%(a + bxArcTanh[c*x"2]),x]

[Out] (2*b*d*e~2xx)/c + (b*e~3*x72)/(4*c) + (ax(d + exx)~4)/(4xe) + (b*d"3*ArcTan
[Sqrt[cl*x])/Sqrtlc] - (b*d*e~2xArcTan[Sqrt[cl*x])/c~(3/2) - (b*d~3*ArcTanh
[Sqrt[cl*x])/Sqrtlc] - (b*d*e”2*ArcTanh[Sqrt[c]*x])/c~(3/2) - (b*e~3*ArcTan
hlc*xx~2])/(4*%c™2) + b*d"3*x*ArcTanh[c*x"2] + (3*b*d~2*e*x”2*ArcTanh[c*xx~2])

/2 + b*xd*e”2*xx"3xArcTanh [c*x"2] + (b*e 3*x"4*xArcTanh[c*x"2])/4 + (3*bxd~2*e
*Log[1 - c™2%x74])/(4%*c)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtla, 2]*Rt[b, 2]1), x] /; FreeQl{a, b}, x] && PosQla/b] && (GtQla
, 01 |l GtQl[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 212

Int[((a_) + (b_.)*(x_)~4)~(-1), x_Symbol] :> With[{r = Numerator[Rt[-(a/Db),
2]], s = Denominator[Rt[-(a/b), 2]]1}, Dist[r/(2*a), Int[1/(r - s*x"2), x],
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x] + Dist[r/(2*xa), Int[1/(r + s*x"2), x], x1] /; FreeQ[{a, b}, x] && !GtQ
[a/b, 0]

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 275

Int[(x )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)x(a + bxx~(n/k))"p, x], x, X
“k], x] /; k !'= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)~"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 2]1}, Dist[s/(2xb), Int[1/(r + s*x"2), X
1, x] - Dist[s/(2%b), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] && !G
tQ[a/b, 0]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - Dx*x(c*x)"(m - n + Dx*(a + bxx™n)"(p + 1))/(bx(m + n¥p + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 6091

Int[ArcTanh[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”™2*x~(2*n)), x], x] /; FreeQ[{c, n}, xI]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*c*
n)/(dx(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 - c™2*x"(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]
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Rubi steps

f(d +ex)® (a +btanh (cxz)) dx = f(a(d +ex)® + b(d + ex)® tanh ™! (cxz)) dx

d 4 -
— m + bf(d +ex)3 tanh™! (sz) dx
4e
d 4 -
_ ad+ e +b f (d3 tanh™ (cxz) +3d2%ex tanh ™’ (cxz) + 3de?x? tanh™
4e
d 4 _
_ ad+exy + (bd3) f’camh_l (cxz) dx + (Bbdze) fxtanh ! (cxz) dx +
4e
d 4 -
_ ad+ex)” + bd®x tanh ™ (cxz) + §bclzexz tanh™! (cxz) + bde?x® tanh ™"
4e 2
2bde? d + ex)* 3
_codex a(d + ex) + bdBx tanh™! (cxz) + —bd%ex? tanh ™ (cxz) + bde?
c 4e 2

2bde?x b ad+ex)  bdtan”' (Yex) bd’tanh (vex)
T T T T \c - \c
2bde?x  bex®  a(d+ex)* bdtan”' (yex) bde?tan”!(yex)
= + + + - -
c 4c de Ve 32

+

Mathematica [A] time = 0.28, size = 254, normalized size = 1.40

% 2ex? (6acd2 + bez) N 8dx (ucdz + 2bez) + 8o 4 20k 4 8bd (cd2 - ezg/zan_l (\/E x) N 6bd?elog (1 -
c c c c

Antiderivative was successfully verified.

[In] Integratel[(d + e*x)”3x(a + b¥ArcTanh[c*x"2]),x]

[Out] ((8*d*(axc*d™2 + 2xb*e”2)*x)/c + (2ke*x(6*a*xc*d™2 + b*e”2)*x72)/c + 8xakxd*e”
2%x73 + 2%a*xe”3*x74 + (8xbxd*x(cxd~2 - e”2)*ArcTan[Sqrt[cl*x])/c~(3/2) + 2xb

*xxx (4%d”3 + 6%d"2%e*xx + 4*d*e”2%x72 + e”3%x"3)*ArcTanh[c*x"2] + (b*(4xc~(3/
2)*d"3 + 4xSqrt[cl*d*xe”2 + e73)*Logl[l - Sqrtlcl*x])/c™2 + (b*(-4xc™2*d"3 -
4xcxdxe”2 + Sqrtlcl*e”3)*Logll + Sqrtlcl*x])/c~(5/2) - (b*e~3*Logl[l + c*x~2
1)/c™2 + (6%bxd"2%exLog[1l - c™2*x~4])/c)/8

fricas [A] time = 0.95, size = 519, normalized size = 2.85

2ac?e®x* + 8ac’de’x® + 2 (6 ac’d?e + bces)x2 +8 (bcd3 —~ bdez)\/E arctan (\/E x) +4 (bcd3 + bdez)\/E log (g
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) " 3x(atb*arctanh(c*x”2)),x, algorithm="fricas")

[Out] [1/8%(2%axc™2%e”™3*x"4 + 8kaxc™2*d*e ™ 2*x™3 + 2% (6*a*xc™2xd"2%e + bxcxe”3)*x"2
+ 8% (b*c*d~3 - bxd*e~2)*sqrt(c)*arctan(sqrt(c)*x) + 4*(b*c*d™3 + bxd*xe~2)*
sqrt(c)*log((c*xx™2 - 2*sqrt(c)*x + 1)/(c*xx™2 - 1)) + 8*x(axc™2*d"3 + 2xb*cxd
*xe”2)*x + (6xb*xc*d"2xe - b*e”3)*log(cxx™2 + 1) + (6*b*cxd™2xe + b*xe~3)*log(
c*x72 - 1) + (b*c7™2%e”3*%x"4 + 4*bxc”2kd*e”2*xx"3 + 6*bkxcT2*d"2%e*xx"2 + 4*b*c
~2%d73*x) *log (- (c*xx™2 + 1)/(c*x™2 - 1)))/c”2, 1/8%(2*a*xc™2*e”3*x"4 + 8xa*xc™
2xd*xe”2%xx"3 + 2% (B*kaxc”2xd"2%e + bkxcxe”"3)*x"2 + 8*(b*c*d~3 + bxd*xe”2)*sqrt(
—-c)*arctan(sqrt(-c)*x) + 4x(b*c*d~3 - bxd*e~2)*sqrt(-c)*log((c*x"2 + 2%sqrt
(mc)*x - 1)/(c*x72 + 1)) + 8*(a*c”™2*d"3 + 2*bkckxdxe”2)*x + (6*b*c*d™2xe - b
*xe"3)*xlog(c*x™2 + 1) + (6%bxc*d"2%e + b*e”3)*log(c*x™2 - 1) + (b*c™2%e™3xx"
4 + 4xbkxcT2xd*e”2%x”3 + 6xbkcT2xd"2%e*x”2 + 4xb*cT2xd"3*x)*log(-(ckxx"2 + 1)
/(cxx™2 = 1)))/c™2]

giac[A] time = 66.41, size = 290, normalized size = 1.59

2 2
(bcd3 _ bdez) arctan (\/Ex) (bcd3 + bdez) arctan (%) bc2xte3 log (—%) + 4 bc?dx3e? log (—zzzj) + 6 b
- + +
E ez

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x~2)),x, algorithm="giac")

[Out] (b*c*d™3 - bxd*e”2)*arctan(sqrt(c)*x)/c~(3/2) + (b*cxd™3 + b*d*e~2)*arctan(
cxx/sqrt(-c))/(sqrt(-c)*c) + 1/8*(b*c 2+x"4*e~3*log(-(c*x"2 + 1)/(c*x"2 - 1

)) + 4xb*xc”2xd*x"3%e"2xlog(-(c*x"2 + 1)/(c*x™2 - 1)) + 6xb*c™2xd"2*xx"2%ex1o
g(-=(c*xx™2 + 1)/(c*x™2 = 1)) + 2%a*xc™2*x"4%e”3 + 8kaxc ™ 2xd*x"3*e”2 + 12%axc”
2%d"2xx"2%e + 4xbxc”2*d"3*xxxlog(-(c*xx"2 + 1)/(c*xx™2 - 1)) + 8*a*xc™2xd"3*x +
6xbxcxd"2*exlog(c™2*x™4 - 1) + 2%bkc*x™2%e”3 + 16%bkckd*x*e”2 - bxe”3*log(
cxx"2 + 1) + b¥xe"3*xlog(c*x™2 - 1))/c”2

maple [A] time = 0.04, size = 306, normalized size = 1.68

3be arctanh (c xz) x2d?
2

4.3 ) 4 3 2\ .4

axte 3a d%e x ad* be’arctanh (cxc)x

+ad 23+ —+ax P+ 1 + 1 ( ) +be? arctanh (cxz) x3d+
e

+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 3*(atb*arctanh(c*x~2)),x)

[Out] 1/4xa*xx~4*xe~3+a*xdxe”2%xx”3+3/2%a*xd”2%e*xx " 2+a*x*xd~3+1/4*%a/exd~4+1/4*bxe”3%arc
tanh (c*x"2) *x"4+bxe”~2*xarctanh (c*xx~2) *x~3*%d+3/2*b*xe*xarctanh (c*xx~2) *x~2*d~2+b
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*arctanh (c*x~2) *x*d~3+1/4%b/e*arctanh (c*x”~2) *d~4+1/4*b*e”3*x"2/c+2*xbxd*e~ 2%
x/c-1/8*b/ex1n(c*x"2+1) *d"4+3/4*bxe/cx1n(c*x"2+1) *d"2-1/8*b*e~3/c"2*1n (c*x"
2+1)+b/c”(1/2) *arctan(x*xc~(1/2) ) *d"3-b*e”2/c~(3/2) *arctan (x*c~(1/2) ) *d+1/8%
b/e*x1ln(cxx~2-1) *d~4+3/4*xb*e/c*1ln(cxx~2-1) *d~2+1/8*b*e~3/c"2*x1n(c*x"2-1)-b/c
~(1/2) *arctanh(x*c”~(1/2))*d~3-b*e"2/c”(3/2) *arctanh (x*c~(1/2))*d

maxima [A] time = 0.42, size = 240, normalized size = 1.32

—Ve
1| | 2 arctan (\/Ex) s log(zﬂ/;)
3

1 3

= aedxt+ade? x>+ = ad®ex®+= | -

4 2 2 > =
c2 c2

+ 2 xartanh (cxz) bd? +% 2 x3 artanh (cxz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) ~3*(atb*arctanh(c*x~2)),x, algorithm="maxima"

[Out] 1/4*a*xe”3%x"4 + axdxe”2*x”3 + 3/2*a*xd 2xe*xx”2 + 1/2x(cx(2*arctan(sqrt(c)*x)
/c”(3/2) + log((c*x - sqrt(c))/(c*x + sqrt(c)))/c~(3/2)) + 2*x*arctanh(c*x”
2))*bxd~3 + 1/2%(2*x"3*arctanh(c*x~2) + c*(4*x/c”2 - 2*arctan(sqrt(c)*x)/c”

(6/2) + log((c*xx - sqrt(c))/(cxx + sqrt(c)))/c~(5/2)))*bxd*e”2 + 1/8%(2*x"4
xarctanh(cxx™2) + c*(2%x72/c”2 - log(c*x™2 + 1)/c”3 + log(c*x™2 - 1)/c73))*
bxe”3 + axd"3xx + 3/4*x(2kcxx"2*arctanh(c*x”2) + log(-c”™2*x~4 + 1))*bxd~2xe/

c

mupad [B] time = 2.04, size = 823, normalized size = 4.52

) bd®x 3bd%ex? bde*x® belxt ) bd®x 3bd%ex? bde*x® bedxt
ln(cx +1) + + + —ln(l—cx) + + + :
2 4 2 8 2 4 2 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))*(d + e*x)~3,x)

[Out] log(c*x™2 + 1)*x((b*e"3*x74)/8 + (bxd"3*x)/2 + (3*b*d"2*xexx"2)/4 + (b*xd*e 2%
x73)/2) - log(l - c*xx"2)*((b*e”3*x74)/8 + (b*d"3*x)/2 + (3*b*d"2%e*xx"2)/4 +
(bxd*e~2%x73)/2) + (a*e”3*x74)/4 - (log(8*c™5*%d™6 - c™2%e”6 - 4xd*e”5x(-c”
5)7(1/2) + e76*xx(-c75)7(1/2) + 8*%c™3xd"2xe”4 + 4*c~4*xd"3xe”3*x - 4xc”3*dxe
“Ekx + 4kcxd"3%e73*%(-c75) 7 (1/2) - 8*cT3*d"6*xx*(-c”5) 7 (1/2) - 8xckxd"2xe 4xx*
(=¢c75)7(1/2) ) *(bxc™2xe”3 - 4*b*cxd~3x(-c~5)~(1/2) + 4xb*dxe”2*(-c~5)~(1/2)
- 6*bxc”3%d"2%e))/(8xc”4) - (log(8*c™5*d"6 - c 2*e”6 + 4*xd*e~5x(-c”5)~(1/2)
- e76xx*x(-c”5) " (1/2) + 8*c”3*d"2%e"4 + 4AxcT4*xd"3*%e"3*x - 4*c"3xd*e”b*xx - 4
*xc*d"3%e”3x(-c75) 7 (1/2) + 8*c”3*d"6*x*(-c"5)7(1/2) + 8*cxd"2xe 4*xx*(-c~5) " (
1/2) ) *(bxc~2%e”3 + 4xb*xcxd~3*(-c”5)7(1/2) - 4xbxd*e”2*(-c”5)7(1/2) - 6%b*xc”
3xd"2%e))/(8*%c~4) + (x*(2*%axc”™2xd"3 + 4*bxcxd*e”2))/(2xc”2) + (log(64*c~2x*d
~12x(c75) 7 (7/2) + 128+%d"8xe"4*x(c”5) " (7/2) - 64*c”20*%d"12*x - c~14*e”12*x +
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cxe”12x(c75) " (5/2) - 32*%c”16*d"4*xe"8*x — 128%c”18%d"8*e"4xx + 32%xc 3xd"4xe”
8*%(c”5) 7 (5/2))*x(bxc™2%e"3 + 4*xbkxckxd"3*x(c”5)"(1/2) + 4xb*xd*e”2x(c”5)"(1/2) +
6xbxc~3*xd"2%e)) /(8*c~4) + (log(8*c~10%d™6 + c~7*e”6 + 8xc~8*xd"2*xe"4 - 4*dx*
e”5x(c75)7(3/2) + e76*x*x(c”5)7(3/2) - 4xc”9*d"3*e"3*x — 4*xc*d"3*e”3*(c”5) " (
3/2) + 8*%c”3xd"6xx*x(c”5)7(3/2) - 4*xc”8xd*xe"bxx + 8*c*xd"2*e 4x*xx*(c”5)7(3/2))
*(b*xc™2%e”3 - 4xbxcxd"3*%(c”5) " (1/2) - 4*xbxd*xe”2x(c”5)7(1/2) + 6*b*c~3*xd"2*e
))/(8%c™4) + (x"2%(bkc*xe™3 + Bkxaxc™2xd"2%e))/(4*%c™2) + axd*xe”2%x"3

sympy [A] time = 18.88, size = 622, normalized size = 3.42

NI
NI

3(1 .1 . 3(1 (1 3 [ A
)3 ! bed (E) log (x+z\/;) ibcd (Z) log (x+z\/;) 5 , bd \/E log (x—z\/;
+ ade*x”® + YR 1 - 1 + bd xa’canh(cx)——2

3ad2ex?
ad®x + —/——

3d2ex2 e3xt
a (d3x +——+ de?x® + -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**3*(atb*atanh(cxx**2)) ,x)

[Out] Piecewise((axd**3%x + 3kakxd*k*2xexx**2/2 + akxdke*xx2xx**3 + akxe*xx3xxx*4/4 + b
xcxd**3%(1/c)**(3/2)*Log(x + I*xsqrt(1/c))/4 - Ixbxckd**3*(1/c)*x(3/2)*log(x
+ Ixsqrt(1/c))/4 + bxd**3*xxatanh(ckx*x*2) - bkxd*x*3*sqrt(1/c)*log(x - Ix*sqr
t(1/c))/2 - I*bxd*x3*sqrt(1/c)*log(x - I*sqrt(1/c))/2 - 3*b*xd**3*xsqrt(1/c)*
log(x + Ixsqrt(1/c))/4 + 3*Ixbxd*x*3*sqrt(1l/c)*log(x + I*sqrt(l/c))/4 + bxdx
*3xsqrt (1/c)*log(x - sqrt(1l/c)) + bxdx*3xsqrt(l/c)*atanh(ckx**2) + 3kbkxdx*2
kexxkk2katanh (ckx**2) /2 + bkdkex*2kx*k*3*atanh (ckx**2) + bkex*3*x*+*4*atanh(c
*xx*%2) /4 + 3*bxd**x2%exlog(x - I*xsqrt(1/c))/(2%c) + 3*bxd*x2*exlog(x + I*sqr
t(1/c))/(2%c) - 3*bkd**2%exatanh(ckx**2)/(2%c) + 2xbxdxex*2*x/c — bkxdke*x*2%
sqrt(1/c)*log(x - I*sqrt(1/c))/(2xc) + Ixb*xd*xex*2xsqrt(l/c)*log(x - I*sqrt(
1/c))/(2%c) - bxd*ex*2xsqrt(l/c)xlog(x + Ixsqrt(l/c))/(2xc) - Ixbxd*ex*2xsq
rt(1/c)*log(x + I*sqrt(1/c))/(2%c) + bxdxex*2xsqrt(1l/c)*log(x - sqrt(l/c))/
c + bxdkex*2xsqrt(1l/c)*atanh(cxx**2)/c + b¥xe*x*3*xxx*x2/(4*c) - bxe*x*3*atanh(c
*xx%2) / (dxcxx2) , Ne(c, 0)), (ax(d*x3xx + 3kd**kexx**2/2 + dkex*kx**x3 + ex
*3xx*xx4/4) , True))
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3.24 f (d + ex)? (a +btanh™ (cxz)) dx

Optimal. Leaf size=158

(d + ex)® (a +btanh™ (cxz)) b (3cd2 — ez) tan™! (\/E x) b (3cd2 + ez) tanh ™" (\/E x) bd (cd2 + 362) log (1 -
3e i 3372 - 3c3/2 " 6ce

[Out] 2/3*b*e”2*x/c+1/3*b*(3*cxd"2-e"2)*arctan(x*xc”(1/2))/c”(3/2)+1/3* (exx+d) ~3*(
atb*arctanh(c*x~2))/e-1/3%b* (3*c*d~2+e”2) *xarctanh (x*c~(1/2))/c”~(3/2)+1/6%bx*
dx (cxd"2+3*%e"2) *1n(-c*xx"2+1) /c/e-1/6*xb*d* (cxd"2-3*%e~2) *1n(c*x"2+1)/c/e

Rubi [A] time = 0.21, antiderivative size = 158, normalized size of antiderivative
= 1.00, number of steps used = 12, number of rules used = 10, integrand size = 18,

pumber of rwles _ ) 556, Rules used = {6273, 12, 1831, 1248, 633, 31, 1280, 1167, 205, 208}

integrand size

-1 _ -1
(d+ex)® (a+btanh™ (cx?)) +b (3cd? - ¢?) tan! (Y x) b (3cd? + &) tanh™" (e x) +bd (cd? + 3¢2) log (1 -
3e 3c3/2 3c3/2 6ce

Antiderivative was successfully verified.
[In] Int[(d + exx)~2%(a + bxArcTanh[c*x~2]),x]

[Out] (2*xbxe~2xx)/(3*c) + (b*(3*xc*d™2 - e"2)*ArcTan[Sqrt[cl*x])/(3*c~(3/2)) - (b*
(3%c*d™2 + e72)*ArcTanh[Sqrt[cl*x])/(3*xc™(3/2)) + ((d + e*x)”3*(a + b*ArcTa
nh[c*x72]))/(3*e) + (bxd*(c*d~2 + 3xe~2)*Logl[l - c*x72])/(6*cxe) - (b*xd*(c*

d™2 - 3*e"2)*Logl[l + cxx~2])/(6*cx*e)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b )*(v_) /; FreeQ[b, x]]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 205
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[a/b, 2]*ArcTan[x/Rt[a

/b, 211)/a, x] /; FreeQ[{a, b}, x] && PosQ[a/b]

Rule 208
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 211)/a, x] /; FreeQ[{a, b}, x] && NegQ[a/b]

Rule 633

Int[((d_) + (e_.)*x(x_))/((a_) + (c_.)*(x_)"2), x_Symbol] :> With[{q = Rt[-(
axc), 2]}, Distl[e/2 + (cxd)/(2xq), Int[1/(-q + c*x), x], x] + Dist[e/2 - (c
xd)/(2xq), Int[1/(q + c*x), x], x]] /; FreeQ[{a, c, d, e}, x] && NiceSqrtQl[
-(axc)]

Rule 1167

Int[((d_) + (e_.)*x(x_)"2)/((a_) + (c_.)*x(x_)"4), x_Symbol] :> With[{q = Rt[
-(axc), 21}, Distl[e/2 + (c*xd)/(2%q), Int[1/(-q + c*x72), x], x] + Dist[e/2
- (c*xd)/(2%q), Int[1/(q + c*xx72), x], x]1] /; FreeQ[{a, c, d, e}, x] && NeQ[
cxd™2 - a*xe”2, 0] && PosQ[-(a*c)]

Rule 1248

Int[(x_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol]
:> Dist[1/2, Subst[Int[(d + exx) gx(a + c*xx"2)7p, x], x, x"2], x] /; FreeQ
[{a, ¢, d, e, p, g}, x]

Rule 1280

Int [((£_D*(x_)) " (m_.)*((d_) + (e_.)*(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_
Symbol] :> Simp[(exf*x(f*x)~(m - D)x(a + c*xx™4) " (p + 1))/(cx(m + 4*p + 3)),
x] - Dist[f72/(cx(m + 4xp + 3)), Int[(f*x)"(m - 2)*(a + c*x74) p*x(a*xex(m -
1) - c¥dx(m + 4xp + 3)*x"2), x], x] /; FreeQ[{a, c, d, e, f, p}, x] && GtQ[
m, 1] && NeQ[m + 4*p + 3, 0] && IntegerQ[2*p] && (IntegerQlp] || IntegerQ[m
D

Rule 1831

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)~(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]13}, Intl[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 6273

Int[((a_.) + ArcTanh[u_]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +
1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 - u™2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]
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&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m
1, x11]

Rubi steps
3 -1 2 b 2cx(d+ex)®
f (d + ex)? (a +btanh™} (cxz)) dx = @ +ex) (a +3betanh (cx )) f 13662 x4
_@d+exy (a+btanh™ (cxz)) (2be) [ 1d+§x4
B 3e 3e

ob x(d3+3dezx2) (3dze+e X )
(d+ 6X)3 (ll + btanh (sz)) (2be) f 1-c2x4 + 1-c2x4 X

3e 3¢
@+ ex)? (a +btanh™! (cxz)) (2bc) f dTSZiXZ) dx  (2bo) [ %
) 3e 3e - 3e
_ 2be’x . (d +ex)® (a+ btanh™ (cxz)) 2b) [ * fifjx dx (bc) Sub
3¢ 3e 3ce
_2be?x  (d+ex)*(a+btanh (e?)) (bed (cd? - 3¢2)) Subst ( =
T 3e " 6e
2be2x b (3Cd2 - ez) tan~! (\/E x) b (?;cd2 + ez) tanh™ (\/E x) (d +
= —+ — +
3c 3¢3/2 30312

Mathematica [A] time = 0.17, size = 170, normalized size = 1.08

b (3cd2 + ez) log (1 - \/Ex) b (3cr:l2 + ez) log (\/Ex + 1) 2b (30012 - ez) tan”
32 B 312 + 32

— | 6ad?x + 6adex? + 2ae*x3 +

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2*(a + b*ArcTanh[c*x"2]),x]

[Out] (6%axd™2*x + (4xbxe”2%x)/c + Gkaxd*e*xx”2 + 2%a*xe”2*%x"3 + (2%b*(3*xc*d”™2 - e~
2)*ArcTan[Sqrt[c]*x])/c™(3/2) + 2*%bxx*(3*d"2 + 3*kd*exx + e~2*xx~2)*ArcTanh[c

*x72] + (bx(3%c*d™2 + e”2)*Logl[l - Sqrtlcl*x])/c™(3/2) - (b*(3*%c*xd™2 + e72)
*Log[1 + Sqrtlcl*x])/c”(3/2) + (3*bxd*xexLogl[l - c~2%x~4])/c)/6
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fricas [A] time = 0.68, size = 401, normalized size = 2.54

2 ac?e®x® + 6 ac’dex? + 3 bedelog (cx2 + 1) + 3 bcdelog (cx2 - 1) +2 (3 bed? - bez)\/E arctan (\/E x) + (3 bed?

6 c2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*(at+b*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/6%(2xaxc™2%e”2%x~3 + 6Gkaxc™2*d*e*xx™2 + 3*bkckdxexlog(c*x™2 + 1) + 3*bkcx
dxexlog(c*x™2 - 1) + 2%(3xb*xc*d™2 - bxe”2)*sqrt(c)*arctan(sqrt(c)*x) + (3*b
xc*xd”2 + bxe”2)*sqrt(c)*log((cxx™2 - 2*xsqrt(c)*x + 1)/(c*x™2 - 1)) + 2%(3*a
*xCT2%d”2 + 2xbxc*e”2)*x + (b*cT2%e”2%x”3 + 3xb*cT2kd*exx”2 + 3xbxcT2%d"2%x)
xlog(—(c*x™2 + 1)/(c*xx™2 - 1)))/c”2, 1/6%x(2%a*c™2%e”2%x"3 + 6*axc”2xd*e*xx~2

+ 3xbkxcxd*exlog(cxx™2 + 1) + 3xbkckxd*exlog(cxx™2 - 1) + 2x(3xb*cxd™2 + bx*e
~2)*sqrt(-c)*arctan(sqrt(-c)*x) + (3*b*cxd™2 - b*e”~2)*sqrt(-c)*log((cxx~2 +
2xsqrt(—c)*x - 1)/(c*xx™2 + 1)) + 2% (3xa*xc™2*d"2 + 2*b*xcxe”2)*x + (bxc 2%e”
2%x73 + 3%b*xc”2%d¥e*x”2 + 3xb*xc”2+d"2*x)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/c2

]

giac [A] time = 1.04, size = 194, normalized size = 1.23

241

2 cx
) + 3 bedx“elog (—sz_l

241
1

(3 bed? — bez) arctan (\/E x) (3 bed? + bez) arctan (%) bexde? log (— Ziz_ ) + 2 acxt
+ +

303 3+/-cc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2x(atb*arctanh(c*x~2)),x, algorithm="giac")

[Out] 1/3%(3*bxc*d”2 - bxe~2)*arctan(sqrt(c)*x)/c”(3/2) + 1/3*(3xb*c*xd”2 + b*e”2)
xarctan(c*x/sqrt(-c))/(sqrt(-c)*c) + 1/6x(bxc*x~3*xe"2xlog(-(c*x~2 + 1)/(c*x

T2 - 1)) + 3*bkxckd*x"2*exlog(-(c*x”2 + 1)/(c*x™2 - 1)) + 2kaxc*x~3%e”2 + 6%
axckd*x"2%e + 3xbxckxd"2*xx*xlog(-(c*x™2 + 1)/(c*x™2 - 1)) + 6xa*xc*d™2*xx + 3%*Db
xd*xexlog(c™2%x™4 - 1) + 4xbxx*e”2)/c

maple [A] time = 0.03, size = 223, normalized size = 1.41

barctanh (c xz)
3e

3,2 3 be?arctanh 2) 43
ax’e ad e” arcta cX°)x
+ade x> +ax d*+ 3 + 3 ( ) +be arctanh (c xz) x2d+b arctanh (c xz) xd?+
e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d) 2% (at+b*arctanh(c*x~2)),x)
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[Out] 1/3*a*x~3xe”2+a*d*exx~2+a*xx*d~2+1/3*a/e*d”~3+1/3*bxe”2*arctanh (c*x~2) *x~3+bx*
exarctanh (c*x”2) *x~2*d+b*arctanh (c*x~2) *x*d~2+1/3*b/e*arctanh (c*xx~2) *d~3+2/
3xbxe”2xx/c-1/6%b/ex1n(c*x~2+1) *d~3+1/2*b*e/c*1n(c*x~2+1) *d+b/c~(1/2) *arcta
n(x*c”™(1/2))*d"2-1/3*b*xe”2/c~(3/2)*arctan(x*c~(1/2))+1/6*b/ex1ln(c*xx~2-1)*d"
3+1/2*b*e/cx1n(c*xx~2-1)*d-b/c” (1/2) *arctanh(x*xc~(1/2))*d"2-1/3*b*e”2/c~(3/2
)*arctanh (x*c~(1/2))

maxima [A] time = 0.41, size = 171, normalized size = 1.08

cx—+/c
1 1| | 2 arctan (cx log (—) 1 4y
3 aezx3+adex2+5 c 3 (\/_ ) + C;CJM/E + 2 x artanh (cxz) bd2+g 2 x3 artanh (cxz) +cC =
c2 o2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(atb*arctanh(c*x72)),x, algorithm="maxima"

[Out] 1/3%a*xe”2%x"3 + axd*e*x”2 + 1/2*(cx(2xarctan(sqrt(c)*x)/c”(3/2) + log((c*x
- sqrt(c))/(cxx + sqrt(c)))/c”(3/2)) + 2xx*arctanh(c*x”2))*bxd~2 + 1/6%(2xx
“3*arctanh(c*x72) + c*x(4*xx/c”2 - 2*xarctan(sqrt(c)*x)/c”(5/2) + log((c*x - s
qrt(c))/(c*xx + sqrt(c)))/c”(5/2)))*b*e”2 + axd™2*x + 1/2%(2*%cxx"2*arctanh(c
*x"2) + log(-c™2%x74 + 1))x*bxdxe/c

mupad [B] time = 1.39, size = 309, normalized size = 1.96
x (3ac2d2 + 2bce2) qe

bd>x bdex®* be?xd o (bd?x  bdex? be*xd
+ + —ln(l—cx ) + + + +—
2 2 6 2 2 6 3¢? \

m@%+n(

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))*(d + e*x)~2,x)

[Out] log(c*x™2 + 1)*x((b*e™2xx73)/6 + (bxd~2*x)/2 + (b*d*exx~2)/2) - log(l - c*x~
2)*x((b*e™2%x73) /6 + (b*d"2xx)/2 + (b*xdxe*xx~2)/2) + (x*(3*a*c™2xd~2 + 2*b*cx
e”2))/(3xc”2) + (axe”2*x73)/3 - (log(c + x*(c™3)7(1/2))*(bxe"2%(c"3)~(1/2)

+ 3%bkxcxd"2x(c73) " (1/2) - 3xb*c”2xd*e))/(6%c”3) + (log(c - x*(c”3)7(1/2))*(
bxe”™2x(c73) 7 (1/2) + 3xb*cxd"2*x(c~3)7(1/2) + 3xb*c~2xd*e))/(6*c”3) + (log(c

+ x*%(-c73)7(1/2) ) *(b*e”2x(-c~3) " (1/2) + 3xb*c™2xd*e - 3*xb*xcxd~2*(-c~3)~(1/2
)))/(6xc™3) + (log(c - x*(-c”3)7(1/2))*(3xbxc~2*d*e - b*e ™ 2%(-c~3)"(1/2) +
3xbxckd™2%(-c73)7(1/2)))/(6%c™3) + axdxexx"2

sympy [A] time = 15.81, size = 2907, normalized size = 18.40

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)**2*(atb*atanh(cxx**2)) ,x)

[Out] Piecewise((12*akxcx*2kxd**2*xx*xsqrt(1/c)/(—12xc*x*3x(1/c)**(3/2) - 12%xIxc**3*(1
/C)**(3/2) + 24xcx*2xsqrt(1/c) + 24xTxc*x2xsqrt(1/c)) + 12kIkaxckx*2xd**2xx*
sqrt(1/c)/ (=12xc*x3% (1/c) **(3/2) - 12xI*cx*3%x(1/c)**(3/2) + 24*cx*2xsqrt(1/
c) + 24xIxc*k*2*xsqrt(1/c)) + 12xaxck*2kd*e*xxx*kx2xsqrt(1/c)/(—12xcx*3*(1/c) **(
3/2) = 12*Ixc*x3*(1/c)**(3/2) + 24xc**2*xsqrt(1/c) + 24xI*cx*2xsqrt(l/c)) +
12xIxaxc*x*2xd*xe*xx**x2*xsqrt (1/c) / (=12*c**3* (1/c)** (3/2) - 12+I*c*k*x3*(1/c)**(3
/2) + 24xcx*2xsqrt(1/c) + 24*xIxc*x*x2*xsqrt(1/c)) + 4dxakxcr*2xexx2*xx**3xsqrt(1/
c)/ (—12%c*x*3*(1/c) **(3/2) — 12xI*c**3%(1/c)**(3/2) + 24*c*x*2xsqrt(l/c) + 24
xIxcx*k2xsqrt(1/c)) + 4dxIkaxck*2kexx2xx*x*3*xsqrt(1/c)/(-12%c**3*%(1/c)**(3/2)
= 12xI*c**3%(1/c)**(3/2) + 24*cx*2xsqrt(l/c) + 24*Ixc**x2*sqrt(1l/c)) + 6xIxb
xcxk3xdxk2xLog(x — Ixsqrt(1l/c))/(—12*ck*x5*x(1/c)**(3/2) — 12%I*xck*x5*x(1/c)**(
3/2) + 24*cxkxdxsqrt(l/c) + 24*xIxckx4d*xsqrt(1/c)) - 6xI*bxck*x3*xd*x*2xlog(x - s
qrt(1/c))/ (=12%ck*x5*x (1/c)*x* (3/2) - 12+I*ck*x5*x(1/c)**(3/2) + 24xc**x4dxsqrt(1/
c) + 24xIxck*4d*xsqrt(1/c)) + 12xbxck*2kd*x*2xx*sqrt (1/c)*atanh (c*xx**2)/(-12%c
k3% (1/c)*x(3/2) — 12%xIxc*k*3*%(1/c)**(3/2) + 24xc*x*2xsqrt(1l/c) + 24xIkcx*2xs
qrt(1/c)) + 12xIxbkxcx*2*dx*2*xxsqrt(1/c)*atanh (c*xx**2) / (~12%c**3* (1/c) *x*(3/
2) - 12xI*cx*3%x(1/c)**(3/2) + 24*cx*2xsqrt(1l/c) + 24*Ixc*x2*sqrt(1/c)) - 18
*xIxbkcx*x2xd**x2xLog(x — Ixsqrt(1/c))/(—12xcx*x4x(1/c)**(3/2) - 12xIxc**4*x(1/c
)*%(3/2) + 24xc*kx3*xsqrt(1/c) + 24xI*cx*3xsqrt(l/c)) + 18*xI*bxc*x*x2*d**2xL1og/(
x - sqrt(1/c))/ (-12%c*x*x4*(1/c)**(3/2) - 12xIxck*4*x(1/c)**(3/2) + 24*c**3%sq
rt(1/c) + 24xIkxcx*3*xsqrt(1/c)) + 12xIxbkck*x2*kd*x*2*atanh (c*xx**2)/(—12kcx*k4x*(
1/c)**%(3/2) - 12*%Ixckx*x4x(1/c)**(3/2) + 24*xc**x3*xsqrt(1/c) + 24xI*xcx*x3*sqrt(l
/c)) + 12xbxck*2xd*xexx*x*2%sqrt (1/c)*atanh (cxx**2)/(-12*%c**x3*%(1/c)**(3/2) -
12xT*cx*3% (1/c)**(3/2) + 24*cx*k2xsqrt(1l/c) + 24*xIxc**x2*sqrt(1/c)) + 12%Ixbx
ck*2kdxe*xx**2xsqrt (1/c)*atanh (ckx**2) / (—12%ck*3% (1/c)**(3/2) - 12*I*xc*x*3*(1
/c)**(3/2) + 24xcx*k2xsqrt(1l/c) + 24xIxc**x2xsqrt(1/c)) - 3xbxckx2xd*ex(1/c)*
*x(3/2)*log(x - Ixsqrt(1/c))/(—12xcx*3%(1/c)**(3/2) - 12+I*c**3%(1/c)**(3/2)
+ 24xc*kx2*xsqrt(1/c) + 24xTkckx*2xsqrt(1/c)) — 3*Ixbxck*2kdxex*(1/c)**(3/2)*1
og(x - Iksqrt(1/c))/(-12xc**3%(1/c)**(3/2) - 12xI*cx*3%x(1/c)**(3/2) + 24*cx*
*x2*xsqrt (1/c) + 24xIxcx*2xsqrt(l/c)) - 12xbkcx*2xd*ex(1/c)**(3/2)*log(x + Ix*
sqrt(1/c))/ (=12%c**3x(1/c) **(3/2) - 12*%Ixc*x3*(1/c)**(3/2) + 24xc**2*sqrt (1
/c) + 24xIxc*x2*sqrt(1/c)) - 12xIxbkcx*2xd*e*x(1/c)**(3/2)*1log(x + I*xsqrt(l/
c))/ (m12*xc**3% (1/c) *#* (3/2) - 12%I*c**3*%(1/c)**(3/2) + 24*c**2xsqrt(l/c) + 2
4xTkcxk2xsqrt(1/c)) + 4xbxckxx2kex*k2xx*x3*sqrt (1/c)*atanh (cxx**2) / (-12%c*x*3*
(1/c)*%(3/2) - 12xI*ck*3%(1/c)**(3/2) + 24*cx*2xsqrt(l/c) + 24*Ikc*x*2*sqrt(
1/c)) + 4xIxbkcx*k2xe*x*2xxx*3xsqrt (1/c)*atanh (ckxx**2) / (—12*c**3x(1/c)**(3/2)
= 12*Ikcx*3%(1/c)**(3/2) + 24*c**2*sqrt(1/c) + 24*I*xckx*x2*sqrt(l/c)) - 2*Ix
bxck*k2xex*k2x1og(x - sqrt(1l/c))/(-12%c**xb*x(1/c)**(3/2) - 12%I*c**b5*x(1/c)**(3
/2) + 24xcxxd*xsqrt(1l/c) + 24xIxcx*xd*xsqrt(l/c)) - 124bxckxd**2xlog(x + I*xsqrt
(1/c))/ (~12%c*x*3x(1/c) *x(3/2) — 12%Ixc**3*%(1/c)**(3/2) + 24xc*x*2*xsqrt(1/c)
+ 24xT*xcx*2xsqrt(1/c)) + 12xbkcxd*x2*log(x - sqrt(l/c))/(-12%c**3*%(1/c)**(3
/2) = 12%Ixc*x*3x(1/c)*x(3/2) + 24*xcx*2xsqrt(1l/c) + 24*xIkcx*2xsqrt(l/c)) + 1
2xbxckdx*k2xatanh (ckxx*2) / (—12%ck*3% (1/c)**(3/2) - 12%Ikc**3*(1/c)**(3/2) +
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24*cx*2xsqrt(1/c) + 24*Ixc*x*2xsqrt(1l/c)) + 15*bxckxd*xexsqrt(l/c)*log(x - Ixs
qrt(1/c))/ (=12%cx*3* (1/c)** (3/2) - 12+ I*c*k*3*(1/c)**(3/2) + 24xc**2xsqrt(1/
c) + 24xIxcx*2%sqrt(1/c)) + 15xIxbxcxdxexsqrt(l/c)*log(x - I*xsqrt(1/c))/(-1
2xc*xx3% (1/c)*%(3/2) — 12xI*c*k*3%(1/c)**(3/2) + 24*cx*2xsqrt(l/c) + 24*Ikcxx*
2xsqrt(1/c)) + 24xbxckxdxe*xsqrt(1/c)*log(x + I*sqrt(1/c))/(—12%cx*3*(1/c)**(
3/2) = 12%Ixc*x3*(1/c)**(3/2) + 24xc**2*xsqrt(1/c) + 24xI*cx*2xsqrt(l/c)) +
24xI*b*xckxdxexsqrt (1/c)*log(x + Ixsqrt(1/c))/(-12xcx*3*%(1/c)**(3/2) - 12*I*c
*xk3%(1/c)*x(3/2) + 24*xcx*2xsqrt(1l/c) + 24*xIxc*k*2*xsqrt(1/c)) - 12xbxckdxe*sq
rt(1/c)*atanh (cxx**2) / (-12%cx*3x(1/c)**(3/2) - 12%Ixc**3*%(1/c)**(3/2) + 24x%
ck*2*xsqrt (1/c) + 24xI*cx*2xsqrt(l/c)) - 12xIxbxckd*xexsqrt(1l/c)*atanh (ckx**2
)/ (=12xc*x3% (1/c)**(3/2) - 12xI*c**3x(1/c)**(3/2) + 24*cx*2xsqrt(l/c) + 24%
Ixc*kx2%sqrt(1/c)) + 8xbkckex*2kx*xsqrt(1l/c)/(-12xcx*3%(1/c)**(3/2) - 12*I*cx*
*3%(1/c)**(3/2) + 24xc*x2*sqrt(1/c) + 24xIkcx*2xsqrt(1/c)) + 8*Ixbkxckex*k2xx
xsqrt (1/c)/ (m12%cx*3x (1/c) **(3/2) — 12*%Ixc*x3*(1/c)**(3/2) + 24xc**2*sqrt (1
/c) + 24xIxc*x2*sqrt(1/c)) - 4xIxbkxckxex*2xlog(x + I*sqrt(1/c))/(-12xc**x4x*(1
/C)**%(3/2) — 12%Ixc*x4*x(1/c)**(3/2) + 24xc**3*sqrt(1/c) + 24xI*cx*3xsqrt(l/
c)) + 6xIxbxckex*2*log(x - sqrt(1/c))/(-12kxcx*x4*x(1/c)**(3/2) - 12*I*kcx*4x*(1
/c)**(3/2) + 24xcx*3xsqrt(1l/c) + 24xIxc**3xsqrt(1/c)) + 4xIxbxckex*2*atanh(
cxx*%2) / (—12xcx*xdx (1/c) *x(3/2) - 12xIxcx*4x(1/c)*x(3/2) + 24*xcx*3*xsqrt(1l/c)
+ 24xT*cx*3xsqrt(1/c)) - 4xbkxex*2xlog(x - I*sqrt(1/c))/(-12*cx*3x(1/c)**(3
/2) — 12%Ixc**3%(1/c)**(3/2) + 24xc*k*2xsqrt(1/c) + 24xIkcx*x2xsqrt(l/c)) + 4
xbxex*2xlog(x - sqrt(1/c))/(-12%c*x*3%(1/c)**(3/2) - 12xIxc**3*%(1/c)**(3/2)
+ 24xckx2*%sqrt(1/c) + 24xI*cx*2xsqrt(l/c)) + 4xbxexx2*atanh (cxx**2)/(-12%c*
*3%(1/c)**(3/2) - 12xIxc**x3%x(1/c)**(3/2) + 24xcx*2xsqrt(1/c) + 24xIxc**2xsq
rt(1/c)), Ne(c, 0)), (a*x(d**2*xx + d¥xexx**2 + e*xx2xx*x3/3), True))
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3.25 f (d + ex) (cz +btanh™ (cxz)) dx

Optimal. Leaf size=117

(d + ex)? (a +btanh™ (cxz)) b (cd2 + ez) log (1 - cxz) b (cdz - ez) log (cx2 + 1) bd tan™" (\/E x) bd tanh™
+ - + -

2e 4ce 4ce \/E \/E

[Out] 1/2*(exx+d) 2% (atb*arctanh(c*x~2))/e+1/4*xbx(c*d"2+e"2)*1n(-c*xx~2+1)/c/e-1/4
*bx (cxd"2-e"2)*1n(c*xx"2+1) /c/e+b*d*arctan(x*xc~(1/2))/c”(1/2)-bxd*arctanh (x*
c~(1/2))/c~(1/2)

Rubi [A] time = 0.09, antiderivative size = 94, normalized size of antiderivative = 0.80,

. . ber of rul
number of steps used = 10, number of rules used = 7, integrand size = 16, /e =

= 0.438, Rules used = {6742, 6091, 298, 203, 206, 6097, 260}

bdtan™! (\Jcx) bd tanh™ Vex) 1 ~
\/E( ) - 7 ( ) +§bex2 tanh ™’ (cxz)

integrand size

a(d + ex)? belog (1 —2xt
+

) +bdx tanh™! (cxz) +
2e 4c

Antiderivative was successfully verified.
[In] Int[(d + exx)*(a + b¥ArcTanh[c*x"2]),x]

[Out] (ax(d + exx)~2)/(2xe) + (b*dxArcTan[Sqrt[cl*x])/Sqrtlc] - (b*d*xArcTanh[Sqrt
[c]*x])/Sqrtlc] + b*d*xxArcTanh[c*x~2] + (b*exx~2%ArcTanh[c*x72])/2 + (bxex
Logll - c™2xx74])/(4*c)

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rtl[a, 21*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b]l && (GtQ[a
, 01 Il GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQl[a/b]l && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 260
Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten

t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 298
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Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2*b), Int[1/(r + s*x"2), x
1, x] - Dist[s/(2%b), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] && !G
tQ[a/b, 0]

Rule 6091

Int[ArcTanh[(c_.)*(x_)~(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c™2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + bxArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*c*
n)/(d*(m + 1)), Int[(x"(n - 1)*(d*x)"(m + 1))/(1 - c™2*xx~(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps

f(d + ex) (a +btanh! (cxz)) dx = f (a(d +ex) + b(d + ex) tanh ™" (cxz)) dx

_a(d + ex)?
B 2e )
_ a(d ;—eex) iy
_a(d + ex)?
Bl 2e

_a(d + ex)?
B 2e

_a(d + ex)?
B 2e

~ a(d + ex)z .\ bd tan~! (\/Ex) bd tanh_l (\/Ex)

2e \/E \/E

+b f (@ + ex) tanh ™! (cx2) dx
f (d tanh ™ cxz) +extanh ! (cxz)) dx
+(bd) [ tanh™ (ex?) dx+ (be) [ xtanh™ (c2?) d

1 2
+bdxtanh™ (cx?) + sbex? tanh ™ (%) - (2bed) f le

belog (1 - czx4)
4c )

+ bdx tanh™! (cxz) + %bex2 tanh™} (sz) +

+ bdx tanh ™ (cxz) + %I
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Mathematica [A] time = 0.06, size = 104, normalized size = 0.89

bd (log (1 - \/Ex) - log (x/Ex + 1) +2tan™! (\/Ex))
2yc

1 belog (1 — c?x*
adx+=aex>+ 5 (
2 4c

) +bdx tanh ™ (cx2)+ +%bex2 t

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x~2]),x]

[Out] a*d*x + (axe*x~2)/2 + bkxd*x*xArcTanh[c*x"2] + (b*exx"2%ArcTanh[c*x"2])/2 + (
bxd* (2xArcTan[Sqrt [c]*x] + Logl[l - Sqrtlcl*x] - Logll + Sqrtlcl*x]))/(2%Sqr
tlc]) + (b*exLogl[l - c™2%x74])/(4*c)

fricas [A] time = 1.34, size = 249, normalized size = 2.13

ex?2-2 \ex+1
cx?2-1

2 acex? + 4 acdx + 4 byJcd arctan (x/Ex) +2 b\/Edlog( ) + belog (cx2 + 1) + belog (cx2 - 1) + (bce

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="fricas")

[Out] [1/4*(2xaxc*xe*x”™2 + 4*akxckxdxx + 4*xbkxsqrt(c)*d*arctan(sqrt(c)*x) + 2xbxsqrt(
c)*xd*xlog((c*x™2 - 2xsqrt(c)*x + 1)/(c*xx™2 - 1)) + b¥exlog(c*xx™2 + 1) + bkex
log(c*x™2 = 1) + (b*c¥xe*x™2 + 2¥b*xc*xd*x)*log(-(c*x"2 + 1)/(c*x"2 - 1)))/c,

1/4% (2xa*xckexx™2 + 4d*xaxckd*xx + 4xb*xsqrt(-c)*d*arctan(sqrt(-c)*x) - 2%b*sqrt
(-c)*d*xlog((c*xx"2 - 2*sqrt(-c)*x - 1)/(c*xx"2 + 1)) + b*xexlog(c*x™2 + 1) + b
xexlog(c*x™2 - 1) + (b*ckxexx™2 + 2xbxckdxx)*log(-(c*x~2 + 1)/(c*xx"2 - 1)))/

c]

giac [A] time = 0.36, size = 143, normalized size = 1.22

cx?+1

1 1
bd+/|d| arctan (x\/ﬂ)_bcd log (|x + WD +bd\/ﬂ log (|x — WD +bcxze log (— sz_l) + 2 acx?e + 2 bedx log (
2c 4c

3
¢ 2|2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*arctanh(c*x72)),x, algorithm="giac")

[Out] bxd*sqrt(abs(c))x*arctan(x*sqrt(abs(c)))/c - 1/2*b*xcxd*log(abs(x + 1/sqrt(ab
s(c))))/abs(c)~(3/2) + 1/2*b*d*sqrt(abs(c))*log(abs(x - 1/sqrt(abs(c))))/c

+ 1/4%(bxckx"2xe*xlog(-(c*xx™2 + 1)/(c*x™2 - 1)) + 2%akxc*x"2%e + 2xbkcxd*x*lo
g(=(c*x™2 + 1)/(c*x™2 - 1)) + 4d*axckd*x + brexlog(c™2*x"4 - 1))/c
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maple [A] time = 0.03, size = 91, normalized size = 0.78

2) .2 2 2 _
%ze+adx+ b arctanhz(c x2) x2 vbarctanh (c37) dv beln (cx2 +1) N bd arcti/rj (xve) N beln (Z: 1) _bda
c

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*xx~2)),x)

[Out] 1/2*%a*x~2%e+axd*x+1/2*b*arctanh(c*x~2)*x " 2%e+b*arctanh (c*xx~2)*d*xx+1/4%bxe/c
*1n(cxx"2+1) +b*d*arctan(x*c~(1/2))/c~(1/2)+1/4xb*xe/cx1n(c*x~2-1)-b*d*arctan
h(x*c~(1/2))/c~(1/2)

maxima [A] time = 0.42, size = 95, normalized size = 0.81

(2 cx? artanh (cxz) +log (—c2x4 +
4c

cx—+/c
1 1] | 2 arctan (\/E x) log ( cxtC )
Eaex2+§ c 3 + 3
c2 c2

+ 2 xartanh (cxz) bd+adx+

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2)),x, algorithm="maxima"

[Out] 1/2*a*xexx”2 + 1/2x(c*x(2*arctan(sqrt(c)*x)/c”(3/2) + log((c*x - sqrt(c))/(c*
x + sqrt(c)))/c”(3/2)) + 2*xxarctanh(c*xx”2))*b*xd + axd*x + 1/4*%(2xc*x”2*arc
tanh(c*x"2) + log(-c™2*x"4 + 1))*bx*e/c

mupad [B] time = 1.31, size = 242, normalized size = 2.07

aex? bdxln(cx2+1) bdxln(l—cxz) beln(c+x C3) beln(c—x C3) belen(cx2+1)
- +

dx+ + + +
aaxrT— 2 2 4c 4c 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))*(d + e*x),x)

[Out] axd*x + (a*xexx"2)/2 + (bxd*xxlog(c*x~2 + 1))/2 - (bxd*x*xlog(l - c*xx"2))/2 +
(b*exlog(c + xx(c™3)7(1/2)))/(4*c) + (bkexlog(c - x*(c73)7(1/2)))/(4*c) +
(b*xexx~2*log(c*x™2 + 1))/4 - (b*exx"2xlog(l - c*x72))/4 + (bxexlog(c + x*(-
c™3)7(1/2)))/(4*xc) + (bxexlog(c - x*(-c~3)7(1/2)))/(4xc) - (bxdxlog(c + x*(
c”3)7(1/2))*(c”3)"(1/2))/(2xc™2) + (bxdxlog(c - x*(c™3)7(1/2))*(c"3)"(1/2))
/(2xc”2) - (bxd*log(c + x*(-c~3)7(1/2))*(-c~3)7(1/2))/(2%c”2) + (b*d*xlog(c

- xx(-c73)7(1/2))*(-c"3)7(1/2)) /(2%c™2)
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sympy [A] time = 10.48, size = 294, normalized size = 2.51

NI W

3
1 .1 o (1)\2 .1
. bcd(;) log (X-H\/;) lbcd(z) log (x+z\/;)

2
adx + -+ " - " + bdx atanh (cx ) -

ibd\/g log (x—i\/g)
2

bd\/g log (x—i\/g)
2

exz
a (dx + 7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*atanh(c*x**2)),x)

[Out] Piecewise((axd*x + a*xexx**2/2 + bkcxd*(1/c)**(3/2)*log(x + I*sqrt(1/c))/4 -
Ixbxckxd* (1/c)**(3/2)*Llog(x + I*sqrt(1l/c))/4 + bkxdxx*atanh(cxx**2) - bxd*sq

rt(1/c)*log(x - I*sqrt(1/c))/2 - I*b*xd*sqrt(l/c)*log(x - I*sqrt(1l/c))/2 - 3
*xbxd*sqrt (1/c)*log(x + I*sqrt(1/c))/4 + 3*I*xbxdxsqrt(1l/c)*log(x + Ixsqrt(1l/

c))/4 + bxd*sqrt(1/c)*log(x - sqrt(l/c)) + b*xdxsqrt(l/c)*atanh(ckx**2) + bx
exx*x*x2xatanh (cxx**2) /2 + bxexlog(x - I*sqrt(1/c))/(2%c) + b*exlog(x + I*sqr
t(1/c))/(2%c) - bxexatanh(cxx**2)/(2%xc), Ne(c, 0)), (ax(dxx + exx*x*x2/2), Tr

ue))
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3.26 dx

Optimal. Leaf size=325

‘[-a+btanh_1ﬁng)

d+ex

. [ \c(d+ex) . [ \c(d+ex) . \~c(d+ex) . [ \c(d+ex)
log(d + ex) (a+btanh_1 (cxz))_ble( \/C_—Cd_ix) ble( i/;d_e: )_ble( \/i—cdf:) bLi, (%)_blog(a

+
e 2e 2e 2e 2e

[Out] (a+b*arctanh(c*x~2))*1ln(e*x+d)/e-1/2*xbx1n(e*xx+d)*1ln(e*x(1-x*x(-c)~(1/2))/(e+d
*x(-c)~(1/2)))/e-1/2*b*1n(exx+d) *1n(-e* (1+x* (-c) ~(1/2))/(-e+d*(-c)~(1/2))) /e
+1/2*b*1n(exx+d) *1n(e*x (1-x*c~(1/2))/(e+d*xc™(1/2)))/e+1/2%b*1n(e*xx+d) *1n(-ex*
(1+x*c™(1/2))/ (me+d*c™(1/2))) /e-1/2*b*polylog(2, (exx+d) * (-c)~(1/2) / (-e+d* (-
c)~(1/2)))/e-1/2xb*polylog(2, (exx+d)*(-c)~(1/2)/(e+td*(-c)~(1/2)))/e+1/2%b*p
olylog(2, (exx+d)*c~(1/2)/(-e+d*xc™(1/2))) /e+1/2*b*polylog(2, (exx+d)*c~(1/2)/
(e+d*c™(1/2))) /e

Rubi [F] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size =0, ——— =

0.000, Rules used = {}

integrand size

dx

f a+btanh™ (cxz)
d+ex

Verification is Not applicable to the result.

[In] Int[(a + b*ArcTanh[c*x"2])/(d + e*x),x]

[Out] (a*Logld + e*x])/e + b*Defer[Int] [ArcTanh[c*x"2]/(d + exx), x]

Rubi steps

fa+btanh_1 (cxz)d f[ i  btanh™! (sz)] i

= +
d+ex d+ex d+ex

_alogd+en) f tanh™" (cx?)

d
e d+ ex X

Mathematica [C] time = 17.37, size = 285, normalized size = 0.88

. Vo (d+ex) 1. e (d+ex) 1. Ve (d+ex) . \Jc(d+ex) -1 > _
alog(d + ex) b (L12 ( N ) Li, ( N ) Li, ( Vedvi ) + Li, ( Todre ) + 2 tanh (cx )log(d + ex)
+

e
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Antiderivative was successfully verified.

[In] Integrate[(a + b*ArcTanh[c*x"2])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2*ArcTanh[c*x"2]*Logl[d + exx] - Log[(e*x(I - Sqrtlc
1xx))/(Sqrt[cl*d + Ixe)]x*Logld + exx] - Logl[-((ex(I + Sqrtlcl*x))/(Sqrt[c]*

d - Ixe))]*Logld + exx] + Log[-((ex(1 + Sqrtlcl*x))/(Sqrtlcl*d - e))]*Logld

+ e*xx] + Logl[d + exx]*Logl[(e - Sqrt[clxexx)/(Sqrtlc]l*d + e)] + PolyLogl[2,
(Sqrt[c]*(d + e*xx))/(Sqrtlcl*d - e)] - PolyLog[2, (Sqrtl[c]lx*(d + exx))/(Sqrt

[c]*d - Ixe)] - PolyLogl[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + Ixe)] + PolyLog

[2, (Sqrtlcl*(d + e*x))/(Sqrtlcl*d + e)]))/(2*e)

fricas [F] time = 0.70, size = 0, normalized size = 0.00

bartanh (cxz) +a
ex+d ’ x]

integral (
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”2))/(exx+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*x72) + a)/(e*x + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f bartanh (cxz) +a

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(exx+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*x~2) + a)/(e*xx + d), x)

maple [A] time = 0.07, size = 362, normalized size = 1.11

evc —(ex+d)c+cd erJe +(ex+d)c—cd ,
aln(ex+d)+b1n(ex+d)arctanh(cx2)+bln(ex+d)ln(—e\/hcd )+bln(ex+d)ln(—e\/z_cd )+E
e e 2e 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x"2))/(e*xx+d) ,x)

[Out] a*1ln(e*x+d)/e+bx1n(e*xx+d)/exarctanh(c*x~2)+1/2*b/e*x1n(e*xx+d)*1n((e*xc™(1/2)-
(exx+d) *c+c*xd) / (exc™(1/2)+c*xd) )+1/2*b/e*x1n(exx+d) *1n((exc™(1/2)+(e*xx+d) *c-c
xd) /(exc™(1/2)-c*d))+1/2*xb/exdilog((exc™(1/2) - (e*xx+d) *c+c*xd) /(exc™ (1/2)+cxd



181

))+1/2xb/exdilog((exc™ (1/2)+(exx+d) *c—c*d) /(e*xc” (1/2)-c*d))-1/2xb/e*x1ln(e*xx+
d)*1n((ex(-c)~(1/2)-(e*xx+d)*c+cxd) / (ex(-c)~(1/2)+c*d))-1/2*b/e*x1n(e*x+d) *1n
((ex(-c)~(1/2)+(exx+d) *c-c*d) / (ex(-c) " (1/2)-c*d) ) -1/2xb/e*dilog ((ex (-c)~(1/
2) - (exx+d) *xc+c*d) / (ex(-c)~(1/2)+c*d) ) -1/2*b/exdilog((ex (-c) ~(1/2)+(e*xx+d) *c
—cxd) /(ex(-c)~(1/2)-c*d))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

log cx? +1 —log( cx2+1) alog (ex +d)
f dx +
2 ex +d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d),x, algorithm="maxima")

[Out] 1/2*b*xintegrate((log(c*x~2 + 1) - log(-c*x”2 + 1))/(exx + d), x) + axlog(e*
x + d)/e

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f a + batanh (c xz)

d+ex
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))/(d + e*x),x)
[Out] int((a + b*atanh(c*x"2))/(d + exx), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**2))/(exx+d),x)

[Out] Timed out
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3.27 dx

a+btanff4(cx2)
f (d+ex)?

Optimal. Leaf size=166

a+btanh™ (cx?) 2pedelog(d +ex) bedlog(l—cx?) bedlog(cx? +1) byc tan™ (Vex) by tanh™ (

e(d + ex) c2d4 — et 2 (ch - 32) " 2 (cd2 + 82) cd? + 2 cd? — e2

[Out] (-a-b*arctanh(c*x~2))/e/(e*xx+d)+2*bxckd*e*x1ln(exx+d)/(c"2%d"4-e"4)-1/2%b*c*xd
*1n(-c*x"2+1) /e/(c*xd"2-e"2)+1/2%b*cxd*x1ln(c*xx"2+1) /e/ (c*xd"2+e"2) +b*arctan (x*
c™(1/2))*c™(1/2) / (c*d"2+e"2) -b*arctanh(x*c~(1/2))*xc”(1/2)/(cxd"2-e"2)

Rubi [A] time = 0.28, antiderivative size = 166, normalized size of antiderivative
= 1.00, number of steps used = 10, number of rules used = 7, integrand size = 18,

number of rules _ ) 389, Rules used = {6273, 12, 6725, 635, 207, 260, 203}

integrand size

a+btanh™ (cx?) 2bedelog(d +ex) bedlog(1-cx?) bedlog(ca® +1) by tan™ (yex) by tanh™ (

e(d + ex) c2d4 — et e (ch - 32) - % (ch + 62) cd? + e2 cd? — e?

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[c*x"2])/(d + e*x)~2,x]

[Out] (b*Sqrt[cl*ArcTan[Sqrtlc]l*x])/(cxd"2 + e72) - (bxSqrt[c]*ArcTanh[Sqrt[c]*x]
)/(c*d”2 - e72) - (a + b¥ArcTanh[c*x72])/(ex(d + e*x)) + (2%bxckd*exLogld +
exx])/(c”2x%d™4 - e74) - (b*ckxdxLogl[l - c*xx72])/(2%ex(cxd”2 - e72)) + (b*c*
dxLog[1l + c*xx~2])/(2%e*x(c*d™2 + e72))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/@Rt[a, 2]1*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/bl && (GtQla
, 01 |l GtQ[b, 01)

Rule 207

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTanh[(Rt[b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (LtQla
, 01 |l GtQ[b, 01)
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Rule 260

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 635

Int[((d) + (e_)*(x))/((a ) + (c_.)*(x_)"2), x_Symbol] :> Dist[d, Int[1/(
a + c*xx”2), x], x] + Distle, Int[x/(a + c*x~2), x], x] /; FreeQ[{a, c, d, e
}, x] && !'NiceSqrtQ[-(a*c)]

Rule 6273

Int[((a_.) + ArcTanh[u_J*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*x(m +

1)), Int[SimplifyIntegrand[((c + d*x)~(m + 1)*D[u, x]1)/(1 - u™2), x], x], x
] /; FreeQ[{a, b, ¢, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)~(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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2cx
bf(d+ex)(1—c2x4) X

f a+btanh™! (cxz)

dx = —
(d + ex)? * e(d + ex) e
X
a+btanh™! (cxz) (2be) [ (d+ex)(1-c2xc4) ax
- e(d + ex) e
e—cdx e+cdx
a+btanh™! (sz) (2bc) f( c2d4+e4)(d+ex) * Z(Cdz—ez)(—1+cx2) * 2(cd2+ez)(1+cx2)) :
- e(d + ex) e
_ —cd d
_atbtanh (ox?) 2bcdelog(d +ex)  (bo) [ Tz L ® [ dx
e(d + ex) c2d* — ¢ e (cd2 _ e2) (cd2 + ez)
_ 1 |
_a+ btanh™ (cxz) 2bedelog(d + ex)  (be) ) — o dx (bczd) [ o dx 9
e(d + ex) c2d4 — et cd? — e2 (cd2 _ 32)
_ b+/c tan™ (\/Ex) ) by/c tanh™ (\/E x) a+ btanh™! (cxz) N 2bedelog(d + ex)
cd? + e? cd? — e2 e(d + ex) c2d4 — et
Mathematica [A] time = 0.36, size = 261, normalized size = 1.57
1 2 bedelog ( - c2x4) 4bcdelog(d + ex)  bc*d®log (cx2 + 1) b+/c (03/2d3 — cd?e - e3) log (1
2| ed+ex) c2d* — et c2d* — et c2d%e — e " e — c2de

Antiderivative was successfully verified.

[In] Integrate[(a + bxArcTanh[c*x"2])/(d + exx)~2,x]

[Out] ((-2%a)/(ex(d + exx)) + (2*b*Sqrt[cl*ArcTan[Sqrt[cl*x])/(c*d™2 + e72) - (2%
bxArcTanh[c*x~2])/(ex(d + e*x)) + (b*Sqrtlcl*(c”(3/2)*d"3 - cxd"2%e - e73)*

Logl[l - Sqrtlcl*x])/(-(c"2*d"4*e) + e75) + (b*Sqrtlcl*(c™(3/2)*d"3 + c*d~2%

e + e"3)*Log[l + Sqrtlcl*x])/(-(c”2*d"4*e) + e75) + (4xbxckxd*exLogl[d + ex*x]
)/(c™2xd"4 - e74) + (bxc™2xd"3*Logl[l + c*x~2])/(c"2*d"4*e - e75) - (bxc*d*e
xLog[1 - c™2%x74])/(c"2%d"4 - e74))/2

fricas [B] time = 8.20, size = 634, normalized size = 3.82

2ac?d* —2ae* -2 (bcd3e — bde® + (bcd262 - be4)x)\/E arctan (\/E x) + (bcd3e + bde’ + (bcd262 + be4)x)\/5 Ic

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x~2))/(e*xx+d)~2,x, algorithm="fricas")

[Out] [-1/2%(2*a*xc”2xd"4 - 2*xaxe”4 - 2x(bkcxd"3%e - bxdxe”3 + (b*c*d™2*e”2 - b*e”
4)xx)*sqrt(c)*arctan(sqrt(c)*x) + (b*c*d"3*e + b*dxe”3 + (b*cxd"2xe”2 + bx*e
~4)xx)*sqrt(c)*log((c*xx~2 + 2*sqrt(c)*x + 1)/(cxx™2 - 1)) - (b*c™2%d™4 - bx*
c*d"2%e”2 + (b*c"2*%d"3%e - b*ckd*e”3)*x)*log(cxx™2 + 1) + (b*c™2*d"4 + bxc*
d"2%e”2 + (b*c™2*d"3%e + b*ckxd*e”3)*x)*log(c*xx”™2 - 1) - 4x(b*ckd*e”3*x + bx
cxd"2*xe"2)*log(e*xx + d) + (b*c™2xd"4 - b*e"4)*log(-(c*x"2 + 1)/(c*x"2 - 1))
)/(c™2xd"b*e - dxe”5 + (c"2*d"4xe”2 - e76)*x), -1/2%(2%axc”2*d"4 - 2xa*xe”4
- 2x(b*c*d"3%e + b*xdxe”3 + (b*c*d"2*e”2 + bxe”4)*x)*sqrt(-c)*arctan(sqrt(-c
)*x) - (bxc*d"3%e - b*d*e”3 + (b*xc*d™2*e”2 - bxe”4)*x)*sqrt(-c)*log((cxx~2
+ 2%sqrt(-c)*x - 1)/(c*x”2 + 1)) - (bxc™2*d"4 - b*cxd"2*e”2 + (bxc~2*xd"3x*e
- bkxcxdxe”3)*x)*log(c*x™2 + 1) + (b*c™2+%d"4 + bxcxd"2*e”2 + (b*c™2xd"3*e +
bxckd*xe”3) *x) *log(cxx™2 - 1) - 4x(bxckd*e™3*x + bkxckxd 2xe”2)*log(e*xx + d) +

(b*c™2*d~4 - bxe~4)*log(-(cxx™2 + 1)/(c*x™2 - 1)))/(c”2*d"5*e - d*e”5 + (c
"2%d74xe”2 - e76)*x)]

giac[A] time = 0.23, size = 271, normalized size = 1.63

2cd cd? 2cd cd? 2 o241 2carctan|
dl ( — + + ) dl ( -+ — ) -1 (— )
l criog |\ xe+d (X€+d)2 (xe+d)2 _ calog\¢ xe+d (X€+d)2 (xe+d)2 _ ¢ log cx2-1
2 cd?e + e3 cd?e — e3 xe+d (cd2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(exx+d)~2,x, algorithm="giac")

[Out] 1/2*(cxd*log(c - 2xcxd/(x*e + d) + cxd"2/(x*e + d)"2 + e72/(x*e + d)~2)/(c*
d"2%e + e73) - c*dxlog(c - 2*xcxd/(x*e + d) + c*d"2/(x*xe + d)72 - e72/(x*e +
d)"2)/(cxd"2xe - e73) - e"(-1)*log(-(c*xx"2 + 1)/(c*x"2 - 1))/(x*e + d) + 2
xcxarctan((c*xd - c*d”2/(x*e + d) + e72/(x*e + d))*e”(-1)/sqrt(-c))/((cxd~2

- e"2)xsqrt(-c)) + 2xsqrt(c)*arctan((cxd - c*xd"2/(x*xe + d) - e"2/(x*xe + d))
xe~(-1)/sqrt(c))/(c*xd”™2 + e72))*b - axe”(-1)/(x*e + d)

maple [A] time = 0.04, size = 181, normalized size = 1.09

a barctanh (c xz) bed In (c X%+ 1) 2b+/c arctan (x\/E) DbecdIn (ex +d)  bedIn (c P 1)

C(ex+de  (ex+d)e +€(20d2+2€2)+ 2cd? + 2¢2 +(cd2—ez)(cd2+ez) €(2€d2—2€2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x"2))/(e*xx+d)~2,x)
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[Out] -a/(exx+d)/e-b/(exx+d)/exarctanh(c*x~2)+b/exc/ (2*xc*xd"2+2%e~2) *d*1n(c*x~2+1)
+2xbxc”(1/2) / (2%c*d~2+2%e”2) xarctan (x*xc” (1/2) ) +2*bxe*xc*xd/ (c*d~2-e72) / (c*xd"2
+e”2)*x1n(exx+d) -b/e*xc/ (2*xc*xd~2-2*%xe”2) *d*x1n(c*xx~2-1) -2*b*c~(1/2) / (2*c*xd~2-2%

e~ 2)*arctanh (xxc~(1/2))

maxima [A] time = 0.41, size = 172, normalized size = 1.04

\

1|| 4delog(ex+d) dlog (cx2 + 1) dlog(cx?-1) 2 arctan (ycx) log (z;:ﬁ ) 2 artanh (cxz)
2 2 —d& et | ce-& (ch + 62)\/5 i (ch - 62)\/5 T et de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(e*xx+d)~2,x, algorithm="maxima"

[Out] 1/2*((4*d*exlog(e*x + d)/(c”2*d"4 - e”4) + dxlog(c*x”2 + 1)/(c*xd"2*e + e73)
- dxlog(c*x”2 - 1)/(c*d"2xe - e73) + 2*xarctan(sqrt(c)*x)/((cxd™2 + e72)*sq
rt(c)) + log((cxx - sqrt(c))/(c*xx + sqrt(c)))/((c*d™2 - e"2)*sqrt(c)))*c -
2*arctanh(c*x~2)/(e”2*x + d*xe))*b - a/(e”2*x + dx*e)



187

mupad [B] time = 2.60, size = 727, normalized size = 4.38

89((24c10d4 S+408 69)
_— S (bl B 45260 ) (b V=c e+bcd)|384Bdeb+ > _
( eerve ) 2 N 2(cd2 e+e3)
(b Ve E+de) 2 (c d2 e+e3)
— 3.9,
(b\/_ce+bcd) 8b°c’e )
160410y
In -
e 2 (c d2 €+€3)

2 (cdze+e3)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))/(d + e*xx)"2,x)

[Out] (log((16%b~4*c~10*x)/e - ((bx(-c)~(1/2)*e + bxc*d)*(8*b~3*xc"9xe - ((b*(-c)~
(1/2)*e + bxc*xd) *(((b*(-c)~(1/2)*e + bxc*d)*((8*x* (4*b*c~11*%d"5*e”2 + 52xbx*
c"9xd*e”6))/e”2 - ((b*x(-c)~(1/2)*e + bxc*xd)*(384*c~8*d*e” 6 + (8*xx*(40*c 8*e
9 + 24%c”10%d"4*e”5))/e”2 + 128%c”10*d"5*e”2))/(2*x(e”3 + c*d"2*e)) + 320*b
*c"9%d"2%e73)) /(2% (e”3 + c*d"2%e)) - 64*b"2xc"10*d"2%e*x)) /(2% (e”3 + c*xd"2x*
e)) + (8*%b"3*xc”11xd"3*x)/e"2))/(2%(e”3 + c*xd"2*e) ) )*(b*(-c)~(1/2)*e + b*c*d
))/(2%x(e”3 + cxd"2%e)) - a/(dxe + e72*x) - (log(((bx(-c)~(1/2)*e - b¥c*d)*(
8xb~3*c"9*e - ((bx(-c)~(1/2)*e - bxc*xd)*(((bx(-c)~(1/2)*e - bxcx*d)*((8xx* (4
*b*c”11*%d"5*%e”2 + 52*xbxc”9*d*e”6))/e”2 + ((b*x(-c)~(1/2)*e - b*c*d)*(384*c~8
*d*e”6 + (8*x*(40*c~8*e”9 + 24*c”10*d"4*e”5))/e”2 + 128+c~10*d"5*xe”2))/ (2% (
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e”3 + c*xd"2*e)) + 320%bxc”9*%d"2%e73)) /(2% (e”3 + c*d"2%e)) + 64*b"2*c"10*d"2
xexx)) /(2% (e”3 + cxd"2%e)) + (8*b~3*xc”11*d"3*x)/e"2))/(2*x(e”3 + c*xd"2*e)) +
(16%b~4xc~10%x) /e) * (b*x(-c)~(1/2)*e - bxcxd))/(2%(e”3 + c*xd"2%e)) - (bxlog(
c*x”2 + 1))/ (2%ex(d + exx)) - (b*xc™(1/2)*log(c™(1/2)*x - 1))/ (2x(e”2 + c~(1
/2)*dxe)) + (b*xc™(1/2)x1log(c”™(1/2)*x + 1))/ (2*x(e”™2 - c~(1/2)*dxe)) + (bxlog
(1 - c*xx72))/(e*x(2*%d + 2%exx)) - (2*bxc*d*exlog(d + exx))/(e”4 - c~2*xd~4)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**2))/ (e*xx+d)**2,x)

[Out] Timed out
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a+btanh " (cxz)
f (d+ex)3

Optimal. Leaf size=226

3.28 dx

a+btanh™ (cx?) bc¥2dtan”! (yex) be¥?dtanh™ (yex) bede bee (3c2d* + e*) log(d +

2e(d + ex)? i (cd2 " ez)z (cdz _ ez)z (c2d4 - e4) (d+ ex)+ (c2d4 _ 64)2

[Out] -bxckxd*e/(c"2*xd"4-e74)/(e*x+d)+b*xc” (3/2) *d*arctan (x*c”(1/2))/(c*xd"2+e”~2) "2+
1/2*(—a-b*arctanh(c*x~2))/e/ (e*x+d) “2-b*c~(3/2) *d*arctanh (x*xc~(1/2))/(c*xd~2

-e72) "2+b*c*ex (3xc"2*d"4+e"4) *1n(e*xx+d) / (c"2*d"4-e"4) "2-1/4*b*cx (cxd~2+e"2)
*1n(-c*x"2+1) /e/(c*xd"2-e72) "2+1/4*b*c* (cxd"2-e"2) *1n(c*x~2+1) /e/ (c*xd"2+e"2)

~2

Rubi [F] time = 0.07, antiderivative size = 0, normalized size of antiderivative = 0.00,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size =0, ———— =

0.000, Rules used = {}

integrand size

dx

a+btanh™ (cxz)
f (d + ex)3
Verification is Not applicable to the result.
[In] Int[(a + bxArcTanh[c*x"2])/(d + e*xx)~3,x]
[Out] -a/(2xex(d + e*x)”~2) + b*Defer[Int] [ArcTanh[c*x"2]/(d + ex*x)”3, x]

Rubi steps

f a+btanh™ (cx?) ) f{ a btanh ™" (sz)) i

= +
(d + ex)3 (d + ex)3 (d + ex)3
a tanh ™! (cxz) ;
= 4 I S
2e(d + ex)? f (d +ex)3 *
Mathematica [A] time = 0.68, size = 379, normalized size = 1.68

24 4bc32d tan™! (\/E x) bee (302514 + 64) log (1 - czx4) Abcde 4bce (3c2d4 +

1
4| e(d+ ex) + (cdz R 62)2 (e4 _ C2d4)2 <C2d4 - 64) (d + ex) ’ (e4 _

Antiderivative was successfully verified.
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[In] Integrate[(a + bxArcTanh[c*x"2])/(d + exx)~3,x]

[Out] ((-2%a)/(ex(d + exx)”2) - (4xbkcxdxe)/((c”2*%d™4 - e"4)x(d + exx)) + (4*b*c”
(3/2)*d*ArcTan[Sqrt [c]*x])/(c*xd"2 + €72)72 - (2*bxArcTanh[c*x"2])/(ex(d + e
*xx)72) - (b*c™(3/2)*d*(c™(5/2)*d"5 - 2*%c™2*d"4*e - 4*cxd"2*e”3 + 3xSqrtlclx*

dxe”4 - 2*xe"b)xLogl[l - Sqrtlcl*x])/(ex(-(c™2xd"4) + e74)72) - (bxc™(3/2)*d*
(c™(5/2)*%d"5 + 2xc™2xd"4*e + 4xcxd"2xe”3 + 3*Sqrtlc]*d*e”4 + 2xe”5)*Log[l +
Sqrt[c]*x])/(ex(-(c™2*%d"4) + e74)72) + (4*bkxcxex(3*xc”2+%d"4 + e"4)*Logld +
exx])/(=(c™2xd"4) + e74)72 + (b*c™2*(c™2xd"6 + 3*d"2xe"4)*Log[l + c*x"2])/(
ex(-(c™2*%d™4) + e74)72) - (bkcxe*x(3*%c™2+%d"4 + e"4)*Logl[l - c™2*x74])/(-(c"2

*d~4) + e74)"2)/4

fricas [B] time = 48.70, size = 1639, normalized size = 7.25

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”2))/(exx+d)~3,x, algorithm="fricas")

[Out] [-1/4x(2xa*c”4%d”8 + 4xb*c”~3xd"6%e”2 - 4*axc™2xd"4*e”4 - 4xbkxcxd"2*%e”6 + 2%
axe~8 - 4x(b*xc”3*d"7*e + 2xbxc"2*d"5%e”3 + b*c*d"3xe”5 + (b*c”3*d"5*e”3 + 2
*xb*Cc"2%d"3%e”5 + bkxcxd*e"T7)*x"2 + 2% (b*c"3*d"6%e”2 + 2xb*xc"2xd"4*e”4 + b*cxk
d~2*e”6)*x) *sqrt (-c) *arctan(sqrt (-c)*x) - 2x(b*c~3*d"7*xe - 2%b*c~2*d"5*e”3
+ b*cxd"3*%e”5 + (b*xc”3*%d"b*e”3 - 2xb*c”2%d"3%e”5 + bkcxd*e~7)*xx"2 + 2% (b*xc”
3xd"6*e”2 - 2%bkc”2*d"4*e”"4 + bxc*xd"2xe”6)*x)*sqrt(-c)*log((cxx"2 + 2*sqrt(
—c)*x = 1)/(c*xx”2 + 1)) + 4x(bxc™3*d"5*e”3 - bxckdxe”7)*x - (b*c™4xd™8 - 3%
b*c~3*d"6*e”2 + 3xbxc”"2xd"4*e"4 - bxc*d"2*e”6 + (bxcT4*d"6*e”2 - 3xb*c”3*d”
4%e”4 + 3xb*cT2*%d"2%e”6 - b*xcxe”8)*x"2 + 2% (bxcT4xd"T*e - 3xbkc”"3xd"5xe”3 +
3%bxcT2+d"3%e”5 - bkxckd*e”7)*x)*log(c*x"2 + 1) + (b*c™4*d"8 + 3%bkxc”3*d 6%
e”2 + 3*b*c”2xd"4*e”4 + bxcxd"2*e”6 + (bxcT4*d"6%e”2 + 3*xb*c"3*%d"4*xe”4 + 3%
b*c”2%d"2*e”6 + bxcxe"8)*x"2 + 2x(b*cT4*d"Txe + 3*xb*c”3*%d"5*e”3 + 3*bxc”2*d
“3%e”5 + bxcxd*xe”7)*x)*xlog(c*kx™2 - 1) - 4*(3*b*c”3*%d"6%e”2 + bkcxd"2*e”6 +
(3xb*c™3*%d"4*e”4 + bkcxe 8)*x"2 + 2% (3%b*c”3xd"b*e”3 + bkckd*e”7)*x)*log(ex
x + d) + (b*c™4*d"8 - 2*b*c"2*d"4*e”4 + b*e”"8)*log(-(c*x~2 + 1)/(c*x™2 - 1)
))/(c™4*d"10%e - 2*c”2%d"6%e”5 + d"2%xe”9 + (cT4*d"8*e”3 - 2xc”2xd"4*e”7 + e
“11)*x72 + 2% (cT4*xd79*%e”2 - 2%xcT2*%d"b*e”6 + d*e”10)*x), —-1/4*%x(2xaxc”4*xd"8 +
4xb*c”3*d"6*e”2 - 4dxaxc”2+xd"4xe”4 - 4xbxcxd"2xe”6 + 2%xaxe”8 - 4x(bxc”3*xd”7
xe — 2%b*c”2xd"5*e”3 + b*xc*d"3*e”5 + (b*cT3*d"5xe”3 - 2%b*c”2*d"3*e”5 + b*c
xd*e”7)*x"2 + 2% (b*c”3*d"6%xe”2 - 2%bxc"2*%d"4*e"4 + bxckxd"2*e”6)*x)*sqrt(c)*
arctan(sqrt(c)*x) - 2x(bxc™3*%d"7*e + 2%bxc~2xd"5*e”3 + b*ckd"3*e”5 + (b*c™3
*d"5*e”3 + 2xbxc”2*d"3%e”5 + bkxckd*e"7)*x"2 + 2% (bxc”3*d"6%e”2 + 2kb*xc”2%d”
4xe”4 + bxcxd"2xe”6)*x)*sqrt(c)*log((c*xx™2 - 2*xsqrt(c)*x + 1)/(c*x"2 - 1))
+ 4x(b*c~3xd"5*e”3 - bxckd*e~7)*x - (b*c"4%d"8 - 3xbxc”3*d"6%e”2 + 3*kbkxc"2x
d"4xe”4 - bkxcxd"2%e”6 + (b*c"4xd"6*e”2 - 3xb*c"3*d"4xe”4 + 3xbxc”2*d"2xe”6
- bxc*e"8)*x"2 + 2% (bkcT4*d"7*e - 3*bxc”3*%d"b*e”3 + 3xb*c”2%d"3*e”5 - b*cxd
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xe”7)*x)*Llog(cxx™2 + 1) + (b*c™4*d”™8 + 3xb*c~3*xd"6%e”2 + 3*bxc~2xd"4*e"4 +

bxcxd"2*%e”6 + (bxc~4*xd”"6%e”2 + 3*bkc~3xd"4*e”4 + 3xb*c"2xd"2%e”6 + bxcxe”8)
*x72 + 2% (bxc"4xd"7*e + 3*bxc”"3xd"5*e”3 + 3%b*cT2*d"3%e”5 + bkxcxd*xe”7)*x)*x1
og(c*x™2 - 1) - 4x(3xb*c™3*d"6%e”2 + bkxcxd"2*e”6 + (3xb*c”3*d"4*e”4 + b*cxe
“8)*x72 + 2% (3%b*c”3*xd"5*e”3 + b*cxd*e”7)*x)*log(exx + d) + (b*c"4xd"8 - 2%
b*xc"2xd"4*e~4 + bxe”8)*log(-(c*x"2 + 1)/(c*xx"2 - 1)))/(c™4%xd"10%e - 2xc~2*d
“6xe”5 + d72xe”9 + (cT4*d"8%e”3 - 2xcT2xd"4*e”7 + eT11)*x"2 + 2% (cT4*d"9xe”
2 - 2%c72%d"5%e”6 + d*e”10)*x)]

giac [B] time = 41.46, size = 507, normalized size = 2.24

bc3d arctan (\/E x) bc*d arctan (%) (bczd2 - bcez) log (cx2 + 1) (bc2d2 + bcez) log (—cx2 + 1) b

+ +
c2d* +2cd?e? + et (c2d4 —2cd%e? + e4)\/——c 4 (c2d4e +2cd?e3 + 65) 4 (c2d4e - 2cd%e3 + 65)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))/(e*xx+d)~3,x, algorithm="giac")

[Out] bxc™(3/2)*d*arctan(sqrt(c)*x)/(c"2+%d™4 + 2*xc*xd"2xe”2 + e74) + b*c™2xd*arcta
n(c*x/sqrt(-c))/((c™2xd"4 - 2*xcxd"2*e”2 + e~ 4)*sqrt(-c)) + 1/4*x(bxc™2*d"2 -
bxcke”2)*log(c*xx™2 + 1)/(c™2%d"4*e + 2%c*d"2%e”3 + e75) - 1/4x(b*c™2xd"2 +
bxcke~2)*log(-c*x"2 + 1)/(c™2xd"4*e - 2xc*d"2%e”3 + e75) - 1/4*(b*c”™4*d"8%
log(-(c*xx™2 + 1)/(c*x72 - 1)) + 2%a*xc™4*d™8 - 12%bxc~3*d 4*x"2*e"4x*log(x*e
+ d) - 24%bxc”3*d"b*xxxe”3*xlog(xxe + d) - 12%b*xc~3*d"6*e"2xlog(x*e + d) + 4%
bxc~3*d"5*xx*e”3 + 4xbxc”3*d"6%e”2 - 2*bkc”2xd"4*e”4xlog(-(c*kx"2 + 1)/(c*x”2
- 1)) - 4*axc™2xd"4*e”4 - 4xbkckx"2xe"8*log(xxe + d) - 8*bkcxdkx*ke 7*xlog(x
*e + d) - 4*bkcxd"2%e”6*xlog(x*e + d) - 4xbxckdkx*ke”7 - 4*bkcxd"2%e”6 + bxe”
8xlog(-(c*x™2 + 1)/(c*x™2 - 1)) + 2%axe”8)/(c™4*d"8*x"2*%e”3 + 2*c~4*d”~9xx*e
T2 + cT4%d"10%e — 2%xcT2xd"4*x72%e”7 - 4*xcT2xd"bxx*e”6 - 2%c”2*%d"6*e”5 + x72
xe"11 + 2xd*xxe”10 + d"2*e”9)

maple [A] time = 0.04, size = 310, normalized size = 1.37

3

a b arctanh (c xz) bc2ln (c X2+ 1) d2 becln (c X2+ 1) bczd arctan (x\/E) becd
+ —_

2 (ex +d)? e 2 (ex +d)’e 4 (c 2+ ez)z 4 (c P2+ 62)2 * (c P2+ ez)z (c d? - ez) (c d? 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))/(e*x+d)~3,x)

[Out] -1/2*a/(exx+d)~2/e-1/2%b/(e*x+d) "2/exarctanh(c*x~2)+1/4*b/e*xc”2/(cxd"2+e”2)
“2%In(c*x"2+1) *d"2-1/4xbxexc/ (c*d"2+e72) "2x1n(c*xx~2+1)+b*c~ (3/2) *d*arctan(x
*c~(1/2))/(c*xd~2+e”2) "2-b*exc*xd/ (c*d"2-e72) / (c*d"2+e”2) / (e*x+d) +3xb*xexc”3/(
c*xd"2-e72) "2/ (cxd"2+e”2) "2x1n (e*x+d) *d"4+b*e”5*xc/ (c*xd"2-e72) "2/ (c*d"2+e"2) "
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2%1n(exx+d)-1/4*b/exc”2/(cxd"~2-e"2) "2x1n(c*x~2-1)*d"2-1/4*b*xe*xc/(c*xd"2-e"2)
~2x1n(c*x~2-1)-b*xc~(3/2)*d*arctanh(x*xc~(1/2))/(c*xd"2-e"2) "2

maxima [A] time = 0.42, size = 311, normalized size = 1.38

—\e
1||4+/cdarctan (\/E x) 2+cdlog (z;\/; ) 4de (cd2 - 62) log (cx2 + 1) (cd2 +
4| 2dt +2cd2e? + et T 2dt—2cd2e? + et 245 — goh + (czd4e _ e5)x Cde +2cd2e3 +¢5  c2dde

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))/(e*xx+d)”3,x, algorithm="maxima")

[Out] 1/4*((4*sqrt(c)*d*arctan(sqrt(c)*x)/(c™2*d™4 + 2*c*d™2%e”2 + e74) + 2*xsqrt(
c)*d*xlog((c*x - sqrt(c))/(c*xx + sqrt(c)))/(c™2xd™4 - 2%cxd"2*e”2 + e”4) - 4
xd*xe/(c”2+%d"5 - d*e”4 + (c”2*d"4*e - e75)*x) + (c*xd”2 - e"2)xlog(c*xx"2 + 1)
/(c™2xd"4*e + 2xcxd"2*%e”3 + e75) - (cxd”2 + e"2)*log(c*x”2 - 1)/(c™2*xd " 4xe

- 2%c*d"2%e”3 + e75) + 4*x(3xc”2xd"4xe + e"b)*log(exx + d)/(c74*d"8 - 2*c 2%
d"4xe”4 + e78))*c - 2*arctanh(c*x"2)/(e”3%x"2 + 2%d*e"2*x + d"2%e))xb - 1/2
xa/(e73%x72 + 2%dxe”2*xx + d"2%e)

mupad [B] time = 5.28, size = 2016, normalized size = 8.92

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))/(d + e*x)"3,x)

[Out] ((axc™2*xd~4 - a*xe”4 + 2*bkckxd™2*e”2)/(2x(e”4 - c”2%d"4)) + (b*cxdxe~3%*x)/(e
T4 - c"2%d74))/(d72%e + e73*x72 + 2xdxe”2*x) + (log(c*kd~28%(-c~3)7(13/2) +
c721*%d"28*x + 100*c~7*e”28%x — 100%c™2*xe"28*%(-c~3)~(3/2) + 496xd~2*e”26%*(-c
~3)7(5/2) - 7398*d"8%e"20%(-c~3)~(7/2) + 17176*%d"14*xe~14%(-c~3)7~(9/2) - 270
3*d"20*%e” 8% (-c~3) " (11/2) - 20*d"26*%e”2x(-c~3) " (13/2) + 496*c~8*d"2*xe"26*x +
1473%xc™9*%d"4*e”24*%xx + 3692xc”10*%d"6%e”22*%x + 7398*c”11*%d"8%xe”20*x + 11868%*
cT12x%d"10*%e"18xx + 16015%c™13*%d"12%xe”16%x + 17176%c”14*xd"14%e"14*x + 13192%*
cT15*%d"16%e”12%xx + 6984*c”16*d"18*%e " 10*x + 2703*%c”17*d"20*%e " 8*xx + 764*c”18x%
d"22%e”6*xx + 78*c”19*d"24*e”4dxx - 20%c”20*%d"26*e”"2%x + 3692*cT2*%d"6xe”22* (-
c”3)7(5/2) - 16015%c™2*d"12%e”16%(-c~3)~(7/2) + 6984*c~2*xd~18*e~10*(-c~3) " (
9/2) — 78*c”2%d"24xe"4x(-c"3)"(11/2) + 1473xc*d"4*xe~24*x(-c~3)"(5/2) - 11868
*cxd~10%e”18% (-c~3) " (7/2) + 13192%c*xd~16*e”"12%(-c~3) " (9/2) - 764*cxd~22%e”6
*(-c73)7(11/2) ) *(b*c™2*d"2 - bxc*e”™2 + 2*xbxd*xex(-c~3)7(1/2)))/(4*(e”5 + 2x*c
*d"2%e”3 + c"2xd"4*e)) - (log(c™21*d"28*x - c*d"28*(-c”~3)~(13/2) + 100*c™7*
e”28*x + 100%c™2*e"28*(-c~3) " (3/2) - 496*d"2%e”26x(-c~3)~(5/2) + 7398*d"8*e
"20%(-c”3)"(7/2) - 17176%d"14%e"14*%(-c~3)"(9/2) + 2703*d"20*e"8*(-c~3)~(11/
2) + 20%d"26%e" 2% (-c"3) " (13/2) + 496%xc~8*d"2xe"26%x + 1473%c”9xd 4*xe”"24%x +
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3692*%c”10xd"6*%e"22%x + 7398*c”11xd"8*e”20%x + 11868*c”12*d"10*xe”18*x + 160
15x%c713xd"12*%e"16%x + 17176*%c”14*d"14*e"14*xx + 13192*%c™15*%d"16*e”~12*x + 698
4xc”16*%d"18%e”10*%x + 2703*%c”17*d"20%e"8*x + 764*c~18*d"22*%e”6*x + 78*c~19*d
“24xe"4*x — 20%cT20*%d"26%e”2*%x - 3692%c”2*xd"6%e”22%(-c~3) " (5/2) + 16015%c”2
*Q"12%e”16%x(-c”3) " (7/2) - 6984*xc~2%d"18%e”10*%(-c~3)~(9/2) + 78*c~2%d"24xe"4
*(-c73)7(11/2) - 1473*cxd~4*e”24*x(-c~3)"(5/2) + 11868*c*xd~10*e”~18*(-c~3) " (7
/2) - 13192*%c*d”"16*e~12*%(-c~3) " (9/2) + 764*xcxd~22*xe~ 6% (-c~3) " (11/2) ) *(b*c*e
"2 - b*cT2xd"2 + 2xb*xd*ex(-c”3)7(1/2)))/(4x(e”5 + 2¥c*kd"2%e”3 + c”2*xd"4*e))

- (Log(100%e~28%(c™3)~(7/2) + c™2%d"28%(c"3)~(15/2) - 3692*%d"6*e"22x(c~3)~
(9/2) + 16015*%d~12*e~16%(c~3)"(11/2) - 6984*d~18*e~10*(c~3)~(13/2) + 78%d~2
dxe~ 4% (c~3) " (15/2) + c~25%d"28*x + 100*c~11%e”28*x — 496*c”12*%d " 2*e~26*x +
1473*%c”13*xd"4*e"24*x — 3692*%xc”14*d"6*%xe”22%x + 7398*c”15*%d " 8*e " 20*x — 11868%*
c"16*%d"10*%e”18*x + 16015*%c™17*d"12%xe”~16*x - 17176*c”18*xd"14*xe"14*x + 13192x%
cT19*%d"16%e”12xx — 6984*xc”20*d"18*%e " 10*x + 2703*%c”21*xd"20*%e " 8*x - 764*c™22x%
d"22*%e”6*xx + 78%c”23%d"24%e”4*x + 20*%cT24*d"26xe”2%x - 496*c*kd"2*e”"26*(c”3)
~(7/2) + 7398*c*xd"8%e”20%(c"3)~(9/2) - 17176%c*xd"14*xe”14x(c~3)~(11/2) + 270
3xcxd"20%e” 8% (c~3) " (13/2) + 20*c*d"26*e” 2% (c"3) "~ (15/2) + 1473%c~2%d"4*e”24x*
(c™3)°(7/2) - 11868*c”~2*xd"10%e~18*(c"3)"(9/2) + 13192*c~2*%d"16*e”12*(c"3) " (
11/2) - 764%c™2+%d"22%e”6*%(c™3) " (13/2) ) *(b*c™2%d"2 + b*c*e™2 + 2xbxd*ex(c”3)
~(1/2)))/(4x(e"5 - 2xc*d"2%e”3 + c"2xd"4xe)) - (log(100*e~28x(c~3)~(7/2) +
c”2%d"28%(c"3) " (15/2) - 3692*%d"6xe"22*x(c"3)~(9/2) + 16015*%d"12*xe~16*(c~3) " (
11/2) - 6984%d"18%e~10*%(c"3)~(13/2) + 78*%d"24*e"4*(c”3)~(15/2) - c~25%d"28*
x — 100%c™11*%e”28%x + 496%c”12*%d " 2*%e " 26%x — 1473*c”13*d"4*e"24*xx + 3692*%c”1
4xd"6*xe”22%x — 7398*c”15*%d"8%e”20*xx + 11868*c”16*%d"10*xe”18*x - 16015*c™17*d
T12%e716*xx + 17176%c”18xd"14*%xe”14*x — 13192%c”19*%d"16*e”12*%x + 6984*c~20*d™
18xe710*x - 2703*%c”21*%d"20%e™8*x + 764*xc™22*%d"22%e”6%x — 78%c™23*xd"24*e 4x*x

— 20%c724*%d"26*%e"2%x — 496*cxd"2%e”26%(c"3) " (7/2) + 7398*c*d"8xe”20*%(c"3)"
(9/2) - 17176%c*d"14*e"14x(c"3)~(11/2) + 2703%c*d"20%e"8%(c~3) " (13/2) + 20x*
c*xd”26*xe"2*%(c"3) " (15/2) + 1473*%c™2%d"4*e"24*x(c~3) " (7/2) - 11868*c~2*d"10%e”™
18%(c”3)7(9/2) + 13192%c™2xd"16*e~12*%(c~3) " (11/2) - 764*c”2%d"22*xe"6*(c~3)~
(13/2) )% (b*c™2*%d"2 + bxc*xe™2 - 2*b*d*ex(c”3)7(1/2)))/(4x(e”5 - 2%c*d"2*e”3
+ c"2xd"4x*e)) + (log(d + e*x)*(bkcxe™5 + 3*xbxc~3xd"4*e))/(e”8 + c™4%d"8 - 2
xc"2xd"4*e"4) - (b*log(c*x™2 + 1))/(4*xex(d"2 + e72%xx"2 + 2*dxexx)) + (b*log
(1 - cxx72))/(2%ex(2%d™2 + 2*e™2%x"2 + 4*d*exx))

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**2))/(exx+d)**3,x)

[Out] Timed out
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3.29 f (d + ex) (a +btanh™ (cxz))2 dx

Optimal. Leaf size=1085

-1 -1 22 1 2 5
2bd tan (\/Ex) a_2bd tanh (\/Ex) a—bdx log (1 B sz) a+bixlog (sz .\ 1) a+lb dtan (\/Ex) _g

Ve Ve Ve

[Out] 1/2*ex(a+b*arctanh(c*x™2)) "2/c+1/2*xexx"2x (at+b*arctanh(c*x~2)) ~2+a~2*xd*x-1/2
*xI*xb~2xd*polylog(2,1+(~1+I)*x (1+x*c”™(1/2) )/ (1-I*x*c~(1/2)))/c~(1/2) +2*¥b~2*d*
arctan(x*xc”(1/2))*1n(2/ (1+I*x*xc”(1/2)))/c”(1/2)-2*b~2*d*arctanh(x*c”~(1/2) ) *
1n(2/(1+x*c™(1/2))) /c™(1/2)-1/2%I*b~2*d*polylog(2,1-(1+I) * (1-x*c~(1/2))/(1-
Ixxxc™(1/2)))/c”(1/2)-2*axbxd*arctanh (x*c”(1/2))/c” (1/2)+2*b~2*d*arctanh (x*
c~(1/2))*1n(2/(1-x*c~(1/2)))/c~(1/2)-2*%b"2*d*arctan (x*xc~ (1/2) ) *1n(2/ (1-I*xx*
c~(1/2)))/c”(1/2) -b*ex(a+b*arctanh (c*x~2) ) *1n(2/ (-c*xx~2+1) ) /c—a*b*d*x*1n(-c
*x72+1) +axbxdkx*1n (cxx"2+1)+I*b~2*xd*arctan(x*xc~(1/2))"2/c~(1/2)-b~2*d*arcta
n(x*c™(1/2))*1In(-c*x~2+1) /c~(1/2)+b~2*d*arctanh (x*c” (1/2) ) *1n(-c*x~2+1) /c~(
1/2)+b~2xd*arctan (x*c~(1/2)) *1n(cxx~2+1) /c~(1/2)-b~2*d*arctanh (x*c~(1/2) ) *1
n(cxx™2+1) /¢~ (1/2)+b"2*xd*arctan (x*xc~(1/2) ) *In((1+I) * (1-x*c~(1/2) )/ (1-T*x*c”
(1/2)))/c”(1/2)+b~2*xd*arctanh (x*c~ (1/2) ) *In(-2*x (1-x*x(-c) ~(1/2) ) *c~(1/2) / ((-
c)~(1/2)-c~(1/2))/ (A+x*xc™(1/2)))/c~ (1/2)+b"2*d*arctanh (x*c~(1/2) ) *1n (2% (1+x
*x(-c)~(1/2))*%c™(1/2)/ ((-c)~(1/2)+c™(1/2) )/ (1+x*c™(1/2))) /c”(1/2) +b~2*d*arct
an(x*xc”(1/2))*1n((1-I)* (1+x*xc~(1/2)) / (1-I*x*c~(1/2))) /c~(1/2) +I*b~2*d*polyl
0g(2,1-2/(1-T*xxxc~(1/2)))/c~(1/2)+I*b~2*d*polylog(2,1-2/ (1+I*xxc~(1/2)))/c”
(1/2)-1/2%b"2*xd*x*1n(-c*xx"2+1) *1n (c*x~2+1) +2*a*bxd*arctan (x*c~(1/2)) /c~(1/2
)+b~2*d*polylog(2,1-2/ (1+xxc~(1/2)))/c”(1/2)-b~2*d*arctanh (x*xc~(1/2))~2/c"(
1/2)+b~2*xd*polylog(2,1-2/(1-x*c~(1/2)))/c~(1/2)-1/2%b~2*d*polylog(2,1-2* (1+
x*¥(=c)~(1/2))*xc™(1/2) /((=c)~(1/2)+c™(1/2)) / (L+x*c™(1/2))) /c~(1/2)+1/4%b~2*d
*xx*1n (-cxx72+1) T2+1/4%b” 2xd*x*1n (c*x”2+1) "2-1/2%b~2*d*polylog (2, 1+2* (1-x* (-
c)~(1/2))*c™(1/2)/((-c)~(1/2)-c~(1/2)) / (1+x*xc~(1/2))) /c~(1/2) -1/2%b"2xe*pol
ylog(2,1-2/(-c*x"2+1))/c

dxa®+

Rubi [A] time = 2.44, antiderivative size = 1216, normalized size of antiderivative
= 1.12, number of steps used = 104, number of rules used = 39, integrand size = 18,

number -1 — 2167, Rules used = {6742, 6091, 298, 203, 206, 6097, 260, 6093, 2450, 2476,
integrand size

2448, 321, 2470, 12, 5984, 5918, 2402, 2315, 2556, 5992, 5920, 2447, 4928, 4856, 4920, 4854,
6099, 2454, 2389, 2296, 2295, 30, 2557, 2475, 43, 2416, 2394, 2393, 2391}

result too large to display

Warning: Unable to verify antiderivative.

[In] Int[(d + exx)*(a + b*ArcTanh[c*x"2])~2,x]
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[Out] (a"2x(d + exx)"2)/(2%e) + (2xaxbxd*ArcTan[Sqrtlc]l*x])/Sqrtlc] + (I*b~2*d*Ar
cTan[Sqrt[cl*x]~2)/Sqrtc] - (2%axbxd*ArcTanh[Sqrt[c]*x])/Sqrtlc] - (b~2*dx*
ArcTanh[Sqrt [c]*x]~2)/Sqrt[c] + 2*axb*d*x*ArcTanh[c*x72] + a*bxe*xx~2*ArcTan
hlc*x"2] + (2*%b~2xd*ArcTanh[Sqrt[c]*x]*Log[2/(1 - Sqrtlcl#*x)]1)/Sqrtlc] - (2
*xb~2xd*ArcTan [Sqrt [c]*x]*Log[2/(1 - IxSqrtlcl*x)])/Sqrtlc] + (b~2*d*ArcTan[
Sqrt [c]*x]*Log[((1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/Sqrtlc] + (2x%b
~2xd*ArcTan [Sqrt [c]*x]*Log[2/(1 + I*Sqrtlcl*x)]1)/Sqrtlc] - (2%b~2xd*ArcTanh
[Sqgrt [c]*x]*Log[2/(1 + Sqrtlcl*x)])/Sqrtlc] + (b~2*d*ArcTanh[Sqrt[c]*x]*Log
[(-2*Sqrt[c]*(1 - Sqrt[-cl*x))/((Sqrtl-c] - Sqrtlc])*(1 + Sqrtlcl*x))])/Sqr
tlc] + (b™2*d*ArcTanh[Sqrt[c]*x]*Log[(2*Sqrt[c]*(1 + Sqrt[-cl*x))/((Sqrtl[-c
] + Sqrtlcl)*(1 + Sqrtlcl*x))])/Sqrtlc] + (b~2*d*ArcTan[Sqrt[c]*x]*Logl[((1
- I)x(1 + Sqrtlcl#*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc] - (b"2*d*ArcTan[Sqrt[c]*x
1*Log[1 - c*x72])/Sqrtlc] + (b~2xdxArcTanh[Sqrt[c]*x]*Logl[l - c*x72])/Sqrt[
c]l + (b™2xd*x*Log[l - c*xx72]172)/4 - (b"2*e*x(1 - cxx"2)*Logl[l - c*x72]72)/(8
xc) - (b™2xexLog[l - c*x"2]*Log[(1 + c*x72)/2])/(4*c) + (b~2xd*ArcTan[Sqrt[
cl*x]*Log[1 + c*x72])/Sqrtlc] - (b~2xd*ArcTanh[Sqrt[c]*x]*Logl[l + c*x~2])/S
grtlc] + (b™2%exLogl[(1 - c*x72)/2]*Logl[1l + c*xx~2])/(4*c) - (b~ 2*d*x*Logl[l -
cxx"2]*Log[1l + c*x72])/2 - (b~2%e*x"2xLog[l - c*xx"2]*Log[l + c*xx"2])/4 + (
b~2*d*x*Log[1l + c*xx72]72)/4 + (b™2xex(1 + c*x"2)*Log[l + c*x72]72)/(8*c) +
(axbkxexLog[l - c™2*x74])/(2xc) - (b~2*xexPolyLogl[2, (1 - c*x~2)/2])/(4*c) +
(b~2*%exPolyLog[2, (1 + c*x~2)/2])/(4xc) + (b~2xd*PolyLog[2, 1 - 2/(1 - Sqrt
[c]*x)])/Sqrtlc] + (Ixb~2*xd*PolyLogl[2, 1 - 2/(1 - IxSqrtlcl*x)])/Sqrtlc] -
((I/2)*b~2xd*PolyLog[2, 1 - ((1 + I)*(1 - Sqrtlcl*x))/(1 - IxSqrtlcl*x)])/S
qrtlc] + (I*b~2xd*PolyLogl[2, 1 - 2/(1 + I*Sqrtlcl*x)])/Sqrtlc] + (b~2*d*Pol
yLogl2, 1 - 2/(1 + Sqrtlcl*x)])/Sqrtlc] - (b~2*d*PolyLogl[2, 1 + (2*Sqrt[c]=*
(1 - Sqrtl-cl*x))/((Sqrt[-c] - Sqrtlc])*(1 + Sqrtlcl*x))]1)/(2*xSqrt[c]) - (b
~2*xd*PolyLog[2, 1 - (2*Sqrt[cl*(1 + Sqrt[-cl*x))/((Sqrt[-c] + Sqrtlcl)*(1 +
Sqrt[cl*x))]1)/(2%Sqrtc]) - ((I/2)*b~2*d*PolyLogl[2, 1 - ((1 - I)*(1 + Sqrt
[c]*x))/(1 - I*Sqrtlcl*x)])/Sqrtlc]

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 30

Int[(x_)"(m_.), x_Symbol] :> Simp[x~(m + 1)/(m + 1), x] /; FreeQ[m, x] && N
eQ[m, -1]

Rule 43

Int[((a_.) + (b_)*(x))"(m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - a*d, 0] && IGtQ[m, 0] && ( !'IntegerQ[n] || (EqQ[c, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5x(n + 1), 0] || GtQ[m + n + 2, 0])
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Rule 203

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTan[(Rt[b, 2]*x)/Rt
[a, 2]11)/(Rt[a, 2]1*Rt[b, 21), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (GtQ[a
, 01 |l GtQ[b, 01)

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]11/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 298

Int[(x_)"2/((a_) + (b_.)*(x_)"4), x_Symbol] :> With[{r = Numerator[Rt[-(a/b
), 211, s = Denominator[Rt[-(a/b), 211}, Dist[s/(2xb), Int[1/(r + s*x"2), X
1, x] - Dist[s/(2%b), Int[1/(r - s*x~2), x], x]] /; FreeQ[{a, b}, x] && !G
tQ[a/b, 0]

Rule 321

Int[((c_)*x(x D))" (@m )*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> Simp[(c~(
n - D*(cxx)"(m - n + 1)*x(a + bxx™n)"(p + 1))/(b*(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(bx(m + n¥p + 1)), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2295

Int[Log[(c_.)*(x_)"(n_.)], x_Symbol] :> Simp[x*Loglc*x"n], x] - Simp[n*x, x
1 /; FreeQl{c, n}, x]

Rule 2296

Int[((a_.) + Logl(c_.)*(x_)"(n_.)]1*(b_.))"(p_.), x_Symbol] :> Simp[x*(a + b
xLog[c*x"n]) "p, x] - Dist[b*n*p, Int[(a + bxLoglc*x"n])~(p - 1), x], x] /;
FreeQ[{a, b, c, n}, x] & GtQ[p, 0] && IntegerQ[2+p]
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Rule 2315

Int[Log[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cx¥x]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2389

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*(x_))"(n_.)1*(b_.))"(p_.), x_Symbol] :
> Dist[1/e, Subst[Int[(a + b*Loglc*x™n])"p, x], x, d + exx], x] /; FreeQ[{a
, b, c, d, e, n, p}, x]

Rule 2391

Int[Log[(c_.)*x((d_) + (e_.)*x(x_)"(n_.))]1/(x_), x_Symbol] :> -Simp[PolyLogl[2
, —~(cxexx™n)]/n, x] /; FreeQ[{c, d, e, n}, x] && EqQ[c*d, 1]

Rule 2393

Int[((a_.) + Logl(c_.)*((d_) + (e_)*(x_))Ix(b_.))/((f_.) + (g_.)*(x_)), x_
Symbol] :> Dist[1/g, Subst[Int[(a + bxLogl[l + (c*xexx)/gl)/x, x], x, f + g*x
1, x]1 /; FreeQ[{a, b, c, d, e, f, g}, x] && NeQ[exf - dxg, 0] && EqQ[g + c*
(exf - dxg), 0]

Rule 2394

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_))"(n_)1*(_.))/((f_.) + (g_.)*(x_
)), x_Symbol] :> Simp[(Log[(ex(f + gxx))/(exf - dxg)lx(a + bxLoglcx(d + exx
)°nl)) /g, x] - Dist[(b*e*n)/g, Int[Logl(ex(f + g*x))/(exf - d*g)]/(d + exx)
, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, n}, x] & NeQ[exf - d*g, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e”2*f + d~2*g, 0]

Rule 2416

Int[((a_.) + Logl(c_.)*x((d_ ) + (e_)*(x_))"(n_.)I*x(b_.)) " (p_.)*x((h_.)*x(x_))
“(m_D)*((f) + (g_I)*(x_)"(r_.))"(q_.), x_Symbol] :> Int[ExpandIntegrand[(a
+ bxLog[c*(d + e*x)™n]) p, (h*x) " mx(f + gxx"r)~q, x], x] /; FreeQ[{a, b, c
, d, e, f, g, h, m, n, p, q, r}, x] & IntegerQ[m] && IntegerQ[q]

Rule 2447
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Int[Log[u J1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 2448

Int[Log[(c_.)*x((d_) + (e_.)*x(x_)"(n_))"(p_.)], x_Symbol] :> Simp[x*Logl[c*(d
+ exx™n) pl, x] - Distl[e*n*p, Int[x"n/(d + exx"n), x], x] /; FreeQ[{c, d,
e, n, p}, x]

Rule 2450

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_)) " (p_.)1*(b_.))"(q_), x_Symbo
1] :> Simp[x*(a + b*Loglc*(d + e*x"n) pl)~q, x] - Dist[b*e*nxp*q, Int[(x"n*
(a + bxLoglc*x(d + exx™n)"pl)~(q - 1))/(d + exx"n), x], x] /; FreeQ[{a, b, c
, d, e, n, pr, x] && IGtQ[q, 0] && (EqQ[g, 1] || IntegerQ[n])

Rule 2454

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*x(x_)"(n_)) (p_.)1*(b_.))"(q_.)*(x_)"(m

_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Simplify[(m + 1)/n] - 1)*(a + bx*Lo

glex(d + exx)7pl)~q, x], x, x"n], x] /; FreeQ[{a, b, ¢, d, e, m, n, p, g},

x] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0] || IGtQlq, 0]) &&
| (EqQ[q, 1] && ILtQ[n, 0] && IGtQ[m, 01)

Rule 2470

Int[((a_.) + Logl(c_.)*x((d_) + (e_)*x(x_)"(n_)) " (p_.)1*x(b_.))/((f_) + (g_.)
*x(x_)"2), x_Symbol] :> With[{u = IntHide[1/(f + g*x~2), x]}, Simp[ux(a + bx*
Loglcx(d + e*xx™n)"pl), x] - Dist[bxe*n*p, Int[(uxx~(n - 1))/(d + e*x"n), x]
, x11 /; FreeQ[{a, b, ¢, d, e, f, g, n, p}, x] & IntegerQ[n]

Rule 2475

Int[((a_.) + Logl(c_.)*((d_) + (e_.)*(x_)"(n_))"(p_.)1*(b_.))"(q_.)*x(x_)"(m

_Ox((f) + (g_)*x(x_ )" (s))"(r_.), x_Symbol] :> Dist[1/n, Subst[Int[x~(Sim

plify[(m + 1)/n] - D*(f + gxx~(s/n)) r*(a + b*xLoglcx(d + exx)"pl)~q, x], x

, x°n], x] /; FreeQ[{a, b, ¢, d, e, f, g, m, n, p, q, T, s}, x] && IntegerQ
[r] && IntegerQ[s/n] && IntegerQ[Simplify[(m + 1)/n]] && (GtQ[(m + 1)/n, 0]
|| IGtQlq, 0])

Rule 2476
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Int[((a_.) + Logl(c_.)*((d_) + (e_)*x(x_)"(n D))" (p_.)1*(b_.))"(q_.)*(x_ )" (m
_Ox((£) + (g_)*x(x_ )" (s))"(r_.), x_Symbol] :> Int[ExpandIntegrand[(a + b
*Log[cx(d + exx™n)"pl)~q, x"m*x(f + g*x"s)°r, x], x] /; FreeQ[{a, b, c, d, e
, f, g, m, n, p, q, r, s}, x] && IGtQ[q, 0] && IntegerQ[m] && IntegerQ[r] &
& IntegerQ[s]

Rule 2556

Int[Logl[v_]*Loglw_], x_Symbol] :> Simp[x*Logl[v]*Loglw], x] + (-Int[Simplify
Integrand[(x*Log[w]*D[v, x])/v, x], x] - Int[SimplifyIntegrand[(x*Log[v]=*D[
w, x]1)/w, x], x1) /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQl[w,
x]

Rule 2557

Int[Logl[v_]*Loglw_]*(u_), x_Symbol] :> With[{z = IntHide[u, x]}, Dist[Loglv
1*Loglw]l, z, x] + (-Int[SimplifyIntegrand[(z*Logl[w]*D[v, x])/v, x], x] - In
t[SimplifyIntegrand[(z*Log[v]*D[w, x])/w, x], x]) /; InverseFunctionFreeQ[z
, x]]1 /; InverseFunctionFreeQ[v, x] && InverseFunctionFreeQ[w, x]

Rule 4854

Int[((a_.) + ArcTan[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol]
:> -Simp[((a + bxArcTan[c*x]) “p*Logl[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*p)

/e, Int[((a + b*ArcTan[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 + c™2*x72), x

1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~2*d"2 + e~2, 0]

Rule 4856

Int[((a_.) + ArcTan[(c_.)*(x_)]*(b_.))/((d_ ) + (e_.)*(x_)), x_Symbol] :> -S
imp[((a + b*ArcTan[c*x])*Log[2/(1 - I*xc*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 - I*xcxx)]/(1 + c™2%xx72), x], x] - Dist[(b*c)/e, Int[Log[(2xc*(d + ex*x
))/((cxd + Ixe)*(1 - Ixc*x))]/(1 + c™2%x72), x], x] + Simp[((a + bxArcTanlc
*x])*Log[(2%c*x(d + e*xx))/((cxd + I*xe)*(1 - Ixc*x))])/e, x]) /; FreeQ[{a, D,
c, d, e}, x] && NeQ[c™2xd~2 + e~2, 0]

Rule 4920

Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.)) " (p_.)*(x_))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> -Simp[(I*(a + bxArcTan[c*x])~(p + 1))/(bxex(p + 1)), x] - Dist
[1/(c*d), Int[(a + b*ArcTan[c*x])"p/(I - c*x), x], x] /; FreeQ[{a, b, c, d,
e}, x] && EqQle, c~2+d] && IGtQ[p, O]

Rule 4928
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Int[(((a_.) + ArcTan[(c_.)*(x_)1*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + bxArcTan[c*x], x"m/(d + e*xx"2), x], x]
/; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, 0])

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((d.) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Log[2/(1 + (exx)/d)])/(1 - c~2%x72)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, 0
]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - c™2*%x72), x], x] + Simp[((a + bxArcTanh[cxx])*
Log[(2*c*(d + exx))/((c*d + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d"2 - €72, 0]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))~(p_.)*(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b¥ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, O]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + bxArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]

)

Rule 6091

Int[ArcTanh[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”™2*x~(2*n)), x], x] /; FreeQ[{c, n}, x]

Rule 6093

Int[((a_.) + ArcTanh[(c_.)*(x_)~(n_)]l*(b_.))"(p_.), x_Symbol] :> Int[Expand
Integrand[(a + (b*Log[l + c*x"n])/2 - (b*Log[l - c*x"nl)/2)"p, x], x] /; Fr
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eeQ[{a, b, c, n}, x] & IGtQ[p, 0] && IntegerQ[n]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]*(b_.))*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*x(m + 1)), x] - Dist[(b*c*
n)/(d*(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/(1 - c™2%x~(2*n)), x], x] /;
FreeQ[{a, b, ¢, d, m, n}, x] && NeQ[m, -1]

Rule 6099

Int[((a_.) + ArcTanh[(c_.)*(x_ )" (n_)]1*(b_.)) " (p_.)*x((d_.)*(x_))"(m_.), x_Sy
mbol] :> Int[ExpandIntegrand[(d+*x) m*(a + (b*Logl[l + c*x"n])/2 - (b*Logl[l -
cxx™n])/2)7p, x], x] /; FreeQ[{a, b, ¢, d, m, n}, x] && IGtQ[p, O] && Inte
gerQ[m] && IntegerQ[n]

Rule 6742

Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]
]

Rubi steps
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f (d + ex) (a +btanh™ (cxz))2 dx = f (ﬂz(d + ex) + 2ab(d + ex) tanh ™! (cxz) + b2(d + ex) tanh ™! (sz)z) dx

2 d 2 ’
_ % + (2ab) f (@ +ex) tanh ™! (cx?) dx + 12 f (@ + ex) tanh ™! (cx
2 d 2
= % + (2ab) f (d tanh™! (cxz) +extanh™! (cxz)) dx + b? f (d tas
2 d 2
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=—, 2abdx tanh (cx ) + abex” tanh (cx ) + (b d)f(z log
2(4 2 abelog (1 — c2x’
_rdtey + 2abdx tanh™! (cxz) + abex? tanh ™! (cxz) + g(
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Mathematica [A] time = 3.00, size = 684, normalized size = 0.63

2a2cdx? + a*cex® + abex (10g (1 - c2x4) +2cx? tanh ™! (cxz)) + 4abcdx® tanh ™! (cxz) + 4abdVcx? (’cam_l (\/a

Warning: Unable to verify antiderivative.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x~2])~2,x]

[Out] (2*a~2*cxd*x~2 + a~2*c*e*xx”3 + 4*xaxbkxcxd*x~2*ArcTanh[c*x”2] + 4*axb*xd*Sqrt[
c*x”2]*(ArcTan[Sqrt [c*x72]] - ArcTanh[Sqrt[c*x"2]]) + b~2%exx*ArcTanh[c*x"2
Ix((-1 + c*x"2)*ArcTanh[c*x"2] - 2xLog[1l + E~(-2xArcTanh[c*x"2])]) + axb*ex
x* (2%c*x"2*%ArcTanh [c*x72] + Log[l - c™2*x"4]) + b~ 2xe*xx*xPolyLog[2, -E~(-2*A
rcTanh[c*x"2])] - b™2xd*Sqrt [c*x~2]*((2*I)*ArcTan[Sqrt [c*x"2]]172 - 4xArcTan
[Sqrt [c*x~2]]*ArcTanh [c*x~2] - 2*Sqrt[c*x~2]*ArcTanh[c*x72] "2 - 2xArcTan[Sq
rt[cxx"2]]*Log[1 + E~((4*I)*ArcTan[Sqrt[c*x~2]])] - 2*ArcTanh[c*x"2]*Logl[1
- Sqrtlc*x~2]] + Logl[2]*Logl[l - Sqrtlc*x~2]] - Logl[l - Sqrtlc*x~2]]72/2 + L
ogll - Sqrtlc*xx~2]]*Logl[(1/2 + I/2)*(-I + Sqrtlc*x~2])] + 2%ArcTanh[c*x~2]*
Log[l + Sqrtl[cxx~2]] - Logl[2]*Log[l + Sqrt[c*x~2]] - Logl[((1 + I) - (1 - I)
*Sqrt [c*xx~2]) /2] *Log[1 + Sqrtlc*x~2]] - Logl[(-1/2 - I/2)*(I + Sqrtlc*x~2])]
*xLog[1 + Sqrt[c*x~2]] + Logl[l + Sqrtlc*x"2]]172/2 + Logl[l - Sqrtlc*x~2]]*Log
[((1 + I)+ (1 - Dx*Sqrtlc*x~2]1)/2] + (I/2)*PolyLogl[2, -E~((4*I)*ArcTan[Sqr
t[c*x72]1])] - PolylLogl2, (1 - Sqrtlc*x~2])/2] + PolyLogl[2, (-1/2 - I/2)x(-1
+ Sqrtlc*x~2])] + PolyLogl[2, (-1/2 + I/2)*(-1 + Sqrtl[c*x~2])] + PolyLogl[2,

(1 + Sqrtlc*x~2])/2] - PolyLogl2, (1/2 - I/2)*(1 + Sqrtlc*x~2])] - PolyLog
[2, (1/2 + I/2)*(1 + Sqrtlc*x~2])]1))/(2*cxx)

fricas [F] time = 0.46, size = 0, normalized size = 0.00

2
integral (azex +a%d + (bzex + bzd) artanh (cxz) + 2 (abex + abd) artanh (cxz) , x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="fricas")

[Out] integral(a”2*xexx + a"2xd + (b~ 2%e*x + b~2*d)*arctanh(c*x~2)72 + 2% (a*bke*xx
+ axb*d)*arctanh(c*x”2), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f(ex + d)(b artanh (cxz) + a)z dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d)*(atb*xarctanh(c*x~2))~2,x, algorithm="giac")
[Out] integrate((exx + d)*(bxarctanh(c*x"2) + a)~2, x)

maple [F] time = 0.42, size = 0, normalized size = 0.00
2
f(ex +d) (a + barctanh (c xz)) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*(a+b*arctanh(c*x~2))~2,x)
[Out] int((exx+d)*(at+b*arctanh(c*x~2))"2,x)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

m—VE)

(2 cx? artanh (cxz) +log (—czx4 +

lo
1 2 arctan (+/cx g(
Eazex2+ c - (\/_ ) + CJ;JM/E

c2 c2

+ 2 xartanh (cxz) abd+a%dx+
2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~2))~2,x, algorithm="maxima"

[Out] 1/2*%a"2xexx”2 + (c*(2*arctan(sqrt(c)*x)/c”(3/2) + log((c*x - sqrt(c))/(c*x
+ sqrt(c)))/c”(3/2)) + 2xx*arctanh(c*x™2))*axb*xd + a~2%d*x + 1/2%(2%c*x"2*a
rctanh(cxx"2) + log(-c™2xx"4 + 1))*a*xbxe/c + 1/8x(b"2%e*xx"2 + 2*b~2*d*x)*1o
g(-c*x™2 + 1)72 - integrate(-1/4*((b"2xc*e*xx~3 + b 2%c*d*x"2 - b~2%exx - b~
2xd)*1log(c*xx™2 + 1)72 - 2% (b7 2xc*e*xx™3 + 2*b72*c*kd*xx"2 + (b~2%c*e*x”3 + b~2
xc*d*x"2 - b™2*%exx - b72xd)*log(c*xx™2 + 1))xlog(-c*xx"2 + 1))/(c*xx"2 - 1), x

)

mupad [F] time = 0.00, size = -1, normalized size = -0.00
2
f(a + batanh (cxz)) (d +ex) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2)) " 2%(d + e*x),x)
[Out] int((a + b*atanh(c*x"2)) " 2%(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

f (a + batanh (cxz))2 (d + ex) dx



205

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)*(atb*atanh(ckx**2))**2,x)

[Out] Integral((a + bxatanh(ckx**2))**2*x(d + e*x), X)
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(a+b tanh ™! (sz))z

330 [ ———dx

Optimal. Leaf size=23

2
[(a +btanh™ (cxz)) J
Int ,X
d+ex
[Out] Unintegrable((atb*arctanh(c*x~2))~2/(exx+d) ,x)

Rubi [A] time = 0.12, antiderivative size = 0, normalized size of antiderivative = 0.00,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, - ,
integrand size

0.000, Rules used = {}

dx

f (a+btanh™ (cx2))’

d+ex

Verification is Not applicable to the result.

[In] Int[(a + bxArcTanh[c*x"2])"2/(d + ex*xx),x]
[Out] (a"2xLogld + exx])/e + 2xaxbxDefer [Int] [ArcTanh[c*x~2]/(d + exx), x] + b72%

Defer[Int] [ArcTanh[c*x"2]"2/(d + e*x), x]

Rubi steps

dx

f (a + btanh ! (sz))z e f a2 N 2abtanh ™ (cxz) N b2 tanh ™! (cxz)2
d+ ex d+ex d+ ex d+ex

2100(d tanh™! (cx? tanh™! (cx?
= w.,_(zab)f#dx_,_lﬂf#dx
e d+ex d+ex

Mathematica [A] time = 44.30, size = 0, normalized size = 0.00

2
(a +btanh™ (cxz))
f dx
d+ex
Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTanh[c*x~2])~2/(d + e*x),x]

[Out] Integrate[(a + b*ArcTanh[c*x72])72/(d + ex*x), x]
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fricas [A] time = 0.81, size = 0, normalized size = 0.00

b? artanh (cxz)2 + 2 ab artanh (cxz) +a?

ex +d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d),x, algorithm="fricas")
[Out] integral((b~2*arctanh(c*x~2)72 + 2%axbxarctanh(c*x”2) + a~2)/(e*xx + d), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

dx

[ (bartanh (cx2) + a)°

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))72/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*x~2) + a)~2/(e*xx + d), x)

maple [A] time = 0.35, size = 0, normalized size = 0.00

dx

f (a + barctanh (c xz))z

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~2))~2/(exx+d),x)
[Out] int((a+b*arctanh(c*x~2)) 2/ (e*xx+d),x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

4(ex +d) * ex+d ax

a2 log (ex +d) f bz log cx? + 1) —log ( —cx? + 1))2 ab(log (cx2 + 1) —log (—cx2 + 1))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))~2/(e*x+d),x, algorithm="maxima"

[Out] a"2*log(exx + d)/e + integrate(1/4xb~2*(log(c*x™2 + 1) - log(-c*x~2 + 1))72
/(exx + d) + axb*(log(c*x™2 + 1) - log(-c*x”2 + 1))/(exx + d), x)



mupad [A] time = 0.00, size = -1, normalized size = -0.04

f (a + batanh (c xz))z ”

d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~2))"2/(d + e*x),x)
[Out] int((a + b*atanh(c*x"2))"2/(d + e*x), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*atanh(c*x**2))**2/(e*xx+d),x)

[Out] Timed out

208
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(a+b tanh ™! (sz))z

331 [ dx

Optimal. Leaf size=23

(a+btanh™ (e22))”
Im( E

[Out] Unintegrable((atb*arctanh(c*x72))~2/(exx+d)~2,x)
Rubi [A] time = 0.37, antiderivative size = 0, normalized size of antiderivative = 0.00,
. . ber of rul
number of steps used = 0, number of rules used = 0, integrand size = 0, DO T =
integrand size

0.000, Rules used = {}

dx

f (a+btanh™ (cx2))’

(d + ex)?

Verification is Not applicable to the result.
[In] Int[(a + bxArcTanh[c*x"2])"2/(d + ex*xx)"2,x]

[Out] -(a"2/(ex(d + exx))) + (2xaxb*xSqrt[c]*ArcTan[Sqrtlcl*x])/(cxd”2 + e72) - (2
*xaxb*Sqrt [c]*ArcTanh[Sqrt [c]*x])/(cxd™2 - e72) - (2*axbxArcTanh[c*x~2])/(ex
(d + e*xx)) + (4*xaxbkckd*exLogld + e*xx])/(c™2+%d"4 - e74) - (axbxcxd*Logll -
c*xx”2])/(ex(c*d™2 - e72)) + (axbxcxd*Logl[l + c*x72])/(e*x(c*d™2 + e72)) + b~

2xDefer [Int] [ArcTanh[c*x~2]"2/(d + ex*x)"2, x]

Rubi steps
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(a +btanh™! (cxz))2 J a? 2abtanh ™ (cxz) b? tanh™ (cx2)2 ;
f (d + ex)? rE f (d + ex)? - (d + ex)? - (d + ex)? *
” tanh ™! " tanh ™! (cx2)2 ;
i )f ax + f drex

a
dx +

Te(d+ex)  e(d+ex) (d + ex)? e

dx +

2
2 2abtanh™ (cxz) ) f tanh™ (cxz)2 (24 )f (d+ex)(1 . c2x4

Te(d+ex)  e(d+ex) (d + ex)? e

dx +

a2 2ab tanh™! (cxz) ) f’camh_1 (cx2)2 (4abe) | (d+ex) (1-c2x4) d

3
(4abc) f ( c2d4+e4)(d+

a? 2abtanh™! (cxz) » tanh™! (cx2)2
Te(d+ex)  e(d+ex) - f (d + ex)?

2
72 2abtanh™ (sz) 4abcdelog(d + ex) Y f tanh ™" (sz)

Te(d+ex)  e(d+ex) c2d* — et (d + ex)?

22 2ab tanh™ (sz) 4abcdelog(d + ex) 2 f tanh”" (cxz)z
+ R Y

Ce(d+ex)  e(d+ex) c2d* — e* (d + ex)?

a2 2ab+/c tan™? (\/E x) 2ab+Jc tanh ™! (\/E x) 2abtanh™ (cx2

(

dx + -

(

dx + -

)

e(d + ex) - cd? + e2 - cd? — e2 T ed+ex)

Mathematica [A] time = 42.01, size = 0, normalized size = 0.00

f (a +btanh™ (cx2))’

(d + ex)? ax

Verification is Not applicable to the result.

[In] Integrate[(a + bxArcTanh[c*x"2])72/(d + e*x)~2,x]
[Out] Integratel[(a + b*ArcTanh[c*x~2])72/(d + ex*x)"2, x]

fricas [A] time = 0.91, size = 0, normalized size = 0.00

2
b? artanh (cxz) + 2 gbartanh (cxz) + a2
e2x2 4+ 2 dex + d?

integral ,X
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x"2))~2/(e*x+d)"2,x, algorithm="fricas")

[Out] integral((b~2*arctanh(c*x~2)72 + 2%axb*arctanh(c*x”2) + a”2)/(e™2*xx"2 + 2*d
xexx + d72), x)

giac[A] time = 0.00, size = 0, normalized size = 0.00

) 2
f (b artanh (cx ) + a) 0

(ex + d)*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x72))72/(e*x+d)~2,x, algorithm="giac")
[Out] integrate((b*arctanh(c*x~2) + a)~2/(e*xx + d)~2, x)

maple [A] time = 0.61, size = 0, normalized size = 0.00

\\2
f (a +b arctanhz(cx )) 0
(ex +d)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~2))~2/(e*xx+d)"2,x)
[Out] int((a+b*arctanh(c*x~2)) 2/ (e*xx+d)"2,x)

maxima [A] time = 0.00, size = 0, normalized size = 0.00

ddelog(ex +d) dlog(cx?+1) dlog(cx?-1) 2 arctan (vcx) log (%) 2 artanh (cx?)
c2dt — et we+eéd  cdle—ed (cdz ¥ 32)\/5 (ch - 32)\/5 T 2t de

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~2))72/(e*x+d)~2,x, algorithm="maxima"

[Out] ((4*xd*xexlog(e*xx + d)/(c"2*d"4 - e74) + dxlog(c*x”2 + 1)/(c*d"2xe + e73) - d
*xlog(c*x™2 - 1)/(c*xd™2xe - e73) + 2*xarctan(sqrt(c)*x)/((cxd”2 + e~2)*sqrt(c

)) + log((c*x - sqrt(c))/(cxx + sqrt(c)))/((cxd™2 - e72)*sqrt(c)))*c - 2*ar
ctanh(c*x72)/(e”2*%x + dxe))*axb - 1/4xb~2*%(log(-c*x"2 + 1)72/(e"2*x + dx*e)

+ integrate(-((c*exx™2 - e)*log(c*x™2 + 1)72 + 2x(2xc*exx~2 + 2*cxd*x - (c*

exx”2 - e)xlog(c*x™2 + 1))*log(-c*xx"2 + 1))/ (c*xe”3*xx"4 + 2kcxd*e”2%x"3 - 2%
d*e”2*x — d"2%e + (c*d"2%e - e73)*x"2), x)) - a~2/(e"2*x + dx*e)



mupad [A] time = 0.00, size = -1, normalized size = -0.04

f (a + batanh (c xz))z ”

d +ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"2))"2/(d + e*x)~2,x)
[Out] int((a + b*atanh(c*x"2))"2/(d + e*x)”"2, x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**2))**2/(e*xx+d)**2,x)

[Out] Timed out
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3.32 f (d + ex)? (a +btanh™ (cx3)) dx

Optimal. Leaf size=336

_1 (22241
(d + ex)? (a +btanh™ (cx3)) bd? log (1 - c2/3x2) V3bd? tan™! ( : \/g . ) bd? log (c4/3x4 +cH3x2 + 1) bd
+ + - +—

3e 24c 2+/c 4xc

[Out] -b*d*exarctanh(c™(1/3)*x)/c”(2/3)+1/3*(exx+d) "3*(atb*arctanh(c*x~3))/e+1/2x%
b*d"2*1n(1-c~(2/3)*x72) /c”(1/3)+1/4xbxd*ex1n(1-c~(1/3) *x+c~(2/3) *x"2) /c~(2/
3)-1/4*xbxd*ex1n(1+c~(1/3) *x+c”(2/3)*x72) /c~(2/3)+1/6%b* (c*d"3+e”3) *1n(—c*x~
3+1)/c/e-1/6*xbx(c*d~3-e"3) *1n(c*x"3+1) /c/e-1/4*xb*d"2*1n(1+c”(2/3) *x"2+c~(4/
3)*x74)/c”(1/3)+1/2*xbxd*e*arctan(-1/3*37(1/2)+2/3*c~ (1/3) *x*3~(1/2))*37(1/2
)/c”(2/3)+1/2%b*d*exarctan(1/3%3~(1/2)+2/3*c”(1/3)*x*x3~(1/2))*3~(1/2)/c~(2/
3)+1/2%bxd~2*arctan(1/3* (1+2xc~(2/3)*x"2)*37(1/2))*3"(1/2)/c~(1/3)

Rubi [A] time = 0.51, antiderivative size = 332, normalized size of antiderivative
= 0.99, number of steps used = 25, number of rules used = 14, integrand size = 18,

number of rules _ ) 778, Rules used = {6742, 6091, 275, 292, 31, 634, 617, 204, 628, 6097, 296,
integrand size
618, 206, 260}

_1 (26232241
a(d + ex)? +bd2 log (1 - c2Px?) _bd2 log (c*Px* + 2 + 1) . V3bd? tan™! (%) bdelog (c*Px? - e x

3e 2+/c 4+]c 2+/c - 423

Antiderivative was successfully verified.

[In] Int[(d + e*xx)~2%(a + bxArcTanh[c*x~3]),x]

[Out] (ax(d + e*x)~3)/(3*e) - (Sqrt[3]*bxd*e*ArcTan[1/Sqrt[3] - (2*c~(1/3)*x)/Sqr
t[311)/(2xc™(2/3)) + (Sqrt[3]*b*d*e*xArcTan[1/Sqrt[3] + (2xc~(1/3)*x)/Sqrt([3
11)/(2xc~(2/3)) + (Sqrt[3]*bxd~2*ArcTan[(1 + 2*c~(2/3)*x72)/Sqrt[3]])/(2*c~
(1/3)) - (b*dxexArcTanh[c”(1/3)*x])/c”(2/3) + bxd~2*x*ArcTanh[c*x~3] + b*d*
exx~2*%ArcTanh [c*x73] + (b*e”2*x"3*ArcTanh[c*x73])/3 + (b*d~2xLogl[l - c~(2/3
)*x72])/(2%c™(1/3)) + (bxd*exLogl[l - c~(1/3)*x + c~(2/3)*x72])/(4%c~(2/3))

- (b*dxexLogl[l + c~(1/3)*x + ¢~ (2/3)*x72])/(4xc”(2/3)) - (b*d"2xLogl[l + c~(
2/3)*x72 + ¢~ (4/3)*x74])/ (4%c~(1/3)) + (bxe"2xLogl[l - c~2%x76])/(6%c)

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 21*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] &% PosQ[a/b] && (LtQ[
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a, 0] |l LtQ[b, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
t[a + b*x"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 275

Int[(x_ )" (m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl}, Dist[1/k, Subst[Int[x"((m + 1)/k - D*(a + b*x"(n/k))"p, x], X, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]1*x)/(Rt[a, 3172 - Rtl[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 296

Int[(x_ )" (m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), nl], s = Denominator[Rt[-(a/b), nl], k, u}, Simp[u = Int[(r*Cos
[(2%k*m*Pi) /n] - s*Cos[(2xk*(m + 1)*Pi)/n]*x)/(r~2 - 2%r*sxCos[(2xk+*Pi)/n]*
x + 872%x72), x] + Int[(r*Cos[(2xk*m*Pi)/n] + s*Cos[(2*k*(m + 1)*Pi)/n]*x)/
(r~2 + 2*r*s*Cos[(2*k*Pi)/n]l*x + s872%x72), x]; (2*xr~(m + 2)*Int[1/(r"2 - s~
2%x72), x])/(a*n*s"m) + Dist[(2*r"(m + 1))/(a*n*s"m), Sum[u, {k, 1, (n - 2)
/4}), x], x]1]1 /; FreeQl[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, O] && Lt
Qlm, n - 1] && NegQ[a/bl

Rule 617

Int[((a_) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2*c*x)/b
1, x] /; RationalQ[ql] && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]
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Rule 618

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4*a*c - x°2, x], x], x, b + 2xc*x], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d ) + (e_)*(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*xc*d - bxe)/(2%c), Int[1/(a + b*x + c*x72), x], x] + Distl[e/(2*c), In
t[(b + 2%c*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 6091

Int[ArcTanh[(c_.)*(x_)"(n_)], x_Symbol] :> Simp[x*ArcTanh[c*x"n], x] - Dist
[c*n, Int[x"n/(1 - c”2*x~(2*n)), x], x] /; FreeQ[{c, n}, xI]

Rule 6097

Int[((a_.) + ArcTanh[(c_.)*(x_)"(n_)]1*(b_.))*((d_.)*(x_))"(m_.), x_Symbol]
:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x"n]))/(d*(m + 1)), x] - Dist[(b*c*
n)/(dx(m + 1)), Int[(x"(n - D*(d*x)"(m + 1))/(1 - c™2*x~(2*n)), x], x] /;
FreeQ[{a, b, c, d, m, n}, x] && NeQ[m, -1]

Rule 6742
Int[u_, x_Symbol] :> With[{v = ExpandIntegrand[u, x]}, Int[v, x] /; SumQ[v]

]

Rubi steps
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J@+exp (a+branh™ (c2?)) dx = [ (a(d + ex? + bid + exP tanh ™ (c2?)) dx

- %:x)a +b f (d + ex)? tanh ™" (cx3) dx

_ %:36)3 +b f (@ tanh™ (cx®) + 2dex tanh™ (cx®) + e2x? tanh ™" (cx®
_ 2+ e ;_:x)?) + (bdz) f tanh ™" (cx3) dx + (2bde) f xtanh™ (cx3) dx + (be‘
_ ad+ex)’ ;;:x) i + bd?x tanh ™" (cx3) + bdex? tanh™* (ch) + %bezx?’ tanh ™" (cx*‘
_ ad+ex)’ ;eex)3 + bd2x tanh™ (cx3) + bdex? tanh ™ (cx3) + %bezx3 tanh ™’ (cxE

“1¢(3
= a(d ;reex)3 B bde ’canzlz/3 (\/E x) + bd2x tanh™! (cx3) + bdex? tanh! (cx3)

_ad+ cx)? _ bae tanh (\B/Ex) + bd?x tanh ™" (cx3) + bdex? tanh ™ (cx3)

3e c2/3
93 3
a(d + ex)? V3bdetan™ (1 f/%/zx) V3 bde tan™! (1+i/—;/zx) bde tanh’
- 3e - 2c2/3 * 2¢23 - 2
3 3
sd+exp V3bdetan! (“g ) 3 bde tan™! (“i%f) V3 b2 2
ST 3 2023 * 2023 *

Mathematica [A] time = 0.28, size = 299, normalized size = 0.89

12acd?x + 12acdex? + 4ace?x® - 3by/cd (\S/Ed — e) log (cz/3x2 —ex + 1) —3by/cd (%d + e) log (c2/3x2 + +fcx

Antiderivative was successfully verified.

[In] Integrate[(d + e*x) 2%(a + bxArcTanh[c*x"3]),x]

[Out] (12*axc*d™2*x + 12xa*xckxd*e*xx™2 + 4xakxcxe 2xx~3 + 6*xSqrt [3]*b*xc™(1/3)*d*(c™(
1/3)*d + e)*ArcTan[(-1 + 2xc~(1/3)*x)/Sqrt[3]] - 6*Sqrt[3]*b*c~(1/3)*d*(c™(
1/3)*d - e)*ArcTan[(1 + 2xc”(1/3)*x)/Sqrt[3]] + 4xb*xckx*x(3+%d”~2 + 3kd*e*x +

e~ 2*xx~2)*ArcTanh [c*x"3] + 6xbxc™(1/3)*d*(c~(1/3)*d + e)*Logl[l - c~(1/3)*x]
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+ 6%bxc”(1/3)*d*(c~(1/3)*d - e)xLogl[l + c~(1/3)*x] - 3xb*c~(1/3)*d*(c~(1/3)
*d - e)xLogl[l - c~(1/3)*x + c~(2/3)*x72] - 3*b*c”(1/3)*d*(c~(1/3)*d + e)*Lo
gll + ¢~ (1/3)*x + ¢~ (2/3)*x72] + 2%bxe”2xLog[l - c~2%x76])/(12%c)

fricas [C] time = 2.84, size = 9282, normalized size = 27.62

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) "2x(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/24*(8*axcxe”2%x~3 + 24*axckdrexx™2 + 24xaxcxd™2*x - 2x(2x(1/2)7(2/3)*(b"2
*xe~4/c”2 - (9%cxd"3xe + e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3%e”6/c”3 + 27%
(c*d™3 + e73)*b~3*d"3/c”2 - 3% (9*c*d"3*e + e74)*b"3*xe"2/c”3 + (27*c”2*d"6 +
e"6)*b~3/c”3)"(1/3) - 2*xb*xe~2/c + (1/2)7(1/3)*(2*xb"3*e”"6/c~3 + 27*(c*d”3 +
e”3)*b7"3*d"3/c"2 - 3% (9*c*d"3*e + e74)*b"3*e"2/c”3 + (27*c”2*d”6 + e76)*b”
3/c”3)7(1/3)*(I*xsqrt(3) + 1))*cxlog(15xb~2%c*xd"3*e”2 + b~2xe”5 + 1/4x(2x(1/
2)7(2/3)*(b"2xe"4/c”2 - (9*c*d"3*e + e74)*b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x%
e76/c”3 + 27+ (cxd”3 + e73)*b"3*d"3/c”2 - 3*(9*c*d"3xe + e74)*b"3*e”2/c”3 +
(27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2xbxe”2/c + (1/2)"(1/3)*(2*xb~3%e”6/c"3
+ 27%(c*d”3 + e73)*b7"3*%d"3/c”2 - 3*(9*c*kd"3%e + e74)*b"3%e”2/c”3 + (27*c”2x%
d”6 + e76)*b"3/c”3) 7 (1/3)*(I*sqrt(3) + 1)) 2xc"2%e - 1/2%(3*b*xc™2*d"3 - 2xb
xcxe"3)*x(2x(1/2)~(2/3)*(b"2%xe"4/c”2 - (9*c*d"3*e + e74)*b~2/c"2)*x(~I*sqrt(3
) + 1)/(2%b"3*%e”6/c”3 + 27*(c*d”3 + e73)*b”"3*%d"3/c”2 - 3*%(9*cxd"3*e + e74)x*
b"3*e"2/c”3 + (27*%c”2*%d"6 + e76)*b~3/c"3)"(1/3) - 2*b*e”2/c + (1/2)~(1/3)*(
2%b~3*%e”6/c”3 + 27x(cxd”3 + e73)*b"3*d"3/c”2 - 3% (9*c*d"3*e + e74)*b"3*xe”"2/
c™3 + (27*c™2%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) + 9% (b"2%c~2xd"5 +
b~ 2xcxd"2%e"3) *x) - 2% (2% (1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*xd"3*e - e74)*b"2/
c"2)*(-I*sqrt(3) + 1)/(2*%b"3%e”6/c”3 - 27*(c*d"3 - e73)*b~3xd~3/c”2 + 3% (9%
c*¥d"3*%e - e74)*¥b"3*%e"2/c”3 + (27*c”2*d"6 + e76)*b"3/c"3)7(1/3) - 2¥b*e”2/c
+ (1/2)7(1/3)*(2xb"3%e"6/c”3 - 27*(c*d™3 - e73)*b~3%d"3/c”2 + 3*(9*cxd~3*e
- e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))*cxl
0g(15*%b~2%c*d"3*%e”2 - b~ 2*e”5 - 1/4*%(2*x(1/2)7(2/3)*x(b"2*%e"4/c™2 + (9*cxd™3%
e - e 4)*b~2/c”2)*(~I*sqrt(3) + 1)/(2xb~3%e”6/c”3 - 27*(cxd"3 - e73)*b~3xd"
3/c”2 + 3% (9*cxd"3xe - e74)*b"3*%e”2/c”3 + (27*c"2%d"6 + e76)*b~3/c"3)"(1/3)
- 2xbxe”2/c + (1/2)7(1/3)*(2xb~3*e”6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 +
3% (9xc*d"3%e - e74)*b"3%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt
(3) + 1))72%c™2*%e — 1/2*(3*xbxc™2+%d"3 + 2*bkxcxe”3)*(2x(1/2)~(2/3)*(b"2*e"4/c
T2 + (9%c*xd”"3xe - e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2*b~3*e”6/c”3 - 27*(c*xd"3
- e73)*b7"3*%d"3/c”2 + 3*%(9*cxd"3*e - e74)*b"3*%e”2/c”3 + (27*c”2%d"6 + e76)*
b~3/c”3)7(1/3) - 2xb*e”2/c + (1/2)7(1/3)*(2%b"3*e"6/c”3 - 27*(c*d"3 - e~3)*
b~3%d"3/c”2 + 3% (9*kc*xd"3*e - e”4)*b"3*e"2/c”3 + (27*c"2*%d”"6 + e76)*b"3/c”3)
T(1/3)*%(I*sqrt(3) + 1)) - 9% (b™2*c™2%d"5 - b™2xc*d"2*e”3)*x) + (6*b*e”2 + (
2x(1/2)7(2/3)*x(b"2*%e"4/c”2 + (9*%cxd"3*e - e~4)*b~2/c”2)*(-I*sqrt(3) + 1)/(2
*b~3*%e”6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3*%(9*xc*xd”"3*e - e"4)*b"3*e"2/c
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"3 + (27*c72%d"6 + e76)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)7(1/3)*(2*b"3*e”6
/c”™3 = 27*(c*d”3 - e73)*b73%d"3/c”2 + 3% (9*c*xd"3*%e - e"4)*xb"3*e”2/c”3 + (27
*C"2+%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c + 3*sqrt(1/3)*c*xsqrt((144
*b~2xc*d"3%e - 4xb72%e”4 - 4x(2%(1/2)7(2/3)*(b"2%e"4/c”2 + (9*cxd"3*e - e74
)*¥b72/c”2)* (~I*sqrt(3) + 1)/(2xb~3%e”6/c”3 - 27*(cxd"3 - e73)*b~3*%d"3/c"2 +
3% (9*xc*xd”"3*e - e74)*b"3%e”2/c”3 + (27*c”2*xd"6 + e76)*b"3/c”3) " (1/3) - 2xbx
e”2/c + (1/2)"(1/3)*(2*xb~3xe”6/c"3 - 27*(cxd"3 - e€73)*b~3xd"3/c”2 + 3*(9*cx*
d"3%e - e74)*b"3%e”72/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)7(1/3)*(I*sqrt(3) + 1
))*bxc*xe”2 - (2x(1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*d"3*e - e74)*b"2/c”2) *(-I*s
qrt(3) + 1)/(2xb"3*%e"6/c”3 - 27x(cxd”™3 - e73)*b~3*d"3/c”2 + 3*(9*c*d"3xe -
e"4)*b"3%e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c”3)"(1/3) - 2*b*e”2/c + (1/2)"(1
/3)*(2xb~3%e”6/c”3 - 27*(cxd"3 - e73)*b”"3+%d"3/c”2 + 3*(9*cxd"3*e - e74)*b"3
xe72/c”3 + (27*c72*%d"6 + e76)*b~3/c”3) " (1/3)*(Ixsqrt(3) + 1))72%xc™2)/c”2))*
log(-15%b~2%c*xd"3*e”2 + b™2xe”5 + 1/4x(2x(1/2)7(2/3)*(b"2%xe"4/c”2 + (9*c*d™
3xe - e74)*b72/c”2)*(~I*sqrt(3) + 1)/(2*¥b~3*e”6/c”™3 - 27*(c*d"3 - e73)*b~ 3%
d~3/c”2 + 3*%(9%cxd"3*e - e74)*xb"3*e”2/c”3 + (27*c”2%d"6 + e76)*b~3/c"3)"(1/
3) - 2xb*xe”2/c + (1/2)7(1/3)*(2*xb~3*e”6/c”3 - 27*(c*d”3 - e73)*b~3%d~3/c"2
+ 3% (9*%c*xd"3*%e - e74)*b"3*%e”2/c”3 + (27*c"2*%d"6 + e"6)*b~3/c”3) " (1/3)*(I*sq
rt(3) + 1))72%c™2%e + 1/2%(3%b*c™2xd"3 + 2%bxc*e”3)*(2x(1/2)~(2/3)*(b"2xe"4
/c”2 + (9%c*xd"3%e - e74)*b"2/c”2)*(~I*xsqrt(3) + 1)/(2xb~3*%e”6/c”3 - 27*x(cxd
"3 - e73)*b"3%d"3/c”2 + 3% (9*c*d"3*xe - e74)*b"3%e"2/c”3 + (27*c"2*d"6 + €76
)*b~3/c”3)7(1/3) - 2%bxe”2/c + (1/2)7(1/3)*(2%b"3*e”6/c~3 - 27*(c*d"3 - €73
)*¥b73%d"3/c”2 + 3% (9*kcxd"3*e - e74)*b"3xe”2/c”3 + (27*c”2*d"6 + e"6)*b”3/c”
3)7(1/3)*(I*xsqrt(3) + 1)) - 18*%(b72*c™2*d"5 - b~ 2xc*d"2*e”3)*x + 3/4xsqrt(l
/3) % (6xb*c™2*d"3 - 2xbxc*e”3 - (2x(1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*d"3*e - e
“4)xb"2/c”2) % (-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 - 27*(c*d”3 - e73)*b~3%d~3/c"2
+ 3% (9%c*xd"3*%e - e74)*b"3*%e"2/c”3 + (27*c”2%d"6 + e76)*b~3/c”3)"(1/3) - 2%
bxe~2/c + (1/2)7(1/3)*(2*xb~3%e”6/c"3 - 27*(c*d"3 - e73)*b~3*d"3/c”2 + 3x(9*
cxd"3%e - e74)*b"3%e72/c”3 + (27*c”2*d"6 + e76)*b~3/c”"3)"(1/3)*(I*sqrt(3) +
1)) xc™2xe) *sqrt ((144*b~2xc*d"3*%e - 4*b~2xe”4 - 4% (2x(1/2)~(2/3)*(b"2*e"4/c
72 + (9%c*xd”"3xe - e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2*b~3%e"6/c”3 - 27*(c*xd"3
- e73)*b73%d"3/c”2 + 3*%(9*kcxd"3*e - e"4)*b"3xe”2/c”3 + (27*c”2*d"6 + e"6)*
b~3/c”3)7(1/3) - 2xb*e”2/c + (1/2)7(1/3)*(2%¥b"3*e"6/c”3 - 27*(c*d"3 - e~3)*
b~3%d~3/c”2 + 3% (9xc*d"3%e - e74)*b"3*e"2/c”3 + (27*c”2xd"6 + e76)*b”~3/c”3)
“(1/3)*#(I*sqrt(3) + 1))*b*xcxe™2 - (2%(1/2)7(2/3)*(b"2%e”4/c”2 + (9*c*d™3*e
- e74)*b"2/c”2) % (-I*sqrt(3) + 1)/(2*%b"3%e”6/c”3 - 27*(c*d”3 - e73)*b”~3*xd~3/
c”2 + 3%(9*cxd"3*e - e74)*b"3*e”2/c”3 + (27*%c”2%d"6 + €76)*b~3/c"3)"(1/3) -
2xb*xe~2/c + (1/2)7(1/3)*(2%¥b~3*e"6/c”3 - 27*(c*d"3 - e73)*b~3*d"3/c”2 + 3%
(9%c*xd"3*e - e74)*b"3%e”2/c”3 + (27*c”2*d"6 + e76)*b~3/c”3) " (1/3)*(Ixsqrt(3
) + 1))72xc72)/c72)) + (6xb*xe”2 + (2%x(1/2)7(2/3)*(b~2*%e~4/c”2 + (9*c*xd"3xe
- e74)*b"2/c”2) % (-I*sqrt(3) + 1)/(2*%b"3%e”6/c”3 - 27*(c*d”3 - e~3)*b~3*xd~3/
c”2 + 3%(9xcxd"3*e - e74)*b"3*e”2/c”3 + (27*c”2%d"6 + e76)*b~3/c"3)"(1/3) -
2%bxe~2/c + (1/2)7(1/3)*(2%b"3*e”6/c~3 - 27*(c*d”3 - e73)*b~"3*d"3/c"2 + 3%
(9%c*d"3*e - e74)*b"3*e"2/c”3 + (27*c”2%d"6 + e76)*b~3/c"3) " (1/3)*(I*sqrt(3
) + 1))*c - 3*sqrt(1/3)*cxsqrt ((144%b~2*cxd"3*xe - 4xb"2%e”4 - 4x(2x(1/2)7(2
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/3)*x(b"2%e"4/c”2 + (9*%cxd"3*e - e"4)*b"2/c”2)*(-I*sqrt(3) + 1)/(2*¥b~3*e”6/c
3 - 27*%(c*d”3 - e73)*b"3%d"3/c”2 + 3% (9*c*d"3*xe - e74)*b"3*e"2/c”3 + (27*c
“2%d"6 + e76)*b"3/c"3)"(1/3) - 2%b*e”2/c + (1/2)7(1/3)*(2%¥b"3*e”6/c”3 - 27x*
(c*d™3 - e73)*%b"3*d"3/c”2 + 3*(9*c*d"3xe - e74)*b"3%e”2/c”3 + (27*c”2*xd"6 +
e76)*b”"3/c”3) " (1/3)*(I*sqrt(3) + 1))*bkxcxe™2 - (2%(1/2)7(2/3)*(b"2%e"4/c"2
+ (9%c*d"3%e - e74)*b"2/c”2)*x(~I*sqrt(3) + 1)/(2xb"3*%e"6/c”3 - 27*x(cxd"3 -
e~ 3)*b"3*d"3/c”2 + 3*(9*c*xd"3*e - e74)*b"3*e”2/c”3 + (27*c”2*d"6 + e”6)*b”
3/c”3)7(1/3) - 2xb*xe”2/c + (1/2)"(1/3)*(2*¥b"3*e”"6/c"3 - 27*(c*d"3 - e73)*b~
3*d"3/c”2 + 3% (9*c*d"3*e - e74)*b"3*%e”2/c”3 + (27*c”2*%d"6 + e76)*b"3/c"3) " (
1/3)*(I*sqrt(3) + 1))72%c™2)/c”2))*log(-156xb~2xc*d"3*xe”2 + b™2xe”5 + 1/4%(2
*x(1/2)7(2/3)*(b"2xe"4/c”2 + (9xc*d"3*e - e74)*b"2/c”2)*(~I*sqrt(3) + 1)/(2%
b"3*%e"6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3*%(9*c*kd"3*e - e74)*b"3%e"2/c”
3 + (27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2*xbxe”2/c + (1/2)"(1/3)*(2*b~3%e”6/
c”3 - 27*(cxd”3 - e73)*b"3*xd"3/c”2 + 3% (9*kc*d"3*e - e74)*b"3*e"2/c”3 + (27
c"2xd"6 + e76)*b~3/c73) 7 (1/3)*(I*sqrt(3) + 1))72%c™2%e + 1/2%(3xb*c™2xd"3 +
2xbxcxe”3)*x (2% (1/2) 7 (2/3)*(b"2%e"4/c”2 + (9*c*d"3*e - e74)*b~2/c"2)*x(~I*sq
rt(3) + 1)/(2*b"3%e"6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3*(9*c*xd"3*e - e
~4)*¥b"3*%e”2/c”3 + (27*c"2%d"6 + e76)*b"3/c"3)"(1/3) - 2*¥b*xe”2/c + (1/2)°(1/
3)*(2xb"3*%e”6/c”3 - 27*(c*d”3 - e73)*b"3*%d"3/c”2 + 3% (9*c*xd"3*e - e74)*b” 3%
e72/c”3 + (27*c™2xd"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) - 18*(b™2xc™2x%
d”5 - b72*cxd"2*%e"3)*x - 3/4xsqrt(1/3)*(6xb*c™2+%d"3 - 2*xbxc*xe”3 - (2x(1/2)~
(2/3)*%(b"2%xe"4/c”2 + (9xc*d"3*e - e74)*b"2/c"2)*x(~I*sqrt(3) + 1)/(2xb~3%e”~6
/c”3 = 27*(c*d”3 - e73)*b~3*%d"3/c”2 + 3% (9*c*d"3*e - e74)*b"3*e"2/c”3 + (27
*c72*%d"6 + e76)*b~3/c”3)"(1/3) - 2*b*xe”2/c + (1/2)"(1/3)*(2*b"3%e”6/c"3 - 2
T*(c*d”™3 - e73)*b~3*d"3/c”2 + 3*%(9*c*d"3*e - e74)*b"3*e"2/c”3 + (27*c”2*d”6
+ e76)*b73/c”3) " (1/3)*(I*sqrt(3) + 1))*c~2%e)*sqrt ((144*b~2*c*xd"3*e - 4*b~
2xe~4 - 4x(2%(1/2)7(2/3)*(b"2%e"4/c”2 + (9*c*d"3*e - e"4)*b"2/c”2)*(-I*sqrt
(3) + 1)/(2%b"3*%e"6/c”3 — 27*(c*d"3 - e73)*b"3*d"3/c”2 + 3*%(9*c*d"3*e - €74
)*¥b73*%e"2/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)"(1/3) - 2%b*e”2/c + (1/2)°(1/3)
*(2xb~3*%e”6/c”3 - 27*(c*d”3 - e73)*b"3*%d"3/c”2 + 3x(9*kc*d"3*e - e74)*b"3xe”
2/c”3 + (27*%c”2*%d"6 + e"6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*bxc*xe”2 - (2x(1/
2)7(2/3)*(b"2%xe"4/c”2 + (9*c*d"3*e - e74)*b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x%
e”6/c”3 - 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3*(9*xcxd"3xe - e74)*b"3*e”2/c”3 +
(27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2*xbxe”2/c + (1/2)"(1/3)*(2*b~3%e”6/c"3
- 27*(c*d"3 - e73)*b"3*%d"3/c”2 + 3*(9xcxd"3*e - e74)*b"3*e”2/c”3 + (27*c"2x
d™6 + e76)*xb~3/c”3) " (1/3)*x(I*sqrt(3) + 1))72%c™2)/c”2)) + (6%bxe”2 + (2*(1/
2)7(2/3)*(b"2%xe"4/c”2 - (9*c*d"3*e + e74)*b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb~3x%
e76/c”3 + 27x(cxd”3 + e73)*b"3*d"3/c”2 - 3*(9*c*d"3xe + e74)*b"3*e”"2/c”3 +
(27*c™2%d"6 + e76)*b~3/c”3)"(1/3) - 2*xbxe”2/c + (1/2)"(1/3)*(2*xb~3%e”6/c"3
+ 27*%(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*kc*xd"3xe + e74)*b"3*e”2/c”3 + (27*xc72x
d™6 + e76)*xb~3/c”3) " (1/3)*x(I*sqrt(3) + 1))*c + 3*sqrt(1/3)*cxsqrt(-(144%b~2
*c*d"3%e + 4xb"2xe"4 + 4% (2% (1/2)7(2/3)*(b"2*e"4/c”2 - (9*c*d"3*e + e74)*b”
2/c”2)*(~Ixsqrt(3) + 1)/(2%b~3*e”6/c”3 + 27x(c*xd”3 + e73)*b~3*d"3/c”2 - 3*(
9xcxd”"3*e + e74)*b"3*e”2/c”3 + (27*c”2xd"6 + e76)*b~3/c”3)"(1/3) - 2*b*xe~2/
c + (1/2)7(1/3)*(2*b~3*e"6/c"3 + 27*(c*d"3 + €7 3)*b~3*xd"3/c"2 - 3*(9*kc*xd™3x*
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e + e74)*b"3%e”72/c”3 + (27*c”2xd"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*b
xcxe”2 + (2%(1/2)7(2/3)*(b"2%e"4/c”2 - (9*c*d"3xe + e74)*b~2/c”2)*(~I*sqrt(
3) + 1)/(2%b73%e”6/c”3 + 27*(c*d”3 + e73)*b"3%d"3/c”2 - 3*(9*c*xd"3*e + e74)
*b"3%e72/c”3 + (27*c”2*d"6 + e76)*b"3/c”3)7(1/3) - 2xb*e”2/c + (1/2)7(1/3)*
(2%b73%e76/c”3 + 27*(c*d”3 + e73)*b~3%d"3/c”2 - 3*(9*c*xd"3*e + e74)*b"3*%e"2
/c”3 + (27xc™2xd"6 + e76)*b~3/c”3) " (1/3)*x(Ixsqrt(3) + 1))72%c~2)/c~2))*1log(
-15%b~2*c*d"3*e”2 - b~ 2*e”5 - 1/4x(2%(1/2)7(2/3)*(b"2xe"4/c”2 - (9*c*d”3*e
+ e74)*b72/c”2)*x(~I*sqrt(3) + 1)/(2%xb"3%e”6/c”3 + 27*(c*xd"3 + e73)*b~3*d~3/
c"2 - 3%(9%cxd"3xe + e74)*b"3*xe”2/c”3 + (27*c”2*d"6 + e"6)*b"3/c”3)"(1/3) -
2xbxe”2/c + (1/2)7(1/3)*(2%b~3%e”6/c”3 + 27*(c*d”3 + e73)*b~3*d"3/c"2 - 3%
(9%c*d"3*e + e74)*b~3*%e”2/c”3 + (27*c”2%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3
) + 1))72xc”2%e + 1/2*x(3*b*xc”2%d"3 - 2*xbxcxe”3)* (2% (1/2)~(2/3)*x(b"2%xe"4/c"2
- (9%c*d”"3%e + e74)*b72/c”2)*x(~I*sqrt(3) + 1)/(2%b~3*e”6/c”3 + 27*(c*xd"3 +
€73)*b"3%d"3/c”2 - 3% (9%c*kd"3*e + e74)*b"3*%e"2/c”3 + (27*c”2xd"6 + e76)*b”
3/c”3)7(1/3) - 2*¥bxe”2/c + (1/2)7(1/3)*(2*¥b~"3*e~6/c”3 + 27*(c*d"3 + e~ 3)*b~
3*xd~3/c”2 - 3*%(9*c*xd"3xe + €74)*b"3*%e”2/c”3 + (27*c”2xd”"6 + e76)*b~3/c”3) " (
1/3)*(I*sqrt(3) + 1)) + 18%x(b"2xc™2%d”5 + b~ 2%c*d"2*xe”3)*x + 3/4*sqrt(1/3)*
(6%b*c™2*%d"3 + 2xb*xcxe”3 + (2%(1/2)7(2/3)*(b"2%e"4/c™2 - (9*c*d™3*e + e74)*
b~2/c”2)*x(~I*sqrt(3) + 1)/(2xb"3%e76/c”3 + 27*(c*d”3 + e73)*b"3*%d"3/c”2 - 3
*x(9*%cxd"3%e + e74)*b"3*%e”2/c”3 + (27*c”2%d"6 + e76)*b"3/c"3)"(1/3) - 2*bxe”
2/c + (1/2)7(1/3)*(2%¥b~3%e"6/c”3 + 27x(c*d"3 + e73)*b"3*d"3/c”2 - 3*(9*c*xd™
3xe + e74)*b"3xe”2/c”3 + (27*c”2*d"6 + e76)*b"3/c”3) " (1/3)*(Ixsqrt(3) + 1))
xCc"2%e) *sqrt (- (144*b~2xc*d"~3%e + 4xb~2*%e”™4 + 4x(2x(1/2)7(2/3)*(b"2%e"4/c"2
- (9%c*d"3*%e + e74)*b"2/c”2)*(-I*sqrt(3) + 1)/(2*%b"3*%e”6/c”3 + 27*(c*d”3 +
e73)*b"3*%d"3/c”2 - 3*(9*%c*d"3*e + e74)*b"3xe”2/c”3 + (27*c72*d"6 + e76)*b”"3
/c”3)7(1/3) - 2xb*xe”2/c + (1/2)7(1/3)*(2%b"3*%e"6/c”3 + 27*(c*d"3 + e73)*b"3
*d"3/c”2 - 3*%(9*c*xd"3xe + e74)*b"3*e"2/c”3 + (27xc”2xd"6 + e76)*b"3/c"3)" (1
/3)*x(Ixsqrt(3) + 1))xb*xcxe”2 + (2x(1/2)7(2/3)*(b"2xe"4/c”2 - (9*c*d"3*e + e
“4)xb"2/c”2) % (-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 + 27*(c*d"3 + e73)*b~3*%d~3/c"2
- 3%(9xcxd"3xe + e74)*b"3%e”2/c”3 + (27*c72%d"6 + e76)*b"3/c”3)"(1/3) - 2%
bxe"2/c + (1/2)7(1/3)*(2%b~3*e"6/c”3 + 27*(c*d”"3 + e73)*b~3*d~3/c”2 - 3x(9%
c*d"3%e + e74)*b"3%e”"2/c”3 + (27*c72xd"6 + e76)*b~3/c”3)"(1/3)*(I*sqrt(3) +
1))72xc™2)/c”2)) + (6xb*e”2 + (2x(1/2)7(2/3)*(b"2*%e"4/c”2 - (9*c*xd"3*xe + e
T4)*b"2/c”2) % (-I*sqrt(3) + 1)/(2%b"3%e”6/c”3 + 27*(c*d”3 + e73)*b”"3*d"3/c"2
- 3%(9xcxd"3xe + e74)*b"3%e72/c”3 + (27*c72%d"6 + e76)*b~3/c”3)"(1/3) - 2%
b*xe~2/c + (1/2)7(1/3)*(2xb~3%e”"6/c"3 + 27*(c*d”3 + e73)*b~3*%d"3/c”2 - 3x(9%
c*d"3%e + e74)*b"3%e”72/c”3 + (27*c72xd"6 + e76)*b~3/c”3)"(1/3)*(I*sqrt(3) +
1))*c - 3xsqrt(1/3)*cksqrt (- (144%b~2%cxd"3%e + 4xb~2%e"4 + 4x(2x(1/2)7(2/3
)*(b"2%xe"4/c”2 - (9*c*d"3*e + e74)*b"2/c72)*x(~I*sqrt(3) + 1)/(2xb~3%e”6/c”3
+ 27x(c*xd”3 + e73)*b"3*%d"3/c72 - 3% (9*c*d"3*e + e74)*b"3*e”2/c”3 + (27*c”2
*d"6 + e76)*b~3/c"3)7(1/3) - 2%b*xe”2/c + (1/2)7(1/3)*(2%b~3*%e"6/c”3 + 27*(c
*d"3 + e73)*b7"3%d"3/c”2 - 3% (9*cxd"3xe + e74)*b"3*%e”2/c”3 + (27*c”2xd”"6 + e
"6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*bxcxe™2 + (2x(1/2)7(2/3)*(b"2*e"4/c"2 -
(9%cxd"3%e + e74)*b~2/c”2)*(~I*sqrt(3) + 1)/(2%b~3*e”"6/c”3 + 27*(cxd"3 + e
"3)*b7"3%d"3/c”2 - 3% (9%cxd"3%e + e74)*b"3%e"2/c”3 + (27*c72%d"6 + e€76)*b~3/
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c”3)7(1/3) - 2xb*e”2/c + (1/2)"(1/3)*(2%b"3*e"6/c”3 + 27*(c*d”3 + e73)*b"3x*
d~3/c”2 - 3*%(9%cxd"3*e + e74)*b"3*%e”2/c”3 + (27*c”2%d"6 + e76)*b~3/c"3)"(1/
3)*(I*xsqrt(3) + 1))72%xc”2)/c”2))*1log(-16%b"2xc*d"3*e”2 - b™2%e”5 - 1/4%(2x*(
1/2)7(2/3)*(b"2xe"4/c”2 - (9*c*d"3%e + e74)*b~2/c”2)*(~I*sqrt(3) + 1)/(2%b~
3*e”6/c”3 + 27x(c*xd”3 + e73)*b"3*d"3/c"2 - 3% (9*c*d"3*e + e74)*b"3*xe"2/c”3

+ (27*c”2*%d"6 + e€76)*b~3/c”3)"(1/3) - 2*b*xe”2/c + (1/2)"(1/3)*(2%b"3%e"6/c”
3 + 27x(c*d"3 + e73)*b"3*d"3/c”2 - 3*%(9*cxd"3*e + e74)*b"3*e”2/c”3 + (27*c”
2xd"6 + e76)*b"3/c”3) 7 (1/3)*x(I*xsqrt(3) + 1))72%c"2xe + 1/2%(3%b*xc”™2%xd"3 - 2
xbxc*xe”3) * (2% (1/2)7(2/3) *(b~2%e"4/c”2 - (9*c*d"3*e + e~ 4)*b~2/c”2)*(-I*sqrt
(3) + 1)/(2+%b"3*%e”6/c”3 + 27*(c*d"3 + e73)*b~3*d"3/c"2 - 3*%(9*c*d"3*e + e74
)*¥b"3*%e"2/c”3 + (27x%c”2*d"6 + e76)*b"3/c"3)"(1/3) - 2%b*e”2/c + (1/2)°(1/3)
*(2*xb~"3*e”6/c”3 + 27*(c*d”3 + e€73)*b"3*%d"3/c”2 - 3% (9*kc*d"3*e + e74)*b"3xe”
2/c”3 + (27*c”2%d"6 + e76)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1)) + 18%(b~2xc™2xd~
5 + b™2xckd"2%e”3)*x - 3/4*sqrt(1/3)*(6%b*c™2*d"3 + 2xbkcxe”3 + (2%(1/2)7(2
/3)*(b~2%e"4/c”2 - (9%cxd"3*%e + e"4)*b"2/c”2)*(-I*sqrt(3) + 1)/(2*¥b~3*e”6/c
"3 + 27*%(c*d”3 + e73)*b"3*%d"3/c”2 - 3*(9*kcxd"3xe + e74)*¥b"3*%e”2/c”3 + (27*c
“2%d"6 + e76)*b"3/c”3)"(1/3) - 2xb*e”2/c + (1/2)"(1/3)*(2%b"3*e"6/c”3 + 27x*
(cxd™3 + e73)*b"3*d"3/c”2 - 3*(9*c*d"3*e + e74)*b"3*xe”2/c”3 + (27*c”2*d"6 +
e"6)*b~3/c”3) " (1/3)*(I*sqrt(3) + 1))*c~2%e)*sqrt(-(144*xb~2xc*xd"3*e + 4*b~2
xe~4 + 4x(2%(1/2)7(2/3)*(b"2*%e"4/c”2 - (9*c*d"3xe + e74)*b"2/c”2)*(~I*sqrt(
3) + 1)/(2%b"3*%e"6/c”3 + 27*(c*d”3 + e73)*b"3*d"3/c”2 - 3*%(9*c*d"3*xe + e74)
*b"3%e"2/c”3 + (27*c”2xd"6 + e76)*b"3/c"3)"(1/3) - 2%b*xe”2/c + (1/2)"(1/3)*
(2*¥b~3*e"6/c”3 + 27*(c*d”3 + e€73)*b~3*%d"3/c”2 - 3*x(9*c*d"3*e + e74)*b"3*e”2
/c”3 + (27*c”2%d"6 + e76)*b"3/c”3) " (1/3)*(I*sqrt(3) + 1))xbkxcxe™2 + (2*(1/2
)7 (2/3)*%(b"2*%e”4/c”2 — (9%c*d"3xe + e74)*b"2/c”2) *(~I*sqrt(3) + 1)/(2%b~3xe
“6/c”3 + 27x(c*d”3 + e73)*b"3*xd"3/c”2 - 3*(9*c*d"3%e + e74)*b"3%e”2/c”3 + (
27*c"2%d"6 + e”6)*b~3/c”3)"(1/3) - 2xbxe”2/c + (1/2)"(1/3)*(2*b"3%e”6/c"3 +
27*(cxd”™3 + e73)*b"3*d"3/c”2 - 3*(9*c*xd"3*e + e74)*b"3*e”2/c”3 + (27*c”2xd
"6 + e76)*b73/c"3) 7 (1/3)*(Ixsqrt(3) + 1))72%c”2)/c”2)) + 4*(b*c*e™2*x"3 + 3
*bxckdrxexx™2 + 3xbxcxd"2*xx)*log(-(c*x™3 + 1)/(c*x™3 - 1)))/c

giac [A] time = 4.76, size = 383, normalized size = 1.14

2 1 1 2 1 1
\3 (bcd2|c|5 - bcd|c|5e) arctan [% \/§(Zx + %)Icﬁ) \3 (bcd2|c|5 + bcd|c|5e) arctan (% \3 (Zx -~ %]Icﬁ]
- leI3 lc|3
2c2 " 22

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2x(atb*arctanh(c*x~3)),x, algorithm="giac")

[Out] -1/2x*sqrt(3)*(b*cxd~2*abs(c)~(2/3) - b*ckd*abs(c)~(1/3)*e)*arctan(1/3*sqrt(
3)*%(2%x + 1/abs(c)~(1/3))*abs(c)~(1/3))/c™2 + 1/2*sqrt(3)*(b*xc*d " 2*abs(c)~(
2/3) + bxcxd*abs(c)~(1/3)*e)*arctan(1/3*sqrt(3)*(2xx - 1/abs(c)~(1/3))*abs(
c)~(1/3))/c”2 + 1/6%(b*c*x~3*%e"2xlog(-(c*x~3 + 1)/(c*x”3 - 1)) + 3xb*ckd*x”
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2xexlog(-(c*x™3 + 1)/(c*xx™3 - 1)) + 2*xa*xc*x™3*e”2 + 6xa*xckxd*x”~2xe + 3xb*cxd
~2xx*log(-(c*x™3 + 1)/(c*x”3 - 1)) + 6*axcxd”"2*x + bxe 2*log(c™2*x"6 - 1))/
c - 1/4%(b*xc*d"2*abs(c) ~(2/3) + bxcxdxabs(c)”(1/3)*e)*log(x~2 + x/abs(c)” (1
/3) + 1/abs(c)~(2/3))/c”2 - 1/4%(b*xc*xd"2*abs(c)”(2/3) - b*cxdxabs(c)~(1/3)*
e)*log(x"2 - x/abs(c)”~(1/3) + 1/abs(c)~(2/3))/c”2 + 1/2*(b*cxd"2*abs(c)~(2/
3) - b*xcxd*abs(c)~(1/3)*e)*log(abs(x + 1/abs(c)~(1/3)))/c”2 + 1/2x(bxc*d™~ 2%
abs(c)~(2/3) + bxcxd*abs(c)”(1/3)*e)*log(abs(x - 1/abs(c)”~(1/3)))/c"2

maple [A] time = 0.04, size = 500, normalized size = 1.49

32 3 be?arctanh (cx3) 23
ax’e ad e” arcta c
+ade x*+ax d*+ 3 + 3 ( ) +be arctanh (c x3) x2d+b arctanh (c x3) xd?+
e

b arctanh (c x3)
3e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) ~2*x(a+b*arctanh(c*x~3)),x)

[Out] 1/3*a*xx”3*e”2+a*d*e*x™2+a*x*d~2+1/3*a/exd”3+1/3*b*e”2*arctanh (c*xx~3)*x~3+b*
exarctanh (c*xx~3) *x~2*d+b*arctanh (c*xx~3) *x*xd~2+1/3*b/e*arctanh (c*x~3)*d~3+1/
2%b/c*d"2/(1/c) " (2/3)*1n(x-(1/c)~(1/3))-1/4*b/c*xd~2/(1/c) " (2/3)*1n(x"2+(1/c
)" (1/3)*x+(1/c)~(2/3))-1/2*b/c*d"2/(1/c) " (2/3)*3~(1/2) *arctan(1/3*37 (1/2) *(
2/(1/c)”(1/3)*x+1))+1/2%bxe/cxd/(1/c)~(1/3)*1n(x-(1/c)~(1/3))-1/4xbxe/c*d/ (
1/¢)~(1/3)*1n(x"2+(1/c) " (1/3) *x+(1/c)~(2/3) ) +1/2xbxe/c*d*3~(1/2) /(1/c)~(1/3
Yxarctan(1/3*37(1/2)*(2/(1/c)~(1/3) *x+1))+1/6*b/ex1n(c*xx~3-1)*d"3+1/6*b*e”2
/c*¥ln(c*xx™3-1)+1/2*b/c*xd~2/(1/c) " (2/3)*1n(x+(1/c)~(1/3))-1/4*b/cxd"2/(1/c)”
(2/3)*1n(x"2-(1/c) " (1/3)*x+(1/c)~(2/3))+1/2%b/cxd~2/(1/c) ~(2/3)*3~ (1/2) *arc
tan(1/3*37(1/2)*(2/(1/c)~(1/3)*x-1))-1/2*b*e/cxd/(1/c) " (1/3)*1In(x+(1/c)~(1/
3))+1/4xbxe/c*xd/(1/c) " (1/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3) ) +1/2%b*e/c*xd*3
~(1/2)/(1/c)~(1/3)*arctan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x-1))-1/6*b/ex1n(c*x"3
+1)*d"3+1/6*b*xe”2/c*1n(c*x"3+1)

maxima [A] time = 0.42, size = 295, normalized size = 0.88

4 2
\/3[2c3x2+c3] 2
2 \/5 arctan 4 2 c3x2-1
1 1 scs log (c3x4 +c3x2 + 1) 2 log[ 2 ]
= ae?x>+adex®+= | c " - " + — + 4 xartanh (cx3]
3 4 c3 c3 c3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d) ~2x(atb*arctanh(c*x”3)),x, algorithm="maxima")

[Out] 1/3%a*xe”2*x"3 + axd*xexx”2 + 1/4x(c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(4/3)
*x"2 + ¢7(2/3))/c”(2/3))/c”(4/3) - log(c™(4/3)*x"4 + c~(2/3)*x"2 + 1)/c”(4/

3) + 2%log((c™(2/3)*x72 - 1)/c~(2/3))/c”(4/3)) + 4xx*arctanh(c*x~3))*b*xd"2

+ 1/4x%(4xx"2*arctanh(c*x”3) + c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(2/3)*x

+ ¢~(1/3))/c™(1/3))/c~(5/3) + 2xsqrt(3)*arctan(1/3*sqrt(3)*(2xc~(2/3)*x - ¢
~(1/3))/c(1/3))/c™(5/3) - log(c™(2/3)*x72 + c~(1/3)*x + 1)/c”(5/3) + log(c
“(2/3)*x72 - ¢~ (1/3)*x + 1)/c”(5/3) - 2x1log((c™(1/3)*x + 1)/c~(1/3))/c~(5/3

) + 2xlog((c™(1/3)*x - 1)/c~(1/3))/c~(5/3)))*bxd*e + a*d~2*x + 1/6%(2*c*x"3
*xarctanh(c*x~3) + log(-c™2*x76 + 1))*b*e”2/c

mupad [B] time = 1.82, size = 1081, normalized size = 3.22
3
(E In (x (162195 Ad8e? +6b° c7d2e8) + root (216c3z3 —108bc?e?z2 —16212 2 d3ez + 182 ce* z - 27 b3 ¢
k=1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"3))*(d + e*xx)"2,x)

[Out] symsum(log(x*(6*b~5*xc~7*d"2%e”~8 + 162%b~5xc~9*d"8*e~2) + root(216%c~3*z~3 -
108xb*xc™2*%e " 2%z72 - 162%b72xc™2*xd"3%exz + 18%b"2kc*ke"4*xz - 27*b"3*%c”"2*d"6
- b"3%e76, z, k)*(x*%(486*xb~4*c"10*d"8 - 90*b~4*c~8*%d"2*e"6) + root(216%c”3x*
z73 - 108%b*c™2%e"2%xz"2 - 162*%b"2xc”"2xd"3%e*xz + 18*%b"2kxcke"4*z - 27*b"3*%c”2
*d"6 - b"3%e"6, z, k)*(root(216*c~3%z"3 - 108*b*c™2xe"2*z"2 - 162xb~2*c”2x*d
“3%e*z + 18*b"2*xcke"4xz - 27+b"3*%c”2*d"6 - b~ 3*e”6, z, k)*(3888*b"2xc"10*d”
3*xe - 3888*root (216*c”3*%z"3 - 108*b*c™2%e"2*xz"2 - 162%xb~2*c”2*d " 3*exz + 18%
bT2%c*ke"4xz — 27+b"3*%c”2*d"6 - b~3%e”6, z, k)*b*cT11xd"2*x + 648*b"2*c”10%*d
T2xeT2%x) - 972xb73*%cT9*d"3*%e”3 + 324xb73*cT9*xd"2xe"4*x)) + 243xb"5*xc”9*d"9
xe + O*b7EkcT7*d"3*%e”7) *root (216*%c”3*%z73 - 108*bxc"2%e"2%z72 - 162*bT2*%c 2%
d"3%e*xz + 18%b~2*c*xe"4*z - 27*b"3*c"2+%d"6 - b"3*e”6, z, k), k, 1, 3) + syms
um(log (x* (6xb~5*c~7*d"2%e”8 + 162%b~5*c~9*d"8%e”2) + root(216%c~3%xz"3 - 108
*b*CcT2%xe"2%z"2 + 162*%b7"2*%c”2xd"3*e*z + 18*b"2xcxe"4*z — 27*b"3%c”2*xd"6 - b~
3*%e76, z, k)*(x*x(486*b~4*c~10%d"8 - 90%b~4xc~8*d"2*e"6) + root(216*c~3*z"3
- 108*b*c™2%e”"2*%z"2 + 162*%xb"2*%Cc”2%d"3*%e*xz + 18*b"2*cxe"4*xz — 27*b"3*c”2*xd"6
- b"3*%e”6, z, k)*(root(216%c”3*z"3 - 108*b*xc™2xe"2%z72 + 162*b~2*%c”~2*d"3*e
*z + 18*%b72*cke"4d*xz — 27*b"3*%c”2%d"6 - b"3*e”6, z, k)*(3888*b"2%c”10*d"3*e
- 3888*root (216*c™3*xz"3 - 108*b*c™2*e " 2*z"2 + 162xb~2%c”2*%d " 3*e*xz + 18*b~2x
cxe"4xz - 27*b73*c”T2*d"6 - b"3%e”6, z, k)*b*cT11xd"2*x + 648%b"2%c”10*d"2*e
T2%x) - 972*b73*%cT9*d"3%e”3 + 324%b73*%cT9kd"2*e"4*x)) + 243%b"5*xc”T9*d"9*e +
9*b~B*c”7*d"3*%e”7) *root (216%c”3*%z"3 - 108*b*c"2xe"2%z72 + 162*b72*c”2xd" 3%
e*xz + 18%b~2%ckxe"4*z - 27*b"3*%c"2xd"6 - b"3*e”6, z, k), k, 1, 3) + log(c*x™
3 + 1)x((bxe™2%x73)/6 + (b*d"2xx)/2 + (bxd*e*xx72)/2) - log(l - c*x~3)*((b*e
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“2%xx73)/6 + (b*d"2*x)/2 + (b*d*e*x"2)/2) + (axe”™2%x"3)/3 + a*d™2*x + axd*ex
Xx"2

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2+*(a+b*atanh(c*x**3)),x)

[Out] Timed out
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3.33 f (d + ex) (cz +btanh™ (cx3)) dx

Optimal. Leaf size=285

_1 (22?41
(d + ex)? (a +btanh™ (cx3)) bdlog (1 - cz/3x2) V3bdtan™! ( : \;; . ) bdlog (04/3x4 + %32 + 1) be log
+ + - +

2e 24/c 2+/c 44/c

[Out] -1/2*b*exarctanh(c”(1/3)*x)/c~(2/3)-1/2*%bxd"2*arctanh(c*x~3) /e+1/2*(e*xx+d) "~
2% (atb*arctanh(c*x~3)) /e+1/2xbxd*1n(1-c~(2/3)*x"2) /c~(1/3)+1/8*b*xex1n(1-c~ (

1/3) *x+c~(2/3)*x72) /c~(2/3)-1/8*bxex1n(1+c~ (1/3) *x+c~(2/3)*x~2) /c~(2/3)-1/4
*bxd*x1n(1+c~(2/3)*x"2+c~(4/3)*x74) /c~(1/3) +1/4*b*exarctan(-1/3*37(1/2)+2/3%
c™(1/3)*xx37(1/2))*37(1/2) /c~(2/3)+1/4*bxe*xarctan (1/3*37 (1/2)+2/3*c”~(1/3) *x
*37(1/2))*37(1/2)/c”(2/3)+1/2*xbxd*arctan(1/3* (1+2%xc~(2/3) *x"2) *37(1/2) ) *3~(
1/2)/c~(1/3)

Rubi [A] time = 0.45, antiderivative size = 285, normalized size of antiderivative
= 1.00, number of steps used = 23, number of rules used = 13, integrand size = 16,

number of rules _ ) 812, Rules used = {6273, 12, 1831, 275, 206, 292, 31, 634, 617, 204, 628,

integrand size

296, 618}

_1 (2c2P%+1
(A + exP (a+ btanh™ (c%) b log (1 - cx2) balog (40t + 22 +1) V3bdtan™ (252) g,
+ - + +

2e 21c 4+c 24/c

Antiderivative was successfully verified.

[In] Int[(d + exx)*(a + bxArcTanh[c*x~3]),x]

[Out] -(Sqrt[3]*bxexArcTan[1/Sqrt[3] - (2*%c~(1/3)*x)/Sqrt[3]]1)/(4xc~(2/3)) + (Sqr
t [3] #*b*exArcTan[1/Sqrt [3] + (2%c~(1/3)*x)/Sqrt[3]1])/(4%xc~(2/3)) + (Sqrt[3]*
bxd*ArcTan[(1 + 2%c™(2/3)*x72)/Sqrt[3]])/(2*c~(1/3)) - (b*exArcTanh[c~(1/3)
*xx])/(2xc™(2/3)) - (b*d~2*ArcTanh[c*x73])/(2xe) + ((d + exx)"2*(a + b*ArcTa
nh[c*x73]))/(2%xe) + (bxd*Logl[l - c~(2/3)*x72])/(2*c~(1/3)) + (b*exLogl[l - ¢
T(1/3)*x + ¢ (2/3)*x72])/(8%c™(2/3)) - (b¥exLogl[l + c™(1/3)*x + c~(2/3)*x72
1)/(8%c™(2/3)) - (bxd*Logl[l + c(2/3)*x72 + ¢~ (4/3)*x~4])/(4%c~(1/3))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distl[a, Int([u, x], x] /; FreeQla, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x]1 /; FreeQ[{a, b}, x]
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Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]11/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] |l LtQ[b, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 275

Int[(x_)"(m_.)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> With[{k = GCD[m
+ 1, nl]}, Dist[1/k, Subst[Int[x~((m + 1)/k - 1)*x(a + b*xx"(n/k))"p, x], x, X
“k], x] /; k '= 1] /; FreeQ[{a, b, p}, x] && IGtQ[n, 0] && IntegerQ[m]

Rule 292

Int[(x_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> -Dist[(3*Rt[a, 3]*Rt[b, 3])~(-
1), Int[1/(Rt[a, 3] + Rt[b, 3]1*x), x], x] + Dist[1/(3*Rt[a, 3]*Rt[b, 3]), I
nt[(Rt[a, 3] + Rt[b, 3]*x)/(Rt[a, 312 - Rt[a, 3]*Rt[b, 3]*x + Rt[b, 3] 2*x
~2), x], x] /; FreeQ[{a, b}, x]

Rule 296

Int[(x )" (m_.)/((a_) + (b_)*(x_)"(n_)), x_Symbol] :> Module[{r = Numerator
[Rt[-(a/b), nl]], s = Denominator[Rt[-(a/b), nl], k, u}, Simp[u = Int[(r*Cos
[(2xk*m*Pi)/n] - s*Cos[(2xk*(m + 1)*Pi)/n]*x)/(r"2 - 2*r*s*Cos[(2xk*Pi)/n]*
x + 872xx72), x] + Int[(r*Cos[(2*xk*m*Pi)/n] + s*Cos[(2xk*x(m + 1)*Pi)/n]x*x)/
(r°2 + 2*r*s*xCos[(2xk*Pi)/nl*x + s72*x72), x]; (2*xr~(m + 2)*Int[1/(r"2 - s~
2%x"2), x])/(a*n*s"m) + Dist[(2*r"(m + 1))/(a*n*s"m), Sum[u, {k, 1, (n - 2)
/4}1, x1, x11 /; FreeQ[{a, b}, x] && IGtQ[(n - 2)/4, 0] && IGtQ[m, 0] && Lt
Qlm, n - 1] && NegQ[a/b]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4%S
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4xax*c])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 618
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Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/8imp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d)) + (e_)*x(x))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp [(d*Log[RemoveContent [a + b*x + c*x”2, x]])/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bx*xe, 0]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2%c*d - b*xe)/(2%c), Int[1/(a + b*x + c*x"2), x], x] + Dist[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~™2 - 4xa*xc, 0] && !'NiceSqrtQ[b~2 - 4*axc]

Rule 1831

Int [((Pq_)*((c_.)*(x_))"(m_.))/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[
{v = Sum[((c*x)~(m + ii)*(Coeff[Pq, x, ii] + Coeff[Pq, x, n/2 + ii]l*x~(n/2)
))/(c”ii*(a + b*x"n)), {ii, 0, n/2 - 1}]1}, Int[v, x] /; SumQ[v]] /; FreeQ[{
a, b, c, m}, x] && PolyQ[Pq, x] && IGtQ[n/2, 0] && Expon[Pq, x] < n

Rule 6273

Int[((a_.) + ArcTanh[u ]1*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*(m +

1)), Int[SimplifyIntegrand[((c + d*x)”"(m + 1)*D[u, x]1)/(1 - u~2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)"(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m
+ 1, x]]

Rubi steps
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d 2 b h_1 3 b 3cx?(d+ex)?
f (d + ex) (a +btanh™ (cx3)) dx = @+ ex) (a +zetan (cx )) f 12C62x6

(d+ex)? (a+btanh™ (c2®))  (3bo) [ x;d;exg dx

- 2e - 2e
3 2.4

(d + ex)? (a +btanh™ (cx3)) (3bc) f (1 25 T 12d:;x6 + 1i;xa) dx

Bl 2e 2e
2

(d + ex)? (a +btanh™ 3bcd ) f s D
B 2 - (3bed) f 1- 2

d + ex)? (a + btanh™ (cx® be
_ (d + ex) (a +2€tan (CX )) 3 —(3bcd) Subst (fl d,x, xz) (_

betanh™! (\P’/E x) bd? tanh™! (cx3) (d + ex)? (a +btanh (cx3)) 1
_ + _

2023 - 2e 2¢ 2
betanh™' (Vex) bd?tanh™ (cx®)  (d+ex)? (a+btanh™ (cx®))
- 2¢%3 - 2e " 2e e
23 3
\/gbetan_l (%) \/gbe tan™! (1+f/%/zx) be tanh ™} (\%x) bd?
- 4c23 " 4c23 - 2c%3 -
53 3 2/3.2
\/gbe tan™! (ﬂ) \/§be tan™! (1+2\/Ex) \/gbd tan™! (1+2C z )
_ s/, N V3 )
B 4023 4023 7 \3/5

Mathematica [A] time = 0.10, size = 333, normalized size = 1.17

bd(log(cz/3x2—\3/5x+1)+log( 2322 + cx+1)—210g(1—\3/Ex)—210g(\3/5x+1)—2\/§ ta
4

1
adx+—aex*—
2

Antiderivative was successfully verified.

[In] Integrate[(d + exx)*(a + bxArcTanh[c*x~3]),x]

[Out] axd*x + (a*exx"2)/2 + (Sqrt[3]*bxexArcTan[(-1 + 2*xc~(1/3)*x)/Sqrt[3]1])/(4*c
~(2/3)) + (Sqrt[3]*bxexArcTan[(1 + 2%c~(1/3)*x)/Sqrt[3]])/(4xc~(2/3)) + bxd
xx*ArcTanh [c*x73] + (b*exx~2*ArcTanh[c*x~3])/2 + (b*exLogl[l - c~(1/3)*x])/(
4xc~(2/3)) - (bxexLogl[l + ¢~ (1/3)*x])/(4%c~(2/3)) + (b¥xexLogl[l - c~(1/3)*x
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+ ¢ (2/3)*x72])/(8%c~(2/3)) - (b*exLogl[l + c~(1/3)*x + c~(2/3)*x72])/(8*c~(
2/3)) - (bxd*(-2*Sqrt[3]*ArcTan[(-1 + 2%c~(1/3)*x)/Sqrt[3]] + 2%Sqrt[3]*Arc
Tan[(1 + 2%c~(1/3)*x)/Sqrt[3]] - 2xLogl[l - ¢~ (1/3)*x] - 2xLogl[l + c~(1/3)*x
] + Logll - c™(1/3)*x + c¢7(2/3)*x"2] + Logl[l + ¢~ (1/3)*x + c~(2/3)*x72]))/(
4xc~(1/3))

fricas [C] time = 2.10, size = 3928, normalized size = 13.78

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~3)),x, algorithm="fricas")

[Out] 1/2*a*xe*x”2 + a*xd*x + 1/8%(4x(1/2)7(2/3)*b~2xdxex(-Ixsqrt(3) + 1)/(((8xcxd~
3 + e73)*xb73/c”2 + (8*%cxd™3 - e73)*b73/c72)7(1/3)*c) - (1/2)7(1/3)*((8*cxd~
3 + e73)*xb73/c”2 + (8*%c*d™3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))*log(2x(4
*x(1/2)7(2/3) #*b~2*d*ex (~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8*c*xd"3
- e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8xc*d~3 + e73)*b~3/c”2 + (8xc*d~3
- €73)*b73/c”2) 7 (1/3)*(I*sqrt(3) + 1))*bkcxd™2 + 4*b~2xd*e”2 + 1/4x(4x(1/2)
~(2/3)*b"2xdxex (-I*sqrt(3) + 1)/(((8*c*d™3 + e~ 3)*b~3/c”2 + (8*cxd™3 - e73)
*b~3/c”2) 7 (1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b"3/c”2 + (8*cxd™3 - e73)
*b~3/c”2) " (1/3) % (I*sqrt(3) + 1)) 2*xckxe + (8*b™2xc*d”3 + b™2%e”3)*x) - 1/16%
(4%(1/2)~(2/3)*b~2*d*e* (-Ixsqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”2 + (8xc*d™
3 - e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d~3 + e73)*b~3/c”2 + (8xc*d~
3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1) - 2*sqrt(3/2)*sqrt(1/2)*sqrt(-(32%b
“2%dxe + (4%(1/2)7(2/3)*b"2xd*e*x(~I*sqrt(3) + 1)/(((8*c*d”3 + e~3)*b~3/c"2
+ (8xcxd"3 - e73)*b73/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e~3)*b~3/c"2
+ (8xc*d™3 - e73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1))72xc)/c))*log(-(4*x(1/2)"(2
/3)*b"2*d*ex (~I*sqrt(3) + 1)/(((8%c*d"3 + e73)*b~3/c”2 + (8%c*d"3 - e~ 3)*b”
3/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd~3 + e73)*b~3/c”2 + (8*c*d™3 - e~ 3)*b~
3/c72)7(1/3)*(I*sqrt(3) + 1))*b*xcxd™2 - 2*b~2*xd*e”2 - 1/8%(4*x(1/2)~(2/3)*b~
2xd*e*x (-I*xsqrt(3) + 1)/(((8*c*d”3 + e73)*b~3/c”2 + (8*c*d”3 - e~3)*b~3/c"2)
“(1/3)*xc) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8xc*d™3 - e73)*b~3/c"2)
“(1/3)*%(I*sqrt(3) + 1)) 2xcxe + 1/4*xsqrt(3/2)*sqrt(1/2)*(8*bxcxd~2 - (4*(1/
2) 7 (2/3)*b"2*d*e*x (-I*sqrt(3) + 1)/(((8*%cxd™3 + e73)*b~3/c”2 + (8*c*d™3 - e~
3)*b73/c”2)7(1/3)*c) - (1/2)7(1/3)*((8*cxd"3 + e73)*b~3/c”2 + (8*cxd"3 - e~
3)*b~3/c72) 7 (1/3)*(I*sqrt(3) + 1))*c*e)*sqrt(-(32%b~2*d*e + (4*x(1/2)7(2/3)*
b~ 2*d*e* (-I*xsqrt(3) + 1)/(((8*%c*xd~3 + e73)*b~3/c”2 + (8*c*d”3 - e73)*b~3/c”
2)7(1/3)*c) - (1/2)"(1/3)*((8*cxd™3 + e73)*b~3/c”2 + (8*cxd™3 - e73)*b~3/c”
2)7(1/3)*(I*sqrt(3) + 1))72xc)/c) + (8*b~2%c*d™3 + b™2*e”3)*x) - 1/16%x(4x(1
/2)7(2/3) *b~2*xd*ex (~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c”™2 + (8*cxd"3 - e
~3)*b~3/c”2)"(1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”™2 + (8*cxd™3 - e
~3)*b~3/c”2) " (1/3) % (I*sqrt(3) + 1) + 2*sqrt(3/2)*sqrt(1/2)*sqrt (-(32%b~2*d*
e + (4x(1/2)7(2/3)*b~2*d*ex (-Ixsqrt(3) + 1)/(((8*%cxd~3 + e~3)*b~3/c”2 + (8%
cxd™3 - e73)*b~3/c”2)"(1/3)*c) - (1/2)"(1/3)*((8*c*d~3 + e73)*b~3/c”2 + (8%
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c*d™3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) + 1))7"2xc)/c))*log(-(4%(1/2)~(2/3)*Db
~2xd¥ex (~Ixsqrt(3) + 1)/(((8xc*d™3 + e73)*b~3/c”2 + (8*c*d™3 - e73)*b~3/c"2
)T (1/3)*c) - (1/2)7(1/3)*((8*c*d™3 + e73)*b~3/c”2 + (8xc*d"3 - e73)*b~3/c"2
)7 (1/3)%(I*xsqrt(3) + 1))*bxc*d™2 - 2xb~2kxd*e”2 - 1/8%(4*(1/2)7(2/3)*b~2*d*e
*x(~Ixsqrt(3) + 1)/(((8*cxd"3 + e73)*b~3/c”2 + (8*%c*xd™3 - e73)*b~3/c”2)~(1/3
)xc) = (1/2)7(1/3)*((8*c*xd"3 + e73)*b~3/c”2 + (8*c*d”3 - e73)*b~3/c"2)~(1/3
)*(I*xsqrt(3) + 1)) 2*xcxe - 1/4*xsqrt(3/2)*sqrt(1/2)*(8xb*xcxd™2 - (4x(1/2)7(2
/3)*¥b"2*d*e* (~I*sqrt(3) + 1)/(((8%c*d™3 + e73)*b~3/c”2 + (8%c*d"3 - e73)*b”
3/c72)7(1/3)*c) - (1/2)7(1/3)*((8*cxd™3 + e73)*b~3/c™2 + (8*c*d™3 - e7~3)*b~
3/c”2)7(1/3) % (I*xsqrt(3) + 1))*cxe)*sqrt(-(32xb~2xd*xe + (4%(1/2)7(2/3)*b~2x*d
xex (-Ixsqrt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 + (8*c*d”3 - e73)*xb~3/c”2)" (1
/3)*%c) - (1/2)7(1/3)*((8*c*xd™3 + e73)*b~3/c”2 + (8*c*d”3 - e73)*b~3/c"2)" (1
/3)*(I*sqrt(3) + 1))72%c)/c) + (8xb7™2xc*d”™3 + b™2%e”3)*x) + 1/16%(4*(1/2)"(
2/3) *b"2xd*ex (~I*sqrt(3) + 1)/(((8%c*d™3 + e73)*b~3/c”2 - (8*cxd~3 - e73)*Db
~3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8%c*d™3 + e~ 3)*b~3/c”2 - (8*cxd"3 - e73)*Db
~3/c”2)7(1/3)*(I*sqrt(3) + 1) + 2xsqrt(3/2)*sqrt(1/2)*sqrt((32*b~2*d*e - (4
*x(1/2)7(2/3) *b~2*d*ex (~I*sqrt(3) + 1)/(((8*c*d~3 + e73)*b~3/c”2 - (8*c*xd"3
- e73)*b73/c”2)"(1/3)*c) + (1/2)7(1/3)*((8xc*d~3 + e73)*b~3/c”2 - (8xc*d~3
- €73)*b73/c”2) " (1/3)*(I*sqrt(3) + 1))72xc)/c))*Llog((4*(1/2)~(2/3)*b~2xdxex
(~I*sqrt(3) + 1)/(((8*c*d™3 + e73)*b~3/c™2 - (8*cxd™3 - e73)*b~3/c~2)"(1/3)
xc) + (1/2)7(1/3)*((8xc*d™3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c”2)"(1/3)
*x(Ixsqrt(3) + 1))*b*xcxd™2 - 2%b72xd*e”2 + 1/8%(4*(1/2)7(2/3)*xb~2xd*e* (-I*sq
rt(3) + 1)/(((8*%cxd”™3 + e73)*b~3/c”2 - (8%cxd™3 - e73)*b~3/c”2)"(1/3)*c) +
(1/2)7(1/3)*((8*c*xd™3 + e73)*b~3/c”2 - (8*%cxd™3 - e73)*b~3/c”2)~(1/3)*(I*sq
rt(3) + 1))72%c*xe + 1/4%sqrt(3/2)*sqrt(1/2)*(8*bxc*xd™2 - (4*x(1/2)7(2/3)*b"2
xd*xex (~I*xsqrt(3) + 1)/(((8%c*d™3 + e73)*b~"3/c”2 - (8*c*xd™3 - e73)*b~3/c"2)"
(1/3)xc) + (1/2)7(1/3)*((8xc*d~3 + e73)*b~3/c”2 - (8xc*d"3 - e73)*b~3/c"2)"
(1/3)*(I*sqrt(3) + 1))*c*xe)*sqrt((32+xb~2xd*xe - (4%(1/2)7(2/3)*b~2*d*e* (-I*s
qrt(3) + 1)/(((8*%cxd~3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*b~3/c”2)"(1/3)*c) +
(1/2)7(1/3)*((8%c*d™3 + e73)*b"3/c”2 - (8*cxd™3 - e73)*b~3/c”2) 7 (1/3)*(I*s
qrt(3) + 1))72xc)/c) - (8%b~2%cxd”™3 - b™2xe”3)*x) + 1/16%(4*x(1/2)7(2/3)*b"2
xd*xex (~I*xsqrt(3) + 1)/(((8*c*d™3 + e73)*b~"3/c”2 - (8*c*xd™3 - e73)*b~3/c"2)"
(1/3)xc) + (1/2)7(1/3)*((8xc*d~3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c"2)"
(1/3)*(I*sqrt(3) + 1) - 2xsqrt(3/2)*sqrt(1/2)*sqrt((32*b~2*xd*e - (4x(1/2)7(
2/3) *b"2*xd*ex (~I*sqrt(3) + 1)/(((8%c*d”™3 + e73)*b~3/c”2 - (8*cxd"3 - e73)*Db
~3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8%c*d™3 + e~ 3)*b~3/c”2 - (8*cxd"3 - e73)*Db
~3/c72)7(1/3)*(I*sqrt(3) + 1))72*c)/c))*log((4%(1/2)~(2/3)*b~2*d*e* (-I*sqrt
(3) + 1)/(((8%cxd™3 + €73)*b~3/c”2 - (8*%cxd™3 - e73)*b~3/c"2)"(1/3)*c) + (1
/2)7(1/3)*%((8*c*d™3 + e73)*b”"3/c”2 - (8%c*d™3 - e73)*b"3/c”2) " (1/3)*(I*sqrt
(3) + 1))*b*xc*d™2 - 2xb~2xd*e”2 + 1/8%(4x*(1/2)7(2/3)*b~2*d*e* (-I*sqrt(3) +
1)/(((8%cxd~3 + e73)*b~3/c”2 - (8%c*d™3 - e73)*xb~3/c”2)"(1/3)xc) + (1/2)"(1
/3)*((8*xc*d™3 + e73)*b~3/c”2 - (8xc*d"3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) +
1)) 2xc*xe - 1/4xsqrt(3/2)*sqrt(1/2)*(8xb*xcxd~2 - (4%(1/2)7(2/3)*b~2*d*ex* (-1
*sqrt(3) + 1)/(((8*cxd”3 + e73)*b73/c”2 - (8%c*d™3 - e73)*b~3/c”2) " (1/3)*c)
+ (1/2)7(1/3)*((8*c*d™3 + e73)*b73/c”2 - (8%c*xd™3 - e73)*b"3/c”2)"(1/3)*(I
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xsqrt (3) + 1))*cxe)*sqrt((32xb~2*d*e - (4*(1/2)7(2/3)*b~2xd*e*x (~I*sqrt(3) +

1)/(((8*c*d™3 + e73)*b~3/c”2 - (8*%cxd™3 - e73)*b~3/c"2)7(1/3)*c) + (1/2)7(
1/3)*((8*c*d™3 + e73)*b~3/c”2 - (8*c*d™3 - e73)*b~3/c”2) " (1/3)*(I*sqrt(3) +

1))72xc)/c) - (8%b72%c*d™3 - b7 2%e”3)*x) - 1/8%(4*(1/2)7(2/3)*b~2%d*e* (~Ix*
sqrt(3) + 1)/(((8xc*d™3 + e73)*b~3/c”2 - (8xc*d”3 - e73)*b~3/c”2)~(1/3)*c)
+ (1/2)7(1/3)*((8xc*d™3 + e73)*b~3/c”2 - (8xc*d™3 - e73)*b~3/c”2)"(1/3)*(I*
sqrt(3) + 1))*log(-2x(4x(1/2)7(2/3)*b~2*d*ex (-I*sqrt(3) + 1)/(((8*c*d"3 + e
~3)*b~3/c”2 - (8*%c*d"3 - e73)*b~3/c”2)7(1/3)*c) + (1/2)7(1/3)*((8*cxd"3 + e
"3)*b73/c”2 - (8%cxd"3 - e73)*b73/c72) " (1/3)*(I*sqrt(3) + 1))*bxcxd™2 + 4xb
“2xd*e”2 - 1/4%x(4x(1/2)7(2/3)*b"2xd*ex (~I*sqrt(3) + 1)/(((8%c*d~3 + e~3)*b~
3/c”2 - (8%cxd™3 - e73)*b73/c”2)"(1/3)*c) + (1/2)7(1/3)*((8xc*d~3 + e~3)*b~
3/c”2 - (8%c*d™3 - e73)*b73/c”2) " (1/3)*(Ixsqrt(3) + 1)) 2%c*xe - (8*b~2*c*d”
3 - b™2%e73)*x) + 1/4%(b*e*xx™2 + 2*bkd*x)*log(-(c*x™3 + 1)/(c*x"3 - 1))

giac [A] time = 2.18, size = 304, normalized size = 1.07

3 3

cx” +

2 1
V3 (2 bedlcl — bc|c|5e) arctan (1 NG

1
[Zx + —1]|C|
lc|3

2 cx3 — 4 c?

1 ex®+1\ 1
2
be elog (_cx3 _1)

1 1
+= axze+§ bdxlog (——1)+adx—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(a+b*arctanh(c*x~3)),x, algorithm="giac")

[Out] 1/4*b*x"2*exlog(-(c*x~3 + 1)/(c*xx"3 - 1)) + 1/2%a*xx"2*e + 1/2xb*d*x*log(-(c

*x73 + 1)/(c*xx™3 - 1)) + a*xd*x - 1/4*sqrt(3)*(2xbxc*xd*abs(c)”(2/3) - b*c*ab
s(c)~(1/3)*e)*arctan(1/3xsqrt (3)*(2*x + 1/abs(c)~(1/3))*abs(c)~(1/3))/c"2 +
1/4%sqrt (3) * (2xbxc*xd*abs (c) ~(2/3) + bxcxabs(c)~(1/3)*e)*arctan(1/3*sqrt(3)
*(2%x - 1/abs(c)”(1/3))*abs(c)™(1/3))/c™2 - 1/8*(2xbxckd*abs(c)™(2/3) + bxc
*abs(c) " (1/3)*e)*log(x"2 + x/abs(c)~(1/3) + 1/abs(c)”(2/3))/c”2 - 1/8%(2%Dbx
ckxd*abs(c)~(2/3) - bxcxabs(c)~(1/3)*e)*log(x~2 - x/abs(c)~(1/3) + 1/abs(c)”
(2/3))/c™2 + 1/4*%(2%b*xc*d*abs(c)~(2/3) - bxc*abs(c)~(1/3)*e)*log(abs(x + 1/
abs(c)~(1/3)))/c™2 + 1/4x(2¥b*xc*d*abs(c)~(2/3) + bxc*xabs(c)~(1/3)*e)*log(ab
s(x - 1/abs(c)~(1/3)))/c"2

maple [A] time = 0.03, size = 362, normalized size = 1.27

ax2e barctanh (c x3) x%e

bd/3 ar

bd In [x - (f)é]_bdln(xz ¥ (l); v+ ()
% ()

— +adx+ 5 +barctanh (c x3) dx+
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((exx+d)*(a+b*arctanh(c*x~3)),x)

[Out] 1/2*a*xx”2*xe+axd*x+1/2*b*arctanh(c*x”~3)*x"2*e+b*arctanh(c*x”3)*xd*x+1/2*b*d/c
/(1/c)”(2/3)*1n(x-(1/c)~(1/3))-1/4*b*d/c/(1/c)~(2/3)*1n(x"2+(1/c) ™ (1/3) *x+(
1/c)~(2/3))-1/2xb*xd/c/(1/c)~(2/3)*3~(1/2) *arctan(1/3*3~(1/2)*(2/(1/c)~(1/3)
*x+1))+1/4%bxe/c/(1/c) " (1/3)*1n(x-(1/c)~(1/3))-1/8*bxe/c/(1/c)~(1/3) *1n(x"2
+(1/c)"(1/3)*x+(1/c)~(2/3))+1/4xbxex3~(1/2) /c/(1/c)~(1/3)*arctan(1/3*x3~(1/2
)*%(2/(1/c)”(1/3)*x+1))+1/2%b*d/c/(1/c) ~(2/3)*1n(x+(1/c)~(1/3))-1/4xbxd/c/ (1
/c)”(2/3)*1n(x"2-(1/c)~(1/3)*x+(1/c)~(2/3))+1/2xb*xd/c/(1/c) ~(2/3)*37(1/2) *a
rctan(1/3*x37(1/2)*(2/(1/c)~(1/3)*x-1))-1/4*xbxe/c/(1/c) " (1/3) *In(x+(1/c)~(1/
3))+1/8xb*xe/c/(1/c)~(1/3)*1n(x~2-(1/c)~(1/3)*x+(1/c)~(2/3) ) +1/4%bxex3~(1/2)
/c/(1/c)”(1/3)*arctan(1/3*%37(1/2)*(2/(1/c)~(1/3)*x-1))

maxima [A] time = 0.42, size = 248, normalized size = 0.87

4 2
\/_ \/§(Zc3x2+c3) 2
24/3 arctan| —————~= 4 2 c3x2-1
1 1 3¢3 log (ch4 +c03x% + 1) 2 log( )

—aex’+=|c
2 4

+ 4 xartanh (cx3) bcl+1
8

[ESTRE

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*arctanh(c*x~3)),x, algorithm="maxima")

[Out] 1/2%axe*xx”2 + 1/4*(c*(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*xc~(4/3)*x"2 + ¢~ (2/3)
)/c”(2/3))/c”(4/3) - log(c™(4/3)*x"4 + ¢~ (2/3)*x"2 + 1)/c™(4/3) + 2*xlog((c”
(2/3)*x72 - 1)/c~(2/3))/c”(4/3)) + 4xx*karctanh(c*x~3))*bxd + 1/8%(4xx"2*arc
tanh(c*x73) + c*x(2*sqrt(3)*arctan(1/3*sqrt(3)*(2*c~(2/3)*x + c~(1/3))/c~(1/
3))/c(56/3) + 2*sqrt(3)*arctan(1/3*sqrt(3)*(2xc~(2/3)*x - ¢~(1/3))/c~(1/3))
/c™(5/3) - log(c™(2/3)*x72 + ¢~ (1/3)*x + 1)/c”(5/3) + log(c™(2/3)*x72 - ¢~ (
1/3)*x + 1)/c™(5/3) - 2xlog((c™(1/3)*x + 1)/c~(1/3))/c~(5/3) + 2xlog((c~(1/

3)*x - 1)/c”(1/3))/c”(5/3)))*bxe + a*xd*x

mupad [B] time = 1.03, size = 621, normalized size = 2.18
3
(2 In (—root (64c2 23 +24b?cdez-8bcd® + b° e3,z,k) (root (64c2 23 +24b?cdez -8 cd® + b° 63,Z,k)
k=1
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x"3))*(d + e*x),x)
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[Out] symsum(log((243*b~5*xc~9*d"4*e)/2 - root(64*c™ 2%z~ 3 + 24xb~2xckd*exz -
*c*d"3 + b"3*e”3, z, k)*(root(64*c”2%z"3 + 24*xb"2xckdxexz - 8*b"3*ckd"3 + b
~3%e73, z, k)*(root(64*xc”2xz"3 + 24%b~2*ckd*exz - 8xb"3*c*d”3 + b~3*e”3, z,
k) *(486*b~2%c”"10%e"2*%x - 1944%b~2*c~10*d*e + 3888*root(64*c”2%z"3 + 24*b~2
*ckxd*e*z - 8*b"3*cxd"3 + b~ 3%e”3, z, k)*bxcT1lxdxx) - (243*%b"3*c”"9*e”3)/2)
- 486*b"4*c”10*d"4*xx) + (243*b"5*c”9*d"3*e”"2%x)/4)*root (64*c”2*%z"3 + 24*b”2
xc*xdkexz - 8%b"3%c*d”3 + b~ 3*e”3, z, k), k, 1, 3) + symsum(log((243*xb~5*c~9
*d"4x*xe) /2 - root(64*xc”2xz"3 - 24xb~2*xckxd*exz - 8*b~3*c*d”3 - b~ 3%e”3, z, k)
*(root (64*c™2*z"3 — 24xb~2*c*d*e*z - 8*b~3*cxd”3 - b~ 3*e”3, z, k)*(root(64x
CT2xz73 - 24%b72*ckd*exz — 8*b"3%c*d”3 - b"3*e”3, z, k)*(486%b"2%c”10*e”2*x
- 1944xb~2xc”10*d*e + 3888*root (64*xc~2%z"3 - 24*xb~2kckxd*e*xz — 8*b~3xc*d”3
- b"3%e73, z, k)*bxc"11xd*x) - (243*%b~3%c”"9*%e"3)/2) - 486xb"4*xc~10*d"4*xx) +
(243*b~5%c™9*d"3*e”2xx) /4) *root (64*c™2*xz~3 — 24%b~2*xc*d*exz - 8*xb~3*c*xd”3
- b"3%e73, z, k), k, 1, 3) + log(c*x™3 + 1)*((bxd*x)/2 + (b*e*x72)/4) - log
(1 - c*xx73)*x((b*d*x)/2 + (b*exx"2)/4) + axd*x + (axexx”2)/2

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*(atb*atanh(c*x**3)) ,x)

[Out] Timed out

8*b~3
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a+btanh " (cx3)

d+ex

dx

334 |

Optimal. Leaf size=523

. e(d+ex) . Ve (d+ex) [ Ve (drex) . e (d-+ex) _
log(d + ex) (a +btanh™ (cx3)) bLi, ( Jede ) bLi, ( ) bLiz ( bLi, bLi, (

. edre ) Yed-Y-1e Yed+JTe
e 2e 2e 2e 2e

[Out] (at+b*arctanh(c*x~3))*1n(e*x+d)/e+1/2%bx1n(ex(1-c~(1/3)*x)/(c~(1/3)*d+e))*1n
(exx+d) /e-1/2%bx1n(-ex(1+c~(1/3)*x) /(c~(1/3) *d-e)) *1n(e*x+d) /e+1/2*bx1n (-ex*
(1)~ (1/3)+c™(1/3)*x) / (¢~ (1/3) *d-(-1) " (1/3) *e) ) *1n(exx+d) /e-1/2%b*1n (-e* ((
-1)7(2/3)+c™(1/3)*x) / (c™(1/3) *d-(-1) " (2/3) *e) ) ¥*1n (e*x+d) /e+1/2%b*1n((-1) " (2
/3)*ex(1+(-1)7(1/3)*c™(1/3) *x) / (c™ (1/3) *d+(-1) " (2/3) *e) ) *In(e*x+d) /e-1/2%b*
In((-1)7(1/3)*ex(1+(-1)7(2/3)*c™(1/3) *x) / (c™ (1/3) *d+(-1) " (1/3) *e) ) *1n(e*x+d
) /e-1/2*%bxpolylog(2,c”(1/3)*(exx+d)/(c~(1/3)*d-e))/e+1/2xb*polylog(2,c~(1/3
)* (exx+d) /(c™(1/3) *d+e) ) /e+1/2*%b*polylog(2,c” (1/3)*(exx+d) /(c~(1/3)*d-(-1)~
(1/3)*e)) /e-1/2*b*polylog(2,c~(1/3) *(e*xx+d) /(c™(1/3)*d+(-1)~(1/3)*e)) /e-1/2
*xb*polylog(2,c”(1/3)*x(exx+d)/(c™(1/3)*d-(-1)"(2/3)*e))/e+1/2xb*polylog(2,c”
(1/3)*(exx+d) / (c™(1/3)*d+(-1)"(2/3)*e)) /e

Rubi [F] time = 0.06, antiderivative size = 0, normalized size of antiderivative = 0.00,

. . number of rules
number of steps used = 0, number of rules used = 0, integrand size = 0, e e

0.000, Rules used = {}

integrand size

dx

f a+btanh™ (cx3)
d+ex

Verification is Not applicable to the result.

[In] Int[(a + bxArcTanh[c*x~3])/(d + ex*x),x]

[Out] (axLogld + ex*x])/e + b*Defer[Int] [ArcTanh[c*x73]/(d + e*x), x]

Rubi steps

f a+btanh™ (cx°) ] f[ ¢  btanh™ (Cx3)] dx

= +
d+ex d+ex d+ex

loo(d tanh™! (cx®
_alog@d+en) f#

d
e d+ex X
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Mathematica [C] time = 100.90, size = 515, normalized size = 0.98

1 \3/E(d+ex)) i (%/E(dm)) ) ( 23 (d+ex) )_ ) ( 23 (d+ex) ) ) ( 23 (d+ex) )
alog(d+ex) b( LIZ( %/Ed—e +L12 %/Ed+e le Z%d—ix/ge—e le Z%d—i 3e+e +L12 2%/2d+i\/§e—e
+

e

Antiderivative was successfully verified.

[In] Integrate[(a + bk*ArcTanh[c*x~3])/(d + e*x),x]

[Out] (axLogld + exx])/e + (b*(2xArcTanh[c*x"3]*Logl[d + e*x] - Log[(ex(1 - I*Sqrt
[3] - 2xc™(1/3)*x))/(2%c™(1/3)*d + e - I*Sqrt[3]*e)]*Logld + exx] + Logl[(ex
(-I + Sqrt[3] - (2*%I)*c~(1/3)*x))/((2*xI)*c~(1/3)*d + (-I + Sqrt[3])*e)]*Log
[d + exx] + Logl[(ex(I + Sqrt[3] + (2*%I)*c~(1/3)*x))/((-2*I)*c~(1/3)*d + (I
+ Sqrt[3])*e)]*Logl[d + e*x] - Log[-((ex(1 + c~(1/3)*x))/(c”(1/3)*d - e))]*L
ogld + exx] - Logl[-((ex(-1 - I*Sqrt[3] + 2xc™(1/3)*x))/(2%c”(1/3)*d + e + I
*xSqrt[3]*e))]*Logld + exx] + Logld + exx]*Log[(e - c~(1/3)*exx)/(c”(1/3)*d
+ e)] - PolyLog[2, (c~(1/3)*(d + exx))/(c”(1/3)*d - e)] + PolyLogl[2, (c~(1/
3)*x(d + e*xx))/(c™(1/3)*d + e)] + PolyLogl[2, (2%c™(1/3)*(d + exx))/(2xc~(1/3
)*d - e - IxSqrt[3]xe)] - PolyLogl[2, (2xc~(1/3)*(d + exx))/(2%c~(1/3)*d + e
- IxSqrt[3]*e)] + PolyLogl[2, (2*c™(1/3)*(d + e*x))/(2%c™(1/3)*d - e + I*Sq
rt[3]*e)] - PolyLogl[2, (2xc~(1/3)*(d + ex*x))/(2%c~(1/3)*d + e + I*Sqrt[3]*e
)1))/(2xe)

fricas [F] time = 0.59, size = 0, normalized size = 0.00

bartanh (cx3 ) +a
ex +d ’ x]

integral (
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~3))/(exx+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*x73) + a)/(e*x + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

bartanh (cx3) +a
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~3))/(exx+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*x~3) + a)/(e*xx + d), x)
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maple [C] time = 0.15, size = 182, normalized size = 0.35

b ) 1n(ex+d)1n(%ff‘d)+d
aln (ex + d) bln (ex + d) arctanh (C x3) _Rl:RootOf(_Zsc—B;cd _7%43cd?_Z-c d3+e3) -
+

e e 2e
Verification of antiderivative is not currently implemented for this CAS.

[In] int((atb*arctanh(c*x~3))/(e*xx+d),x)

[Out] a*1ln(exx+d)/e+b*1n(e*x+d)/exarctanh(c*x”~3)-1/2%b/e*sum(ln(e*xx+d)*1n((-e*x+_
R1-d)/_R1)+dilog((-e*x+_R1-d)/_R1), R1=Root0f (_Z~3*c-3*_Z 2xc*d+3*_Z*c*d 2-
c*d"3+e73))+1/2%b/exsum(1ln(e*x+d) *1n((-e*xx+_R1-d)/_R1)+dilog((-e*x+ R1-d)/_

R1), R1=RootOf (_Z~3%c-3% Z 2%cxd+3* Zkckd 2-c*d"3-e~3))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

log cx3 +1 —log( cx3+1) alog (ex + d)
f dx +
2 ex+d e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x”3))/(e*xx+d),x, algorithm="maxima")

[Out] 1/2*b*integrate((log(c*x~3 + 1) - log(-c*x”3 + 1))/(e*x + d), x) + axlog(ex
x + d)/e

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

f a + batanh (c x3)

d+ex
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~3))/(d + e*x),x)
[Out] int((a + b*atanh(c*x"3))/(d + exx), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**3))/(exx+d),x)

[Out] Timed out
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a+btanff4(cx3)
(d+ex)?

Optimal. Leaf size=414

dx

335 |

a+btanh™ (cx3) b+/c (%d + e) log (cz/g’x2 —{fex + 1) b+/c (\S/Ed - e) log (cz/3x2 +Afcx + 1) V3b+e
 e(d+er) 4 (cd3 - e3) B 4 (cd3 - e3) 2 (c2/3d3

[Out] (-a-b*arctanh(c*x~3))/e/(e*xx+d)+1/2*xbxc™(1/3)*(c~(1/3)*d-e)*1n(1-c~(1/3)*x)
/(cxd~3+e”3)+1/2*xbxc™(1/3) *(c™(1/3) *d+e) *In(1+c” (1/3) *x) / (c*d~3-e73) -3*b*cx*
d"2xe"2x1n(e*xx+d)/(c"2*xd"6-e76)-1/4xb*xc” (1/3) *(c~(1/3)*d+e) *1n(1-c~ (1/3) *x+
c™(2/3)*x72)/(c*d"3-e"3)-1/4*xb*xc™ (1/3)*(c”~(1/3)*d-e) *1n(1+c~(1/3) *x+c~(2/3)

*x72) /(c*d"3+e73) -1/2xbxc*d"2*1n(-c*x~3+1) /e/ (cxd~3+e~3) +1/2*b*c*d”~2*1n (c*x
~3+1)/e/(c*d"3-e73)-1/2xb*c~ (1/3) *arctan(1/3*x(1-2xc~(1/3) *x) *3~(1/2) ) *3~(1/
2)/(c™(2/3)*d"2+c”(1/3) *d*xe+e”2) -1/2%bxc”~(1/3) *(c~(1/3) *d+e) *arctan(1/3* (1+
2xc”(1/3)*x)*37(1/2))*37(1/2) / (c*xd~3+e"3)

Rubi [A] time = 0.77, antiderivative size = 414, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 12, integrand size = 18,

number of rules _ ) 667, Rules used = {6273, 12, 6725, 1871, 1861, 31, 634, 617, 204, 628, 260,

integrand size

1860}

a+btanh™ (cxs) b+/c <\3/Ed + e) log (cz/‘?’x2 —ex + 1) bJc (\S/Ed - e) log (62/3x2 +fcx + 1) 3bed2e?
B e(d + ex) - 4 (cd3 - e3) - 4 (cd3 + 63) B c2a

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*x"3])/(d + e*xx)~2,x]

[Out] -(Sqrt[3]*bxc~(1/3)*ArcTan[(1 - 2*c~(1/3)*x)/Sqrt[3]1])/(2%(c~(2/3)*d"2 + c~
(1/3)*d*e + e72)) - (Sqrt[3]*bxc~(1/3)*(c™(1/3)*d + e)*ArcTan[(1 + 2*c~(1/3

)*x) /Sqrt[31]1)/(2x(c*d"3 + e73)) - (a + b*ArcTanh[c*x"3])/(ex(d + e*x)) + (
bxc~(1/3)*(c™(1/3)*d - e)*Logl[l - c~(1/3)*x])/(2%(cxd"3 + e73)) + (bxc™(1/3
)*(c™(1/3)*d + e)*Logll + c™(1/3)*x])/(2%(c*d™3 - e73)) - (3*bkcxd~2*e”2*Lo

gld + exx])/(c”2%d"6 - e76) - (b*xc™(1/3)*(c”(1/3)*d + e)*Logll - c~(1/3)*x

+ ¢ (2/3)*x72]) /(4% (cxd"3 - e73)) - (bxc~(1/3)*(c~(1/3)*d - e)*Logl[l + c~(1
/3)*xx + ¢ (2/3)*x72])/(4x(cxd"3 + e73)) - (b*cxd"2xLogl[l - cxx73])/(2%ex*x(c*

d"3 + e73)) + (bxcxd~2xLogl[l + c*x73])/(2*ex(c*d"3 - e73))

Rule 12

Int[(a_)*(u_), x_Symbol] :> Distla, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, xl]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]]1/@Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 0])

Rule 260

Int[(x_)"(m_.)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Simp[Log[RemoveConten
tla + bxx"n, x]1/(b*n), x] /; FreeQ[{a, b, m, n}, x] && EqQ[m, n - 1]

Rule 617

Int[((a_) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> With[{q = 1 - 4xS
implify[(a*c)/b~2]}, Dist[-2/b, Subst[Int[1/(q - x72), x], x, 1 + (2%c*x)/b
1, x] /; RationalQ[ql && (EqQ[q~2, 1] || !'RationalQ[b~2 - 4x*axc])] /; Free
Ql{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 628

Int[((d) + (e_)*x(x))/((a_.) + (b_)*(x_) + (c_.)*(x_)"2), x_Symbol] :> 8
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] && EqQ[2*c*d - bxe, 0]

Rule 634

Int[((d_.) + (e_)*(x))/((a_) + (b_)*(x_) + (c_.)*(x_)~"2), x_Symbol] :> D
ist[(2%xc*xd - bxe)/(2%c), Int[1/(a + bxx + c*xx"2), x], x] + Distl[e/(2%c), In
t[(b + 2xc*x)/(a + b*x + c*x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2xc*d - bxe, 0] &% NeQ[b~2 - 4xaxc, 0] && !'NiceSqrtQ[b~2 - 4xaxc]

Rule 1860

Int[((A) + (B_.)*(x_))/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{r = Numer
ator[Rt[a/b, 3]], s = Denominator[Rt[a/b, 311}, -Dist[(r*(B*xr - Ax*xs))/(3*ax
s), Int[1/(r + s*x), x], x] + Dist[r/(3*a*xs), Int[(r*x(B*r + 2%A*xs) + sx(Bx*r
- Axs)*x)/(r"2 - r*s*x + s”2%xx"2), x], x]] /; FreeQ[{a, b, A, B}, x] && Ne
Q[a*xB~3 - bxA~3, 0] && PosQ[a/b]

Rule 1861
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Int[((A) + (B_.)*(x_))/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{r = Numer
ator [Rt[-(a/b), 3]], s = Denominator[Rt[-(a/b), 3]]1}, Dist[(r*(B*xr + A*xs))/
(3*axs), Int[1/(r - s*x), x], x] - Dist[r/(3*axs), Int[(r*(Bxr - 2*%A*s) - s
*(Bxr + Axs)*x)/(r"2 + r*s*xx + s72%x72), x], x]] /; FreeQ[{a, b, A, B}, x]
&& NeQ[a*B~3 - b*A~3, 0] && NegQ[a/b]

Rule 1871

Int[(P2_)/((a_) + (b_.)*(x_)"3), x_Symbol] :> With[{A = Coeff[P2, x, 0], B

= Coeff[P2, x, 1], C = Coeff[P2, x, 2]}, Int[(A + Bxx)/(a + b*x"3), x] + Di
st[C, Int[x"2/(a + b*x"3), x], x] /; EqQ[a*B”3 - bxA~3, 0] || !RationalQ[a
/v11 /; FreeQ[{a, b}, x] && PolyQ[P2, x, 2]

Rule 6273

Int[((a_.) + ArcTanh[u ]*(b_.))*((c_.) + (d_.)*(x_))"(m_.), x_Symbol] :> Si
mp[((c + d*x)"(m + 1)*(a + b*¥ArcTanh[u]))/(d*(m + 1)), x] - Dist[b/(d*x(m +

1)), Int[SimplifyIntegrand[((c + d*x)"(m + 1)*D[u, x])/(1 - u"2), x], x], x
1 /; FreeQ[{a, b, c, d, m}, x] && NeQ[m, -1] && InverseFunctionFreeQ[u, x]

&& !'Function0fQ[(c + d*x)"(m + 1), u, x] && FalseQ[PowerVariableExpn[u, m

+ 1, x]]

Rule 6725

Int[(u_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> With[{v = RationalFunctionE
xpand[u/(a + b*x"n), x]}, Intl[v, x] /; SumQ[v]] /; FreeQ[{a, b}, x] && IGtQ
[n, 0]

Rubi steps
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3cx? X
(d+ex)(1—(:2x6)

bf

dx = —

J

(d + ex)? e(d + ex)

a+btanh™! (cx3)

e

(3be) [

(d+ex) 1 c2x6)

e(d + ex)

a+btanh™! (cx3)

e
d2et

(3be) [ ((_Cd3+33)(cd3+e3)(d+ex) "

de—e2x+cd?x?
2(cd3—e3)(1+cx‘

de—e2x—cd?x?
2(cd3+e3)(—1+cx3)

e(d + ex) e
e
a+btanh™! (cx3) 3bcd?e? log(d + ex) (Bbc) f dee x+Cd 2 dx  (3bc) f decx
= - 2,96 _ o6 + +
e(d + ex) c2d® —e 2e (cd3 - e3) 2e (cd3 +
a+btanh™! (cx3) 3bcd?2log(d + ex)  (3be) f de?x (3bc2d2)
e(d + ex) c2db — e 2e (cd3 - e3) 2e (cd3 - 33)

a+btanh ™ (cx3)

3bed?e? log(d +ex) bed?log(1-cx®)  bed?log (1 +cx®)

e(d + ex) c2db — e 2e (cd3 + e3) 2e (cd3 - e3)
a+btanh™ (cx3) (\/_d—e) log( cx) b/c (\/_d+e) log (1 + +/c2
e(d + ex) (cd3 + 63) (cd3 -3

a+btanh™! (cx3)

Ve (Yed - e)log (1 - ex) b\/—(\/_d+e)log 1+ /e

e(d + ex)

(
)
(
)

(cd3 + 33) (cd3 -3

B V3by/c tan™! (1_i/§/zx) V3b+c (\/—d + e) tan™ (1+i/-\/zx) a+btanh™ (cx3)

2 (62/3d2 + +Jcde + ez) B

Mathematica [A]

4a

2\/_5\/_ tan‘l( 1) 2bcd?e? log (1 —
e ), 8 (

(cd3 + 53) e(d + ex)

time = 0.52, size = 534, normalized size = 1.29

b/c (2c5/3d5 — ¥

x®)  12bed?e log(d + ex) .

1
4| ed+ ex) c2B3d? + \fcde + e2

Antiderivative was successfully verified.

246 — ¢b 246 — o6

[In] Integrate[(a + b*ArcTanh[c*x73])/(d + e*xx) 2,x]
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[Out] ((-4x%a)/(ex(d + exx)) + (2xSqrt[3]*b*xc~(1/3)*ArcTan[(-1 + 2xc~(1/3)*x)/Sqrt
[311)/(c™(2/3)*d"2 + c™(1/3)*d*e + e72) - (2%Sqrt[3]*bxc™(1/3)*(c~(1/3)*d +
e)*ArcTan[(1 + 2%c™(1/3)*x)/Sqrt[3]1])/(c*d”3 + e73) - (4*b*ArcTanh[c*x~3])
/(ex(d + exx)) + (2%bxc™(1/3)x(c™(5/3)*d"5 - c~(4/3)*d"4%e + c*d"3*e”2 + ¢~
(1/3)*d*e~4 - e~ 5)*Logl[l - c~(1/3)*x])/(-(c™2*d"6%e) + e77) - (2xb*xc~(1/3)*
(c(5/3)*%d"5 + c~(4/3)*d"4xe + c*d"3xe”2 + ¢~ (1/3)*d*e”4 + e~5)xLog[l + c~(
1/3)*x])/(-(c”2*%d"6%e) + e77) - (124b*c*xd"2xe"2*Logl[d + e*x])/(c"2*d"6 - e~
6) + (bxc™(1/3)*(2xc”™(5/3)*d"5 - c~(4/3)*d"4*e - cxd"3%e”2 - c”(1/3)*d*e”4
- e"5)*Logl[l - c™(1/3)*x + c7(2/3)*x72])/(c™2*d"6%e - e77) + (bxc™(1/3)*(2x
c™(5/3)*%d75 + c~(4/3)*d"4*e - c*d"3*%e”2 - ¢~ (1/3)*d*e”4 + e~ B)*Log[l + c~(1
/3)*xx + ¢~ (2/3)*x72])/(-(c”2*%d"6*e) + e77) + (2xb*xckxd~2*e"2*Log[l - c™2*x"6
1)/(c™2xd"6 - €76))/4

fricas [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a+b*arctanh(c*x~3))/(e*x+d)"2,x, algorithm="fricas")
[Out] Timed out

giac [A] time = 28.28, size = 595, normalized size = 1.44

\/§[Zx+(—;)

2 . 1 ) \3bcarctan 7

e I had o] .
- + ~ )

2 (cd3e + e4) 2 (Cd3e - e4) 2 (c2d2 - cd|C|§e + |c|§e2) ) (cde + (—c2)§ a2 _ (_Cz)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~3))/(e*x+d)~2,x, algorithm="giac")

[Out] -1/2%bxc*d~2xlog(abs(c*x~3 - 1))/(c*d"3%e + e74) + 1/2xbxcxd”2xlog(abs(-c*x
73 - 1))/(c*xd"3%e - e74) - 1/2xsqrt(3)*bxc*abs(c)~(2/3)*arctan(1/3*sqrt(3)x*
c™(1/3)*(2xx + 1/c~(1/3)))/(c™2*%d"2 - cxd*abs(c)~(2/3)*e + abs(c)~(4/3)*e"2
) = 1/2%sqrt(3) *bxcxarctan(1/3*sqrt(3)*(2*x + (-1/c)~(1/3))/(-1/c)~(1/3))/(
ckdxe + (-c72)7(2/3)*%d"2 - (-c72)7(1/3)*e"2) - 1/2%(bxc~3xd"4*e”2 - bxc~3xd
"3x(-1/c)"(1/3)*e”3 - bkc"2+d*e”5 + bkxc"2x(-1/c)"(1/3)*e”6)*(-1/c)~(1/3)*1o
glabs(x - (-1/c)~(1/3)))/(c™3%d"6*e"2 - 2xc~2xd"3*%e”5 + c*e”8) + 1/4x((-c"2
)7 (1/3) *¥b*xcxd - (-c72)7(2/3)*bxe)*log(x"2 + x*(-1/c)~(1/3) + (-1/c)~(2/3))/
(c7™2*%d"3 - c*e”3) - 1/4x(bxc*d*abs(c)”~(2/3) - b*xabs(c)”(4/3)*e)xlog(x"2 + x
/c™(1/3) + 1/c7(2/3))/(c™2%d"3 + c*e”3) + 1/2x(bxc™3*d"4*e"2 - b*xc~(8/3)*d”
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3*%e”3 + b*c"2*d*e”5 - b*xc”(5/3)*e”6)*log(abs(x - 1/c~(1/3)))/((c"3*d"6%e"2
+ 2xc”"2%d"3*%e”5 + c*e™8)*xc”(1/3)) - 1/2*(bxc”2xd"6xlog(-(c*x~3 + 1)/(c*x"3
- 1)) + 2%axc”2*%d"6 + 6xbkcxd"2*xx*e”4xlog(x*e + d) + 6xb*xckd”3*e”3*log(x*e
+ d) - bxe"6xlog(-(c*xx™3 + 1)/(c*x”3 - 1)) - 2*a*xe”6)/(c™2xd"6*x*e”2 + c~2%
d~7*xe - x*e~8 - dxe”7)

maple [A] time = 0.04, size = 591, normalized size = 1.43

V3
bd \/?_) arctan

1 1
bdln|x - (1)3 bdln|x® + (1)3 X+ (1)
a barctanh (c x3) c c c
+ —_

N

—_ d - d 2
(ex+dje  (ex+d)e (2cd34—263)(%)3 2(2Cd3'+263)(%)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~3))/(e*xx+d)"2,x)

[Out] -a/(exx+d)/e-b/(exx+d)/exarctanh(c*x”~3)+b/ (2*xc*xd"3+2*xe~3)*d/(1/c) " (2/3)*1n(

x-(1/c)~(1/3))-1/2%b/ (2*xc*d~3+2*xe~3) *d/(1/c)~(2/3) *1n(x"2+(1/c) ~(1/3) *x+(1/
c)~(2/3))-b/ (2xc*xd"3+2%xe~3)*d/(1/c)~(2/3)*3"(1/2)*arctan(1/3*3~(1/2)*(2/(1/
c)~(1/3)*x+1)) -b*xe/ (2*xc*xd~3+2*xe~3) /(1/¢c) " (1/3)*1n(x-(1/c)~(1/3) ) +1/2*b*xe/ (2
*xcxd~3+2%e”~3)/(1/c) " (1/3)*1n(x"2+(1/c) " (1/3) *x+(1/c) ~(2/3) ) -b*e/ (2*c*d~3+2%
e~ 3)*x37(1/2)/(1/c)~(1/3)*arctan(1/3*3~(1/2)*(2/(1/c)~(1/3) *x+1))-b/exc/(2*c
*d~3+2%e”3)*d"2*1n(c*xx~3-1)+b/ (2*%cxd~3-2%e~3) *d/(1/c) ~(2/3) *1n(x+(1/c) ~(1/3
))-1/2%b/ (2xcxd~3-2%e~3)*d/(1/c) ~(2/3)*1n(x"2-(1/c) " (1/3) *x+(1/c)~(2/3))+b/
(2xc*xd~3-2%e~3)*d/(1/c)~(2/3)*3"(1/2)*arctan(1/3*3~(1/2)*(2/(1/c) " (1/3) *x-1
))+bxe/ (2%c*d"3-2*%e”3) /(1/c) "~ (1/3) *1n(x+(1/c)~(1/3))-1/2%b*e/ (2%c*d"3-2*%e"3
)/ (1/c)”(1/3)*1n(x"2-(1/c) " (1/3) *x+(1/c) " (2/3) ) -bxe/ (2*c*d~3-2xe~3) *3~(1/2)
/(1/c)~(1/3)*arctan(1/3*37(1/2)*(2/(1/c)~(1/3) *x-1) ) +b/e*c/ (2*xc*d~3-2%e~3) *
d"2*1n(c*x~3+1) -3*b*xe”2*%c*d"2/ (c*d"3+e”3) / (c*d~3-e73) *1n(e*x+d)

maxima [A] time = 0.43, size = 394, normalized size = 0.95

2 1
’ \/5[203x+c3] 5
243 (cde + c5e2) arctan| —————=| 243 (cde - cgez) arctan
1| 12d%¢*log (ex + d) . 3¢3

Verification of antiderivative is not currently implemented for this CAS.

1 1
(czd?’e + ce‘*)c§ (c2d3e - ce‘l)c§
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[In] integrate((atb*arctanh(c*x~3))/(e*xx+d)~2,x, algorithm="maxima"

[Out] -1/4%((12*%d~2*%e"2*log(e*x + d)/(c™2*d"6 - e76) + 2xsqrt(3)*(c*xd*xe + c~(2/3)
xe~2)*arctan(1/3*sqrt (3)*(2+xc™(2/3)*x + c~(1/3))/c~(1/3))/((c™2%¥d"3*e + c*e
“4)xc”(1/3)) - 2*sqrt(3)*(cxd*e - c~(2/3)*e~2)*arctan(1/3*sqrt(3)*(2xc~(2/3

)*¥x - ¢~ (1/3))/c”(1/3))/((c™2xd"3*%e - cxe”4)*c~(1/3)) + (2%c*xd~2 + c~(2/3)*

dxe - c7(1/3)*e”2)*1log(c™(2/3)*x72 + ¢~ (1/3)*x + 1)/(c"2*d"3*e + c*xe”4) - (
2%c*d”2 - c7(2/3)*d*e - c”(1/3)*e"2)*log(c”™(2/3)*x"2 - c~(1/3)*x + 1)/(c™2%
d"3%e - c*e”4) - 2x(cxd"2 + ¢ (2/3)*d*e + c~(1/3)*e"2)*log((c™(1/3)*x + 1)/
c™(1/3))/(c”™2xd"3%e - c*xe”4) + 2x(c*xd™2 - ¢~ (2/3)*d*e + c~(1/3)*e"2)*log((c
“(1/3)*x - 1)/c”(1/3))/(c™2%d"3%e + c*xe”4))*c + 4xarctanh(c*x73)/(e"2*x + d
xe))*b - a/(e”2*x + dxe)

mupad [B] time = 1.41, size = 2638, normalized size = 6.37

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~3))/(d + e*xx)"2,x)

[Out] symsum(log(-(729%b~6*c~14*d*e~2 + 54432xroot (8*c*d~3*%e~3%z"3 - 8*e~6%z"3 -
12*bxc*xd"2xe”2*%z"2 + 6%b " 2xckd*exz - b~ 3*c, z, k) "6xc”12%e”15*%x + 729*b~6*c
“14xe"3*x + 31104*root (8*c*d~3*e”3*z"3 - 8*e" 6%z~ 3 - 12%b*c*d"2*e”2*z"2 + 6
*b~2xcxd*e*xz - b73*c, z, k)“6xcT14*%d"7xe"8 + 243*root(8*c*d"3*e"3*z"3 - 8xe
“6%z73 - 12*%bkcxd"2*xe"2xz72 + 6*%b " 2*kckd*exz — b~3xc, z, Kk)*b"5xc"15%d"5 + 6
2208*root (8*c*xd"3*e" 3%z~ 3 - 8*e”6%z"3 - 12*%bkcxd"2*xe"2%z"2 + 6*b " 2*kckd*e*xz
- b"3%c, z, k)T6xc"12*d*e"14 - 5832*root (8*cxd"3*e"3%z”3 - 8*e"6%z"3 - 12*b
*Ccxd"2%e”2*%z72 + 6xb"2xckd*exz - b"3*c, z, k) 2xb"4*c”14*d"3*e”4 - 1944x*roo
t(8%c*d"3%e" 3%z~ 3 — 8*%e"6*xz"3 - 12%bxckd"2*%e"2*%xz"2 + 6xb"2xckxd*exz - b 3*c,
Zz, k) “3*b"3%c"15%d"7*e"2 + 15552*%root (8*c*d"3*%e"3*z"3 - 8*e"6*xz"3 - 12xb*c
*d"2%e"2%z72 + 6xb"2xckxdxe*xz - b 3*c, z, k) “4*xb"2xc~14*%d"5%e”6 + 10692*root
(8*c*xd~3%e"3*z"3 - 8*%e”6*xz"3 - 12*bxckxd"2*%e"2*%z"2 + B6%b”"2*ckxdkexz - b~ 3*c,
Zz, k)“3*b7"3*c”13xd*e”8 + 101088*root (8*cxd~3*e”~3%z"3 - 8*e”~6%z"3 - 12*b*cx*d
T2xe”2%z72 + 6xbT2kc*d*exz - b73*c, z, k) b*b*cT13xd"3*e”~10 + 3888*root (8*c
*¥d"3%e"3*%z"3 — 8%xe"6*z"3 - 12%b*cxd"2*%e"2*z"2 + 6*%b " 2%cxd*exz - b"3%c, z, k
) "Bxb*xc”15%d"9%e”4 + 12636*root (8*%c*d"3*%e"3%z"3 - 8*e"6xz"3 - 12¥bkxckd"2*e”
2%z72 + 6*b"2*xckd*exz - b"3*c, z, k) 3*b"3*xc"13*%e"9*x + 38880*root (8*xcxd"3*
e 3%z73 - 8%e"6*z"3 - 12xbxc*xd"2%e"2%z"2 + 6*xb " 2*xckdxexz - b"3*xc, z, k) 6*c
“14%d76*e”9*x + 116640*root (8*c*d"3*e”3*z"3 — 8*e"6xz"3 - 12%b*ckd"2*e 2%z~
2 + 6xb " 2*%cxd*exz - b"3*%c, z, k) 5xbxcT13xd"2%e”"11%x + 11664*root (8*c*xd " 3*e
"3%z73 - 8*%e”"6*xz"3 — 12xb¥xc*xd"2%e”2*z72 + 6xb"2xcxd*exz - b"3*c, z, k) 5xbx
c"15%d"8*e"5*x - 11664*root(8*xc*d~3*e"3*z"3 - 8*e"6*xz"3 — 12*bkc*xd " 2%e”2*z"
2 + 6*%b”2*ckdxexz - b~3*c, z, k) "2%¥b74xc”14*d"2*e"5xx - 3888*root (8*c*d"3xe
“3%z73 - 8*%e”"6*xz"3 - 12xb*c*xd"2%e”2*z"2 + 6xb"2xcxd*exz - b”"3*c, z, k) “3*b”
3*c”"15%d"6*xe"3*x + 38880*root (8*ckd"3*e"3*z"3 - 8*e"6%z”3 - 12*bkxcxd"2xe”2x
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z72 + 6*b"2%ckd*xexz — b~3*c, z, k) T4xb"2xc 14*xd"4xe"T*xx + 243*root (8xc*d” 3%
e"3%z73 - 8*%e"6*xz"3 — 12¥b*c*kd"2%e”2*z"2 + 6xb"2xckxd*e*z - b 3*c, z, k)*b~5
*C715*%d"4*exx) /e"4) *root (8xcxd"3*%e”3%z73 - 8*%e”6%z73 - 12*b*c*xd"2xe”2*z"2 +
6xb~2*%cxd*exz - b~3*c, z, k), k, 1, 3) + symsum(log(-(729*b~6*c~14*d*e~2 +
54432*root (8*c*xd"3*xe"3%z73 + 8*%e”6*z"3 + 12*bxcxd"2%e”2%z72 + 6*bT2*kckxd*ex*
z + b7 3*%c, z, k)“6%cT12xe"15%x + 729%b"6*xc"14*e”"3xx + 31104*root (8xcxd " 3*xe”
3*%z73 + 8*e"6*xz"3 + 12%b*c*kd”"2*%e”2*z"2 + 6xb"2*ckd*e*z + b"3*c, z, k) “6%c”1
4xd~T7*e"8 + 243*root(8*c*d"3%e” 3%z~ 3 + 8xe”6*z"3 + 12xb*ckd"2%e”2*xz"2 + 6%b
“2%ckxd¥e*xz + b"3*xc, z, k)*¥b"5xc”15%d"5 + 62208*root (8*cxd"3*e"3%z"3 + 8*e”6
*z73 + 12%bkxcxd"2%e”2%z"2 + 6*b"2*xckd*xe*xz + b~ 3*xc, z, k) 6xc”12*%d*xe”14 - 58
32*root (8*cxd~3*xe"3%z73 + 8*%e"6*z"3 + 12xbxc*xd"2%e”2%z72 + 6*xbT2xckxdxexz +
b"3*%c, z, k)“2%b"4*c”14*%d"3*e”"4 - 1944*xroot (8*c*d"3*%e”3*z"3 + 8*xe"6*xz"3 + 1
2%bxcxd"2%xe"2*%z"2 + 6xb"2*xckd*exz + b~ 3*c, z, k) "3*b"3%c”15%d"7*e"2 + 15552
*root (8*c*xd"3xe 3%z 3 + 8%e"6*z"3 + 12xbxc*xd"2%e”2%z"2 + 6xb " 2*xckd*exz + b~
3xc, z, k)T4xb"2xc”14*xd"5*xe”6 + 10692*root (8*xcxd"3*e”3*z"3 + 8*xe”6%z"3 + 12
*b*xckd"2%e”2*%z72 + 6xb"2xckd*exz + b"3*c, z, k)" 3*b"3xc”13*d*e”8 + 101088*r
00t (8*%c*d™3*e"3*z"3 + 8*xe”6%z73 + 12*bkckxd"2*xe"2*%z"2 + 6*b " 2*ckd*exz + b~ 3%
c, z, k)“Hbxbxc~13*d"3*%e”10 + 3888*root (8*c*xd~3*e”3*z"3 + 8%e”6*%xz"3 + 12xb*c
*d72%e"2%z"2 + 6*xb"2%ckd*exz + b~3*c, z, k) 5xb*c”15%d"9*e"4 + 12636*root(8
*¥c*d"3%xe”"3*%z"3 + 8%xe"6*z"3 + 12%bxckd"2*e”2%z"2 + 6*b 2%ckxd*e*xz + b~ 3*%c, z,
k) "3*b"3*c"13%e"9*x + 38880*root (8*cxd"3*xe”3%z73 + 8*%e"6*xz"3 + 12xbxcxd”2*
e”2%xz"2 + 6xb " 2kxckxd*exz + b 3*xc, z, k) “6%c”14*d"6xe"9*x + 116640*root (8*c*d
"3%e73%z73 + 8*%e"6*xz"3 + 12%b*xc*kd"2*e”2*z"2 + 6*xb"2%ckd*e*z + b 3*c, z, k)~
5%b*c”13*d"2%e"11*x + 11664*root (8*c*xd~3*e~3%z"3 + 8*e~6%z"3 + 12*b*xc*xd™2x*e
“2%z72 + 6x%b”"2%ckxd*exz + b"3%c, z, k) bxbxc"15*%d"8*e"b*xx - 11664*root (8*cxd
“3%e"3%z"3 + 8%e"6%z73 + 12%bkxcxd"2*%e”"2%z"2 + 6*b"2%xckdxexz + b~ 3*xc, z, k)~
2%b"4*c”14*d"2*%e"5xx — 3888*root (8*cxd"3*e"3*z"3 + 8*e”6%z"3 + 12*b*cxd"2*e
"2%z72 4+ 6*b"2*xckd*xexz + b~3*c, z, k) " 3*b"3*xc"15xd"6*e"3*x + 38880*root (8*c
*d"3%e"3%z73 + 8*%e 6%z 3 + 12*%bxc*kd"2%e"2*xz"2 + 6*%b"2%ckdxe*z + b~ 3*xc, z, k
) T4*xbT2%c”14*d"4*e”T*x + 243*root (8kcxd"3*%e"3%z"3 + 8*e”"6xz"3 + 12%bkcxd”2x*
e"2xz"2 + 6%b"2xckd*e*z + b73*c, z, k)*b"bkxcT15%d"4*xex*xx)/e”4)*root (8*c*d 3%
e 3%z~ 3 + 8xe"6*xz"3 + 12xbxckxd"2%e”2%z"2 + 6x%b " 2*xcxd*exz + b~ 3*xc, z, k), k,
1, 3) - a/(dxe + e”2*x) - (bxlog(c*x~3 + 1))/(2x(d*e + e72xx)) + (b*log(l
- c*x73))/(2xd*e + 2xe”2xx) + (3*bkcxd"2*e"2*xlog(d + e*x))/(e”6 - c~2xd~6)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**3))/(exx+d)**2,x)

[Out] Timed out
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x3(a+btanhflﬁvvz))

1-c2x

dx

336 |

Optimal. Leaf size=195

(a +btanh ™" (C\/;))z 210g(—\/-) (a + btanh (C\/E)) x(a + btanh™! (c\/E)) 2 (a + btanh™! (c\/i

bc8 c8 c® 2c4

[Out] -5/18*b*xx~(3/2)/c~5-1/15%b*x~(5/2)/c~3+11/6*b*arctanh(c*x~(1/2))/c"8-x*(a+b
*arctanh(c*x~(1/2)))/c”6-1/2*x"2* (a+b*arctanh(c*x~(1/2)))/c"4-1/3*x"3* (a+b*
arctanh(c*x~(1/2)))/c”2-(a+b*arctanh(c*x~(1/2)))~2/b/c”8+2* (at+b*arctanh (c*x
~(1/2)))*1n(2/(1-cxx~(1/2))) /c~8+b*polylog(2,1-2/(1-cxx~(1/2)))/c~8-11/6%b*
x~(1/2)/c77

Rubi [A] time = 0.60, antiderivative size = 195, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 10, integrand size = 26,

number of rules _ () 385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2 1- C\/_) " (a + btanh™? (C\/;))_xZ (a +btanh™ (c\/E))_x (a +btanh™ (c\/E))_(a +b

c8 3¢2 2c4 ct

Antiderivative was successfully verified.
[In] Int[(x"3*(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c~2*x),x]

[Out] (-11%b*Sqrt[x])/(6*c”7) - (5*b*x~(3/2))/(18%c”5) - (b*x~(5/2))/(15%c"3) + (
11*b*ArcTanh [c*Sqrt[x]])/(6%xc™8) - (x*(a + b*ArcTanh[c*Sqrt[x]]))/c™6 - (x~

2% (a + bxArcTanh[c*Sqrt([x]]))/(2*%c™4) - (x"3*(a + bxArcTanh[c*Sqrt[x]]))/(3

xc”2) - (a + bxArcTanh[c*Sqrt[x]])~2/(b*c™8) + (2*(a + b*ArcTanh[c*Sqrt[x]]
)*Log[2/(1 - c*Sqrt[x])])/c™8 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrt[x])])/c"8

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
Q[7*m + 4*n + 4, 0]) || LtQ[9*m + 5*(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 21), x] /; FreeQ[{a, b}, x] && NegQ[a/b]l && (Gt
Qla, 0] || LtQ[b, 01)
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Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Q[m, 2*n - 1]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c™(

n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQl{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bx*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 11 || In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
] :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c~2*x"2)
, xJ, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - 72, 0
]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
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D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*%d + e, 0] && IGtQ[p, 0]

Rubi steps

1-c%x 1 — c2x2

3 -1 7 B
fx (o + btanh (cy¥)) dx = zSubst[fx la+ btanh (e dx,x,‘/;)

x° (a+b tanh_l(cx))

2 Subst ( IES (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f 122 b
= +

c? 2

x° (a +btanh™ (c\/E )) 2 Subst ( [ (a +b tanh_l(cx)) dx, x, \/x ) 2
= — — + —
3c? ct

x? (a +btanh™ (c\/E)) x> (a +btanh ™ (c\/E)) 2 Subst (fx (a +bte
2¢* - 3c? - c

_ byx bx32  pxd2 x (a +btanh™ (C\/E)) x? (a +btanh™ (C\/E))

3c7 9¢5 1563 c® 2ct

_ 1lbyx  5bx32 b2 btanhT (evX)  x(a+btanh (cvx)) 23

67 185 158 | 38 6 _
11b\x 50232 252 1lbtanh™ (cyx) x(a+btanh™ (cyx)) =
T e 188 150 6c8 ) & T

11b\x 50332 252 1lbtanh™ (cyx) x(a+btanh™ (cyx)) =
T TTe 188 150 6c8 ) 5 T
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Mathematica [A] time = 0.57, size = 160, normalized size = 0.82

30ac®x® + 45ac*x? + 90ac®x + 90a log (1 - czx) + 6bc2x52 + 25bc3x¥2 +15b tanh ™ (C\/E ) (206x3 +3ctx? + 6
90c8

Warning: Unable to verify antiderivative.

[In] Integrate[(x"3*(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c™2%*x),x]

[Out] -1/90%(165%bxc*Sqrt[x] + 90*axc™2*x + 25%bxc~3%x~(3/2) + 4bxaxc™4*x”~2 + 6x*Db
*xc"65*x7(5/2) + 30%a*xc”6*x~3 - 90*b*ArcTanh[c*Sqrt[x]]~2 + 15*bxArcTanh[c*Sq
rt[x]]1*(-11 + 6%c™2%x + 3*xc™4*x"2 + 2%c”6*x"3 - 12xLog[l1 + E~(-2%ArcTanh[c*
Sqrt[x]]1)]) + 90*axLogl[l - c™2*x] + 90*b*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x
11)1)/c78

fricas [F] time = 1.11, size = 0, normalized size = 0.00

bx® artanh (C\/E) +ax®

2x -1

integral | — ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")
[Out] integral(-(b*x~3*arctanh(c*sqrt(x)) + a*x~3)/(c”2*x - 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f B (b artanh (C\/E) + a)x3

d
2x -1 X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~3/(c”2*x - 1), x)

maple [A] time = 0.06, size = 309, normalized size = 1.58

3¢z 2c¢t (b c8 c8 3¢c? 2c4 c®
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~3*(at+bxarctanh(c*x~(1/2)))/(-c™2%x+1) ,x)
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[Out] -1/3/c”2*a*xx~3-1/2/c”4*x"2*%a-1/c”6*xx*a-1/c 8*a*xln(c*x~(1/2)-1)-1/c"8*a*x1n(1
+c*xx”(1/2))-1/3/c”2%b*arctanh (c*x” (1/2) ) *x~3-1/2/c 4*b*arctanh(c*x~(1/2) ) *x
~2-1/c"6*b*arctanh(c*x~(1/2))*x-1/c”8*b*arctanh(c*x~(1/2))*1n(c*x~(1/2)-1)-
1/c”8xbxarctanh(c*x~(1/2))*1n(1+c*x~(1/2))-1/4/c”8*b*x1n(cxx~(1/2)-1)"2+1/c”
8xb*xdilog(1/2+1/2*c*x~(1/2))+1/2/c”8*b*1n(c*x~(1/2)-1)*1n(1/2+1/2*%c*xx~(1/2)
)+1/4/c”8%bx1n(1+c*x~(1/2))"2-1/2/c"8xb*x1n(-1/2%cxx”~(1/2)+1/2) *1n(1+c*x~ (1/
2))+1/2/c”8%bx1n(-1/2%c*x~(1/2)+1/2)*1n(1/2+1/2%c*xx~(1/2))-1/15xb*xx~(5/2) /c
~3-5/18*b*x~(3/2)/c~5-11/6*b*x~(1/2) /c"7-11/12/c~8*b*1n(c*x~(1/2)-1)+11/12/
c~8%bx1n(1+cxx~(1/2))

maxima [A] time = 0.56, size = 246, normalized size = 1.26

—a

6 c® c8

1 1 . (1 1
1 264x3+362x2+6x+610g(02x—1)] (log(c x+1)10g(—5c x+§)+L12(§c x+§))b+11b1c
C8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~3*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima")

[Out] -1/6%a*x((2*c™4%x"3 + 3*c™2*x"2 + 6%x)/c”6 + 6xlog(c™2*x - 1)/c”8) - (log(cx
sqrt(x) + 1)*log(-1/2*cxsqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2))*b/c”8

+ 11/12%b*log(c*sqrt(x) + 1)/c”8 - 11/12xbxlog(c*sqrt(x) - 1)/c”8 - 1/180%(
12x%bxc™b*x”(5/2) + BOxb*c~3*x~(3/2) + 4b*b*log(c*sqrt(x) + 1)72 - 45%b*xlog(
—cksqrt(x) + 1)72 + 330*b*ckxsqrt(x) + 15*%(2%b*c™6*x™3 + 3xbkc™4*x™2 + 6*b*c
~2%x)*log(cksqrt(x) + 1) - 15%(2%b*c™6*x™3 + 3*b*c™4*x”™2 + 6xb*c™2%x + 6*bx
log(c*sqrt(x) + 1))*log(-c*sqrt(x) + 1))/c”8

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f_x3 (a + batanh (c \/E))

c2x -1
Verification of antiderivative is not currently implemented for this CAS.
[In] int(-(x"3*(a + b*atanh(c*x~(1/2))))/(c”2*x - 1),x)

[Out] int(-(x"3*(a + b*xatanh(c*x~(1/2))))/(c™2*x - 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

3

ax bx® atanh (c\/E )
=t
cex —1

2x -1

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**3*(atb*atanh(c*x**x(1/2)))/(-c**2xx+1) ,x)
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[Out] -Integral (axx**3/(c**2*x - 1), x) - Integral (b*xx*3xatanh(c*ksqrt(x))/(cx*2x
x - 1), x)
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x? (a+b tanh ™! (c Vx ))

1-c2x

dx

337 |

Optimal. Leaf size=160

et o) 208 b () s ) s o
- bcb * 6 - o - 2

[Out] -1/6%b*x~(3/2)/c~3+3/2*b*arctanh(c*x~(1/2))/c"6-x* (atb*arctanh(c*x~(1/2)))/
c”4-1/2*xx"2* (a+b*arctanh (cxx~(1/2)))/c”2-(at+b*arctanh(c*x~(1/2))) ~2/b/c"6+2

* (a+b*arctanh (cxx”(1/2)))*1n(2/(1-cxx~(1/2)))/c 6+b*polylog(2,1-2/(1-cxx~ (1
/2)))/c~6-3/2xb*xx~(1/2)/c”5

Rubi [A] time = 0.43, antiderivative size = 160, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 10, integrand size = 26,

number of rules _ 0,385, Rules used = {43, 5980, 5916, 302, 206, 321, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2/1 - ﬁ) x? (a +btanh™ (C\/E)) X (a +btanh™ (C\/E)) (a +btanh™ (C\/E))z 2log (I
c® - 2¢? - ct - bct i

Antiderivative was successfully verified.
[In] Int[(x"2%(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c™2%*x),x]

[Out] (-3*%b*Sqrt[x])/(2xc”5) - (b*xx~(3/2))/(6%c~3) + (3*b*xArcTanh[c*Sqrt[x]])/(2*
c"6) - (xx(a + bxArcTanh[c*Sqrt[x]]))/c”4 - (x72*(a + b*ArcTanh[c*Sqrt[x]])

)/ (2%c”2) - (a + b*ArcTanh[c*Sqrt[x]])~2/(bxc”6) + (2x(a + bxArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrt[x])])/c”6 + (b*PolyLogl[2, 1 - 2/(1 - c*xSqrt[x])])/c

~6

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQ[c, 0] && Le
QL[7*m + 4xn + 4, 0]) || LtQ[9*m + 5%x(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 302
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Int[(x_ )" (m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDivide[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2*n - 1]

Rule 321

Int[((c_)*x(x D))" (m )*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> Simp[(c~(

n - D*(cxx)"(m - n + 1)*x(a + bxx™n) " (p + 1))/(b*(m + nxp + 1)), x] - Distl[
(axc™nx(m - n + 1))/(bx(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n)"p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 11 || In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d_) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[cx*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(bxcx
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c™2*x"2)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2%¥d"2 - e~2, 0
]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx”2), x], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[p, 0] && GtQ[m, 1
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Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.))"(p_.)*x(x_))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b¥ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(cxd), Int[(a + b*ArcTanh([c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] &% EqQ[c™2xd + e, 0] && IGtQ[p, O]

Rubi steps

f x? (a +btanh ™ (C\/E)) e 2 Subet [f x° (a +b tanh_l(cx)) drx, \/E)

1-c2x 1 —c2x2

x> (a+b tanh_l(cx))

2 Subst ( [ (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f ol
- +

c? c?
x? (a +btanh™’ (c\/E )) 2 Subst (fx (a +b tanh_l(cx)) dx, x, \/E) 2
T 2¢? - ct T
X (a +btanh™ (c\/E)) x? (a +btanh™ (c\/E)) (a +btanh ™ (c\/E))
T ct - 2¢? - bct

_ 3byx b x (a+btanh™ (cyx ) ) 22 (a+btanh™ (cvx)) ) (a+

2¢c° 6¢3 ct 2¢2
_ BbyE b N 3btanh™ (C\/E) X (a +btanh™ (C\/;)) ) x? (a + btar
2¢° 6¢3 2¢® ct 2
3byx bx32 3b tanh™" (C\/E) X (a +btanh™ (C\/E)) x? (a + btar
T2 e * 2¢® - ct - 2

Mathematica [A] time = 0.39, size = 130, normalized size = 0.81

-1
3actx? + 6ac*x + 6alog (1 - czx) +bc3x¥2 + 3btanh ™ (C\/E ) (c4x2 +2¢%x — 4log (3_2 tanh ™ () 1) - 3)

60

Warning: Unable to verify antiderivative.
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[In] Integrate[(x~2*(a + b*ArcTanh[c*Sqrt[x]]1))/(1 - c™2%*x),x]

[Out] -1/6%(9*bxc*Sqrt[x] + 6*axc™2xx + b*c™3*x7(3/2) + 3*a*c™4*x"2 - 6*bxArcTanh
[cxSqrt[x]]172 + 3*b*ArcTanh[c*Sqrt[x]]*(-3 + 2%c™2%x + c”4*x"2 - 4*Logl[l +
E~(-2xArcTanh[cxSqrt[x]])]) + 6%a*xLog[l - c”2xx] + 6*%b*PolyLogl[2, -E~(-2*Ar
cTanh[c*Sqrt[x]1]1)]1)/c”6

fricas [F] time = 0.57, size = 0, normalized size = 0.00

bx? artanh (cx/E) + ax?

2x -1

integral | — , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="fricas")
[Out] integral(-(b*x~2*arctanh(c*sqrt(x)) + a*x~2)/(c”™2*x - 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f B (b artanh (C\/E) + a)xz

c2x -1
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="giac")

[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x~2/(c”2*x - 1), x)

maple [B] time = 0.06, size = 276, normalized size = 1.72

x2a xa aln (c X — 1) aln (1 + C\/E) barctanh (C\/E) x? barctanh (c\/E) X barctanh (C\/E) In (C\/;
_ - _ _ _

2c¢2 ¢t c® c 2c2 ct c®

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*(at+b*arctanh(c*x~(1/2)))/(-c™2*x+1) ,x)

[Out] -1/2/c”2*xx"2*a-1/c 4*x*a-1/c”6*ax1n(cxx~(1/2)-1)-1/c " 6*a*xIln(1+cxx~(1/2))-1/
2/c”2%b*arctanh(c*xx~(1/2))*x"2-1/c 4*b*arctanh(c*x~(1/2))*x-1/c " 6*b*arctanh
(c*x™(1/2))*1n(c*x~(1/2)-1)-1/c 6*b*arctanh (c*x~(1/2) ) *In(1+cxx~(1/2))-1/4/
c"6xb*1n(cxx~(1/2)-1)"2+1/c"6*b*dilog(1/2+1/2*c*x~(1/2))+1/2/c”6*bx1n(c*x™ (
1/2)-1)*1n(1/2+1/2%c*x~(1/2))+1/4/c”6xb*x1n(1+c*x~(1/2))"2+1/2/c"6xb*x1n(-1/2
xckx~(1/2)+1/2)*1n(1/2+1/2%cxx~(1/2))-1/2/c"6*b*x1n(-1/2*c*x~(1/2)+1/2)*1n(1
+cxx~(1/2))-1/6xb*xx~(3/2) /c~3-3/2*b*xx~(1/2)/c"5-3/4/c”6xb*x1n(c*x~(1/2)-1)+3
/4/c”6xb*x1n(1+cxx”~(1/2))
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maxima [A] time = 0.56, size = 208, normalized size = 1.30

1 1 . (1 1
1 (22 +2x 210g(czx—1)] (log(c x+1)log(—ic x+5)+L12(§c x+§))b 3blog(c Y +1
+ - +

—-—a
2 ct c® c® 4 cb

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima"

[Out] -1/2%a*x((c™2*x"2 + 2*x)/c™4 + 2xlog(c™2xx - 1)/c”6) - (log(c*ksqrt(x) + 1)x1
og(-1/2xcksqrt(x) + 1/2) + dilog(l/2*c*sqrt(x) + 1/2))*b/c™6 + 3/4*b*xlog(c*
sqrt(x) + 1)/c”6 - 3/4*bxlog(cxsqrt(x) - 1)/c™6 - 1/12x(2xb*c”3*x~(3/2) + 3
xb*xlog(cksqrt(x) + 1)72 - 3xb*log(-c*sqrt(x) + 1)72 + 18*bkc*sqrt(x) + 3*(b
*xCTA*x"2 + 2%bxc”2*x)*log(cxsqrt(x) + 1) - 3x(bxc™4*x™2 + 2%bkc™2%x + 2%bx1
og(c*xsqrt(x) + 1))*log(-c*xsqrt(x) + 1))/c”6

mupad [F] time = 0.00, size = -1, normalized size = -0.01

f_xz (a + batanh (c \/E))

d
2x-1 *

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x"2%(a + b*atanh(c*x~(1/2))))/(c™2*x - 1),x)
[Out] int(-(x"2*x(a + b*atanh(c*x~(1/2))))/(c"2*x - 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

2

ax bx? atanh (C\/E )
Jaan-)
cex -1

d
2x -1 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+bxatanh(ckxx*(1/2)))/(-c**2*x+1) ,x)

[Out] -Integral(a*xx**2/(c**2xx - 1), x) - Integral (bxxx*2*atanh(c*sqrt(x))/(c**2x
x - 1), x)
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x(a+b tanh ™! (c Vx ))

1-c2x

dx

338 |

Optimal. Leaf size=120

(a +btanh™ (cxﬁ))z 2log (ﬁ) (” +btanh™ (C\/;)) X (a +btanh™ (c\/E)) bLi, (1 - ﬁ) b tar
- bct " ct - c? " ct "

[Out] b*arctanh(c*x~(1/2))/c”4-x*(at+b*arctanh(cxx~(1/2)))/c"2-(atb*arctanh(c*x™ (1
/2)))"2/b/c”4+2* (a+tbxarctanh (cxx~(1/2)))*1n(2/(1-cxx~(1/2))) /c”4+b*polylog(
2,1-2/(1-c*xx~(1/2)))/c”4-b*xx~(1/2)/c”3

Rubi [A] time = 0.26, antiderivative size = 120, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 9, number of rules used =9, integrand size = 24, e o e

= 0.375, Rules used = {43, 5980, 5916, 321, 206, 5984, 5918, 2402, 2315}

integrand size

bPolyLog (2,1 - ﬁ) (a + btanh™} (c\/i))z X (a + btanh~! (C\/;)) 2log (ﬁ) (a +btanh ™ (cﬁ))
- - +

ct bct c? ct

Antiderivative was successfully verified.
[In] Int[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(1 - c~2*x),x]

[Out] -((b*Sqrt([x])/c~3) + (b*ArcTanh[c*Sqrt[x]])/c"4 - (x*x(a + bxArcTanh[cxSqrt[
x]1))/c”2 - (a + b*ArcTanh[c*Sqrt[x]]1)~2/(b*c™4) + (2*(a + b*ArcTanh[c*Sqrt
[x]]1)*Log[2/(1 - c*Sqrt[x])])/c”4 + (b*PolyLogl[2, 1 - 2/(1 - c*Sqrt[x])])/c

4

Rule 43

Int[((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, ¢, 4, n},
x] && NeQ[bxc - axd, 0] && IGtQ[m, O] &% ( !IntegerQ[n] || (EqQlc, 0] && Le
QL[7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rule 321

Int[((c_)*(x D)) (@ )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - Dx(cxx)"(m - n + 1)*(a + bxx™n)~(p + 1))/(bx(m + n*xp + 1)), x] - Dist[
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(axc™n*(m - n + 1))/(bx(m + n*xp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Log[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int([Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e”2*f + d~2*g, 0]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + bxArcTanh[c*x])"p)/(d*(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2x%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((d_) + (e_.)*(x_)), x_Symbol
1 :> -Simp[((a + b*ArcTanh[c*x]) pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(b*c*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)]1)/(1 - c™2*x"2)
, x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c”2*d"2 - e72, 0O
]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*x((f_.)*(x_)) " (m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTanh[c*x
17p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_.)*(x_))/((@) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
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}, x] && EqQ[c™2xd + e, 0] && IGtQ[p, O]

Rubi steps

g 3 =
f o btanh ” (evi) dx:ZSubSt( f 2o+ blanh (ev) dx,x,‘/’_f)

1-c2x 1-c2x2
x(a+b tanh_l(cx))

2 Subst (fx (a +b tanh_l(cx)) dx, x, \/E) 2 Subst (f T 122 dx, x, -
- +

) c? 2
-1
K (a +btanh™ (C\/E)) (a +btanh™ (C\/E))z 2 Subst (f w dx
T c? B bct + 3
byx X (a +btanh™} (C\/E)) (a +btanh™ (c\/E))z 2 (ﬂ +btanh™" (C*
- c3 - c2 B bct + c
byx btanh™ (c\/E) x (a +btanh™ (c\/E )) (a +btanh™ (c\/§ ))2
h c3 + 4 - 2 - bt +
pyE btanh™ (cyX) x(a+btanh (cyX)) (a+btanh (cyx))
= = T - - 2 - o +

Mathematica [A] time = 0.22, size = 96, normalized size = 0.80

ac’x + alog (1 - czx) +btanh™ (c\/E ) (czx -2log (e_z tanh ™ (eVx) 1) - 1) + bLi, (—e‘z tanh ™" (c ﬁ)) + bey/x

C4

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + bxArcTanh[c*Sqrt[x]]))/(1 - c™2%*x),x]

[Out] -((b*c*Sqrt[x] + axc”™2*x - bxArcTanh[c*Sqrt[x]]~2 + b*ArcTanh[c*Sqrt[x]]*(-
1 + ¢c™2*x - 2*xLog[l + E~(-2*ArcTanh[c*Sqrt[x]])]) + a*Logl[l - c~2*x] + bxPo
lyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])])/c~4)

fricas [F] time = 0.95, size = 0, normalized size = 0.00

bx artanh (c\/§) + ax
c2x -1

integral | - , X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(-c"2xx+1),x, algorithm="fricas")
[Out] integral (- (b*x*arctanh(c*sqrt(x)) + a*x)/(c™2*x - 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f— (b artanh (c\/E) + a)x

d
2x -1 :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(cxx~(1/2)))/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)*x/(c™2*x - 1), x)

maple [B] time = 0.06, size = 243, normalized size = 2.02

xa aln (c\/E —1)_aln (1 + C\/E)_barctanh (c\/E)x_barctanh (c\/E)ln (c\/i —1)_barctanh (c\/E)ln

c? ct ct c2 ct ct

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(atbx*arctanh(c*x~(1/2)))/(-c"2*%x+1),x)

[Out] -1/c”2*x*a-1/c 4*xaxIln(cxx~(1/2)-1)-1/c"4*ax1n(1+c*x~(1/2))-1/c"2*¥b*arctanh (
cxx~(1/2))*x-1/c 4*xb*arctanh(cxx~(1/2))*In(c*x~(1/2)-1)-1/c"4*b*arctanh (c*x
“(1/2))*1In(1+cxx”~(1/2) ) -b*xx~(1/2) /c~3-1/2/c”4*b*x1n(cxx~ (1/2)-1)+1/2/c”4*b*x1
n(1+cxx~(1/2))-1/4/c”4xb*x1n(cxx~(1/2)-1)"2+1/c"4xb*dilog(1/2+1/2*c*x~(1/2))
+1/2/c”4xb*1In(c*xx~(1/2)-1) *1n(1/2+1/2%c*x~(1/2))+1/4/c”4xb*x1n(1+c*xx~(1/2)) "
2-1/2/c”4*xb*1In(-1/2*xcxx~(1/2)+1/2) *1n(1+c*xx~(1/2) )+1/2/c”4*b*1n(-1/2*c*xx~ (1
/2)+1/2)*1n(1/2+1/2xcxx~(1/2))

maxima [A] time = 0.55, size = 166, normalized size = 1.38

x log(czx—l) (log(c x +1)108(_%C X+ %)"‘Liz (%C x +%))b blog(c x +1) blog(cﬁ
—a( ]_ ct " 2c4 - 2c4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(-c"2xx+1),x, algorithm="maxima"

[Out] -ax(x/c”2 + log(c™2*x - 1)/c”4) - (log(cksqrt(x) + 1)*log(-1/2*cxsqrt(x) +
1/2) + dilog(1/2*c*sqrt(x) + 1/2))*b/c”4 + 1/2*%bxlog(c*sqrt(x) + 1)/c”4 - 1
/2%¥b*xlog(cxsqrt(x) - 1)/c”4 - 1/4%(2xb*xc™2*x*xlog(cxsqrt(x) + 1) + bxlog(cxs
grt(x) + 1)72 - bxlog(-cxsqrt(x) + 1)72 + 4xbkxc*sqrt(x) - 2*x(b*c™2*x + b*lo
g(c*xsqrt(x) + 1))*log(-c*sqrt(x) + 1))/c"4
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f_x (a + batanh (c\/J_c))

c2x-1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(x*(a + b*atanh(c*xx~(1/2))))/(c™2*x - 1),x)
[Out] int(-(x*(a + b*atanh(c*xx~(1/2))))/(c™2*x - 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

—f ax dx_fbxatanh(cﬁ)dx

c?x -1 c?x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*atanh(ckxx*x*(1/2)))/(-c**2*x+1) ,x)

[Out] -Integral(axx/(c**2*x - 1), x) - Integral(b*x*atanh(c*sqrt(x))/(cx*2xx - 1)
» X)
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a+btanhflﬂyd§)ci
X

339 |

1-c2x
Optimal. Leaf size=78
2 - . 2
_(a + btanh ! (C\/;))z . 2log (m) (a +btanh™ (C\/E)) . bLi, (1 - 1_6\&)
bc? c? c?

[Out] -(at+bxarctanh(c*x~(1/2)))"2/b/c”2+2*(a+b*arctanh(c*x~(1/2)))*1n(2/(1-c*xx~ (1
/2)))/c”2+b*polylog(2,1-2/(1-c*xx~(1/2)))/c"2

Rubi [A] time = 0.13, antiderivative size = 78, normalized size of antiderivative = 1.00,

. . number of rules
number of steps used = 5, number of rules used = 4, integrand size = 23, ————— =

integrand size
0.174, Rules used = {5984, 5918, 2402, 2315}

bPolyLog (2,1 - ﬁ) (a + btanh~! (C\/;))z 2log (ﬁ) (a +btanh ™ (C\/&))
— +

c? bc? c?

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c~2xx),x]

[Out] -((a + b*ArcTanh[c*Sqrt[x]])~2/(b*c"2)) + (2x(a + b*ArcTanh[c*Sqrt[x]])*Log
[2/(1 - c*Sqrt[x])])/c™2 + (b*PolyLog[2, 1 - 2/(1 - c*Sqrtl[x])])/c™2

Rule 2315

Int[Logl(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*d, 0]

Rule 2402

Int[Logl(c_.)/((d_) + (e_)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int([Logl[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 5918

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_.)/((d.) + (e_.)*x(x_)), x_Symbol
1 :> -Simp[((a + bxArcTanh[c*x]) “pxLog[2/(1 + (exx)/d)])/e, x] + Dist[(bxc*
p)/e, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2/(1 + (e*xx)/d)])/(1 - c™2*x"2)
, x1, x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c™2xd"2 - e”2, 0
]
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Rule 5984

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.)) " (p_.)*x(x_))/((d) + (e_.)*x(x_)"2),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*ex(p + 1)), x] + Dist[1/
(c*d), Int[(a + b*ArcTanh[c*x])"p/(1 - c*x), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQlc™2*d + e, 0] && IGtQ[p, 0]

Rubi steps

1-c2%x 1 —c2x2

-1 -1
f rbianh(eyf) dx = ZSubSt[f clasbanh ) dx, x, ‘/EJ

-1

(a +btanh™ (C\/E))z 2Subst (f w dx, x, \/E)

- bc? * c
log(

(a+btanh™ (cyx))” 2(a+btanh™ (evx))log (ﬁ) (2b) Subst ( [—
= - — + = _ .
_ (a+btanh (C\/g))z ) 2(a+Dbtanh™ (C\/;))log(l_cz\/;) . (2b) Subst (f%
= — bCZ CZ C:
_ (a+btann’! (V&) ) 2(a+btanh™ (cy& ))log(l_f I) ) bLi, (1 -2 f)
B bc? c2 c2

Mathematica [A] time = 0.10, size = 75, normalized size = 0.96

_alog (1 -~ sz) _b (Liz (—6_2 tanh_l(c‘/z)) —tanh™" (c\/E ) (tzmh_1 (c\/E ) +2log (6—2 tanh™ (cyx) 1)))

c? c?

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(1 - c™2%x),x]

[Out] -((axLogl[l - c™2*x])/c”2) - (b*(-(ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] +
2xLog[1 + E~(-2*ArcTanh[c*Sqrt[x]])])) + PolyLogl[2, -E~(-2*%ArcTanh[c*Sqrt[x
1D1))/c™2

fricas [F] time = 0.65, size = 0, normalized size = 0.00

bartanh (c\ﬂ) +a

2x -1

7

integral | -
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x™(1/2)))/(-c™2*x+1),x, algorithm="fricas")
[Out] integral(-(b*arctanh(c*xsqrt(x)) + a)/(c™2*x - 1), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f—b artanh (c\/E) +a

c?x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x - 1), x)

maple [B] time = 0.05, size = 186, normalized size = 2.38

aln(c x—1)_11111(1+c\/§)_barctanh(c\/§)ln(c\/_—1)_barctanh(c\/§)ln(1+c\/§)_bln(c\/——

c? c? c? c? 4c?

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/(-c"2*x+1),x)

[Out] -1/c " 2*a*x1n(c*xx~(1/2)-1)-1/c " 2*a*x1ln(1+c*x~(1/2))-1/c " 2*b*arctanh(c*x~(1/2))
*1In(cxx~(1/2)-1)-1/c"2*xb*arctanh(c*x~(1/2) )*1n(1+c*x~(1/2))-1/4/c” 2*b*x1n(c*
x~(1/2)-1)"2+1/c"2xb*dilog(1/2+1/2*%cxx~(1/2))+1/2/c”2xb*x1n(c*x~(1/2)-1)*1n(
1/2+1/2xcxx~(1/2))+1/4/c”2xbx1In(1+cxx~(1/2))"2-1/2/c”2xb*1n(-1/2*c*x~ (1/2)+
1/2)*1n(1+cxx™(1/2))+1/2/c”2%b*1n(-1/2*%c*x~ (1/2)+1/2) *1n(1/2+1/2*xc*x~(1/2))

maxima [A] time = 0.60, size = 101, normalized size = 1.29

(log(c x+1)10g(—%c x+%)+L12(%C x+%))b alog(czx—l) blog(c x+1)2—2blog(c X+

c? c?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(-c”2*x+1),x, algorithm="maxima"

[Out] -(log(cxsqrt(x) + 1)*log(-1/2xc*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥b/c”2 - axlog(c™2xx - 1)/c”2 - 1/4x(bxlog(c*sqrt(x) + 1)72 - 2*bxlog(c*sq
rt(x) + 1)*log(-cxsqrt(x) + 1) - bxlog(-c*sqrt(x) + 1)72)/c"2
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mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

f_a + batanh(cx/z)

c2x-1
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(c™2*x - 1),x)
[Out] int(-(a + b*atanh(c*x~(1/2)))/(c™2xx - 1), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

—f a dx_fbatanh(c\/E)

c2x -1 c?x -1
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(ckxx**(1/2)))/(-c**2*x+1),x)

[Out] -Integral(a/(c**2*x - 1), x) - Integral(bxatanh(c*sqrt(x))/(c*x*2xx - 1), x)
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a+btanhf1@?J§)

340 | )
Optimal. Leaf size=69
a+btanh™ (cy/x ’
o+ bt - (c¥)) +210g(2—c x+1)(a+btanh_1(C\/E))—bLiz(\/;i_l—1)

[Out] (atb¥arctanh(c*xx~(1/2))) 2/b+2*(at+b*arctanh(c*xx™(1/2)))*1n(2-2/(1+c*xx”~(1/2)
))-b*polylog(2,-1+2/(1+c*x~(1/2)))
Rubi [A] time = 0.24, antiderivative size = 69, normalized size of antiderivative = 1.00,

. ; number of rules
number of steps used = 5, number of rules used = 7, integrand size = 26, —— =

integrand size
0.269, Rules used = {36, 29, 31, 1593, 5988, 5932, 2447}

(a+btanh™ (ey&))’
- 1)+ 5

-bPolyLog (2, +2log (2 —

—) (a+ btanh™ (cy))

cvx +1 cvx +1

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*x(1 - c~2*x)),x]

[Out] (a + b*ArcTanh[c*Sqrt[x]])~2/b + 2%(a + b*ArcTanh[c*Sqrt[x]])*Log[2 - 2/(1
+ c*Sqrt[x])] - bxPolyLogl[2, -1 + 2/(1 + c*Sqrt(x])]

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]

Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + b*x,
x]1/b, x] /; FreeQ[{a, b}, x]

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- axd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - axd), Int[1/(c + d*xx), x],
x] /; FreeQl{a, b, c, d}, x] && NeQ[b*xc - axd, 0]

Rule 1593

Int[(u_)*((a_)*xx_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(nxp)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
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PosQlq - p]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x_)*((d_ ) + (e_)*(x))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Logl[2 - 2/(1 + (e*xx)/d)]1)/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Log[2 - 2/(1 + (e*x)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] && EqQ[c™2*d + e, 0] && GtQ[p, 0]

Rubi steps

f a+btanh™! (C\/E) = 2Subst (f a + btanh ™ (cx) i \/E)

X (1 - czx) x =2
-1
- st [ LD 04
-1 2 -1
_ (a+btanh (C\/E)) +28ubst(fa+btanh (cx) dx,x,\/E)
b x(1 + cx)
a+btanh™ (c/x ? _ 2
_ ( an - (v¥)) +2(a+btanh™" (cvx))log (2 - m) — (2bc) Subst
a+btanh™ (cx ? _ 2
—( anb ( )) +2(a+btanh1(0\/;))10g(2—1+C\/;)—bLiz(—1+I
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Mathematica [A] time = 0.13, size = 72, normalized size = 1.04

—alog (1 - c2x)+alog(x)-bLi, (e_2 ta“h_l(‘f‘/z))+b tanh™" (cvx) (tam]n_1 (cvx) +21og (1 _ p2tanh (R )))

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(xx(1 - ¢~2*x)),x]

[Out] b*ArcTanh[c*Sqrt[x]]*(ArcTanh[c*Sqrt[x]] + 2%Logl[l - E~(-2*ArcTanh[c*Sqrt[x
1101) + a*Logl[x] - axLogl[l - c”2#x] - b*PolyLog[2, E~(-2*ArcTanh [c*Sqrt[x]]
)]

fricas [F] time = 0.72, size = 0, normalized size = 0.00

bartanh (c\ﬁ) +a

c2x?2 —x

integral | - , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1) ,x, algorithm="fricas")
[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2%x"2 - x), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f bartanh (c\/E) +a
(czx — 1)x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c”2*x - 1)*x), x)

maple [B] time = 0.06, size = 217, normalized size = 3.14

2aln (C\/; )—a In ( X - 1)—a In (1 +c\x )+2b arctanh (C\/;) In (C\/; )—b arctanh (C\/;) In (c X - 1)—b arc

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x/(-c”2*x+1),x)

[Out] 2%axln(c*x~(1/2))-a*ln(c*x”(1/2)-1)-a*1ln(1+c*x~(1/2))+2xb*arctanh(c*xx~(1/2)
)Y*1In(c*xx~(1/2))-bxarctanh(c*x~(1/2))*1n(c*x”~(1/2)-1)-b*arctanh(c*x~(1/2))*1
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n(1+c*xx~(1/2))-b*dilog(c*x~(1/2))-bxdilog(l+cxx~(1/2))-b*1n(c*x~(1/2))*1n(1
+c*xx~(1/2))-1/4*%bx1n(c*x~(1/2)-1) "2+b*dilog(1/2+1/2xc*x~ (1/2) ) +1/2*b*1n (c*x
“(1/2)-1)*1n(1/2+1/2xc*x” (1/2) ) +1/4%bx1n(1+c*xx~(1/2)) "2-1/2%b*1n(-1/2*c*x™ (
1/2)+1/2)*1n(1+c*xx~(1/2))+1/2%b*1n(-1/2%c*x” (1/2)+1/2) *1n(1/2+1/2xc*x” (1/2)
)

maxima [B] time = 0.52, size = 159, normalized size = 2.30

1

_A_Lblog (c X +1)2+%blog (c X +1) log (—c X +1)+%blog (—c X +1)2—(10g (c X +1) log (—%c X +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(-c"2*x+1),x, algorithm="maxima"

[Out] -1/4xbxlog(cxsqrt(x) + 1)72 + 1/2*b*xlog(c*sqrt(x) + 1)xlog(-c*sqrt(x) + 1)
+ 1/4x%bxlog(-cxsqrt(x) + 1)72 - (log(c*xsqrt(x) + 1)xlog(-1/2%c*sqrt(x) + 1/

2) + dilog(1/2*%c*sqrt(x) + 1/2))*b - (log(cx*sqrt(x))*log(-c*sqrt(x) + 1) +
dilog(-c*sqrt(x) + 1))*b + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*sq
rt(x) + 1))*b - ax(log(cxsqrt(x) + 1) + log(c*xsqrt(x) - 1) - log(x))

mupad [F]  time = 0.00, size = -1, normalized size = -0.01

dx

fa + batanh(cx/})
X (c2 X - 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x*(c"2*x - 1)) ,x)
[Out] -int((a + bxatanh(c*x~(1/2)))/(x*(c™2*x - 1)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

—f a dx_fbatanh(cﬁ)

c2x? —x c2x? —x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x/(-c**2*x+1) ,x)

[Out] -Integral(a/(c**2xx**2 - x), x) - Integral(bxatanh(cksqrt(x))/(cx*2kx**2 -
x), X)



269

a+btanh (c Vx )
x2 (1—c2x)

Optimal. Leaf size=117

dx

3.41 f

c? (a +btanh™’ (c\/E))z
b

a+btanh™ (C\/E )

+2¢?log (2 - —bc?Li, (

)(a+btanh—1 (cvR))- —

[Out] b*c 2xarctanh(c*x~(1/2))+(-a-b*xarctanh(c*x~(1/2)))/x+c”2x (a+b*arctanh (c*x~ (
1/2)))72/b+2*xc”™2x (atb*arctanh (cxx~(1/2)))*1n(2-2/(1+c*xx~(1/2))) -b*c~2*polyl
0g(2,-1+2/(1+c*x~(1/2))) -b*xc/x~(1/2)

cvVx +1

Rubi [A] time = 0.36, antiderivative size = 117, normalized size of antiderivative =

ber of rul
1.00, number of steps used = 9, number of rules used =9, integrand size = 26, e e e

= 0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

integrand size

B 1)_|_c2 (a +btanh™ (C\/E))

7 +2¢? log (2 -

) o+ brann (evr))- 2

~bc?PolyLog (2,

cvx +1 cvVx +1

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*x(1 - c™2%x)) ,x]

[Out] -((b*c)/Sqrt[x]) + b*c 2%ArcTanh[c*Sqrt[x]] - (a + b*ArcTanh[c*Sqrt[x]])/x
+ (c72*(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2*c~2*(a + b*ArcTanh[c*Sqrt[x]])*L
ogl2 - 2/(1 + cxSqrt[x])] - b*c™2*PolyLogl[2, -1 + 2/(1 + c*Sqrtlx])]

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 325

Int[((c_)*(x D)) "@m )*((a_) + (b_)*(x_)"(n_)) (p_), x_Symbol] :> Simp[((c*
x)"(m + 1)*(a + b*x™n) " (p + 1))/(axcx(m + 1)), x] - Dist[(b*(m + nx(p + 1)
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+ 1))/(axc”nx(m + 1)), Int[(c*x)"(m + n)*x(a + b*x™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[la, b, ¢, n, m, p,
x]

Rule 1593

Int[(u_)*((a_)*(x )" (p_.) + (b_.)*(x )"(q_.))"(n_.), x_Symbol]l :> Int[uxx
“(n*xp)*(a + b*x"(q - p))7n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - p]

Rule 2447

Int [Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x11}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x™2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQ[p, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x )1*(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x))), x
_Symbol] :> Simp[((a + bxArcTanh[c*x]) pxLogl[2 - 2/(1 + (exx)/d)1)/d, x] -
Dist [(b*c*p)/d, Int[((a + bxArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c™2%x72), x], x] /; FreeQ[{a, b, c, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2%d"2 - 72, 0]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_ )1x(b_.))"(p_)*((f_)*x_))"(m_))/(d) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + bxArcTanh[c*x])"p)/(d + e*x"
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5988

Int[((a_.) + ArcTanh[(c_.)*(x_ )1*(b_.))"(p_.)/((x)*((d) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxd*(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x])"p/(x*(1 + c*x)), x], x] /; FreeQ{a, b, c, d, e
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}, x] &% EqQ[c™2xd + e, 0] && GtQ[p, O]

Rubi steps

f a+btanh™ (c\/E)

btanh ™
dx = 2 Subst f a+btanh (cx) dx,x,\/E

x2 (1 - czx) x3 — c2xd
~ a + btanh ' (cx)
= 2 Subst f = (1 ~ szz) dx, x, \/E
-1 -1
= 2 Subst f ath ta;h () dx, x, \/E + (202) Subst ( f 2 zlzlta_n;xz()c ») dx, x,
_ _ 2
_ _a+btanh 1(0\/§) N c? (a+btanh 1(0\/5)) +(bc)Subst[f 1 ;
x b 2 (1 - szz)
-1 2 -1 2
_ _% a+ btanl; (c\/E) N (a + btanbh (c\/E)) + 02 (a T (C\/;
X

-1 > -1 2
_ be + b tan] (C\/D—C) a+ b tanh (c\ﬁ) N c (a + btanh (c\/E)) \ o
Vx X b

Mathematica [A] time = 0.34, size = 118, normalized size = 1.01

2ac?log (Vx )-ac? log (1 - czx)—g—bc2 (— tanh™" (cvx) (—1 ;Zix +tanh ™ (cyx ) +2log (1 _ p2tanh ey

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*(1 - c™2%x)),x]

[Out] -(a/x) + 2%axc”2*Log[Sqrt[x]] - a*c™2xLog[l - c”2*x] - b*c™2*(1/(c*Sqrt[x])
- ArcTanh[c*Sqrt[x]]*(-((1 - c”2*x)/(c"2%x)) + ArcTanh[c*Sqrt[x]] + 2*Logl
1 - E7(-2xArcTanh[c*Sqrt[x]])]) + PolyLogl[2, E~(-2*ArcTanh[c*Sqrt[x]]1)])

fricas [F] time = 1.05, size = 0, normalized size = 0.00

bartanh (c\/E) +a

integral | - , X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c™2*x"3 - x72), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f—b artanh (c\/E) +a

(czx - 1)x2 ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x72), x)

maple [B] time = 0.07, size = 315, normalized size = 2.69

barctanh (c\/E )

—g+202a In (C\/; )—cza In (C\/E - 1)—c2u In (1 +c\x )—

+2c%b arctanh (C\/E) In (C\/; )—czb ar

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*xx~(1/2)))/x"2/(-c"2*x+1) ,x)

[Out] -a/x+2*c”2xax1n(c*x~(1/2))-c " 2*a*xIn(cxx~(1/2)-1)-c " 2*a*Iln(1+c*x”(1/2))-b*ar
ctanh (c*x~(1/2)) /x+2*c”2xb*arctanh (c*x~ (1/2) ) *1n(c*x~(1/2) ) -c"2*b*arctanh(c
*x7(1/2))*1n(c*xx~(1/2)-1)-c"2*b*arctanh(c*x~(1/2) ) *1n(1+c*x~(1/2) ) -b*c/x" (1
/2)-1/2%c”2%b*1n(c*xx™(1/2)-1)+1/2%c™2xb*1n(1+c*x™ (1/2))-c"2*b*dilog(c*x™ (1/
2))-c”2xb*xdilog(1l+c*x™(1/2))-c™2*bx1n(c*x” (1/2) ) *1n(1+c*x~(1/2))-1/4%c™2*b*
In(cxx~(1/2)-1)"2+c”2*%b*xdilog(1/2+1/2xc*x™ (1/2) ) +1/2*c”™2*b*1ln(c*x~ (1/2)-1)*
In(1/2+1/2%c*xx~(1/2))+1/4xc”2xb*1n(1+cxx” (1/2)) "2-1/2*c” 2*b*1n(-1/2*xc*x~ (1/
2)+1/2) *1In(1+c*xx”(1/2))+1/2*xc”2*xb*1n(-1/2*c*x™ (1/2)+1/2) *1n(1/2+1/2*xc*x~ (1/

2))

maxima [B] time = 0.57, size = 248, normalized size = 2.12

—(log (c x + 1) log (—% cvVx + %) + Li, (% cvVx + %))bcz—(log (C\/E) log (—c x + 1) + Li, (—c x + 1))bc2-

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(-c"2*x+1),x, algorithm="maxima"

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cxsqrt(x) + 1/2) + dilog(1l/2*xc*sqrt(x) + 1/2)
)*¥b*xc”2 - (log(cxsqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*sqrt(x) + 1))*bxc”
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2 + (log(cxsqrt(x) + 1)xlog(-cxsqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™2 + 1/2
xb*xc”2xlog(c*sqrt(x) + 1) - 1/2*%bxc”2xlog(cxsqrt(x) - 1) - (c™2xlog(c*sqrt(
x) + 1) + c”2*log(ckxsqrt(x) - 1) - c™2xlog(x) + 1/x)*a - 1/4*(b*c™2*x*log(c
xsqrt(x) + 1)72 - bxc™2xx*log(-c*sqrt(x) + 1)72 + 4xbxc*ksqrt(x) + 2xbxlog(c
xsqrt(x) + 1) - 2x(bxc™2*xx*log(c*sqrt(x) + 1) + b)xlog(-cxsqrt(x) + 1))/x

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

_fa+batanh<cx/§)

x2 (czx—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x"2%(c™2*x - 1)),x)
[Out] -int((a + bxatanh(c*x~(1/2)))/(x"2x(c™2*x - 1)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

—f a dx_fbatanh(cﬁ)

2x3 _ 22 23 — 2
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x**2/(-c**2*x+1) ,x)

[Out] -Integral(a/(c**2xx**3 - x**2), x) - Integral(b*atanh(c*xsqrt(x))/(cx*2*xx**3
- X*%2), x)
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a+btanhf1@?J§)
x3(1—c2x)

Optimal. Leaf size=157

dx

3.42 f

ct (a +btanh™’ (c\/E))z
b

c? (a +btanh™ (C\/})) a+btanh™

)(a + btanh™! (cyx))- AR

X

+2c*log (2—
cvx +1

[Out] -1/6%b*c/x~(3/2)+3/2%bxc 4*arctanh(cxx~(1/2))+1/2%(-a-b*arctanh(c*x~(1/2)))
/x"2-c”2* (at+b*arctanh (c*x~(1/2))) /x+c”4* (a+b*arctanh (c*x™ (1/2))) ~2/b+2*xc~ 4%
(atb*arctanh (c*x~(1/2)))*1n(2-2/ (1+c*xx~(1/2))) -b*c~4*polylog(2,-1+2/ (1+c*x~
(1/2)))-3/2%bxc”~3/x~(1/2)

Rubi [A] time = 0.46, antiderivative size = 157, normalized size of antiderivative
= 1.00, number of steps used = 14, number of rules used = 9, integrand size = 26,

number of rules _ ) 346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

integrand size

b X cvx +1

B 1)+c4 (a +btanh™ (cx/i))z_c2 (a +btanh™ (c\/E))

2
—bc*PolyLog (2, +2c*log (2 - ) (a -

cyx +1
Antiderivative was successfully verified.

[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c~2*x)),x]

[Out] -(b*xc)/(6%x7(3/2)) - (3%b*c”™3)/(2*Sqrt[x]) + (3*bxc~4*ArcTanh[c*Sqrt[x]])/2
- (a + bxArcTanh[c*Sqrt[x]])/(2*xx"2) - (c"2%(a + bxArcTanh[c*Sqrt[x]]))/x

+ (c74*(a + b*ArcTanh[c*Sqrt[x]])~2)/b + 2*c~4*(a + b¥ArcTanh[c*Sqrt[x]])*L

ogl2 - 2/(1 + c*Sqrt[x])] - b*c"4xPolylLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_)*x(x D))" (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, 0] && LtQ[m
+n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 01 || LtQ[b, 01)

Rule 325
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Int[((c_)*x(x D))" (m )*((a_) + (b_)*(x_)"(n_))"(p_), x_Symbol] :> Simp[((c*
)" (m + D*(a + b*xx™n) " (p + 1)) /(a*xcx(m + 1)), x] - Dist[(b*x(m + nx(p + 1)
+ 1))/(axc”nx(m + 1)), Int[(c*x)"(m + n)*x(a + b*x"n) p, x], x] /; FreeQ[{a,
b, ¢, p}r, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
> dl

Rule 1593

Int[Cu_.)*((a_)*x(x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(n*xp)*(a + b*xx"(q - p))7n, x] /; FreeQl[{a, b, p, g, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*(m + 1)), x] - Dist[(bx*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c”~2%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x_))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) pxLog[2 - 2/(1 + (e*xx)/d)])/d, x] -

Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - c”2%x72), x], x] /; FreeQ[{a, b, ¢, d, e}, x] & IGtQ[p, 0] && EqQ[c~
2xd"2 - e~2, 0]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)I*(b_.)) " (p_.)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f#*x) m*(a + b*ArcTanh[c*x]) p, x]
, x] - Distle/(d*f"2), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x])"p)/(d + e*xx”
2), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5988
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x)*((d_) + (e_.)*(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(bxd*x(p + 1)), x] + Dist[1/
d, Int[(a + b*ArcTanh[c*x]) p/(x*x(1 + c*x)), x], x] /; FreeQ[{a, b, c, d, e
}, x] & EqQlc™2*d + e, 0] &% GtQ[p, O]

Rubi steps

a+btanh™! (c\/x btanh ™
f ( \/—) dx = 2Subst fa thtanh (cv) dx, x, \/E
x3 (1 - czx) x5 — c2x7
btanh ™
= 2 Subst f a+btanh (cx) dx, x, \/§
x° (1 - c2x2)
btanh ™ btanh’
= 2 Subst f ar ar; () dx, x, \/E + (202) Subst f a+btanh (cx) dx, x,
x x3 (1 — szz)

a+btanh™ (cyx) 1 1
= - 22 ( ) + E(bC) Subst (IW dx, X, \/;] + (2C2) Subst (f

be a+btanh™ (C\/E) c? (a +btanh™ (C\/E)) ct (a +btanh™ (cﬁ))
T e 2x2 - x " b

bc  3bc® a+btanh™ (cx/}) c? (a +btanh™ (C\/E)) ct (a +btanh™
N 22 B x " b

b 33 3 a+btanh ™ (cvx) 2 (a+btanh™ (c\/5
=——C——C+—bc4tanh_1(cx/§)— ( \/_)— ( (ev5
6x32  2[x 2 2x2 X

Mathematica [A] time = 0.57, size = 158, normalized size = 1.01

—6actx? log(x) + 6ac®x + 6ac*x? log (1 - czx) +3a — 6bc*x® tanh ™" (C\/E )2 +9bc3x¥2 — 3btanh ™ (C\/§ ) (304

6x2

Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"3*(1 - c~2%x)),x]

[Out] -1/6%(3*a + b*cxSqrt[x] + 6*axc™2*x + 9*xb*xc”™3*x~(3/2) - 6*bxc~4*x~2*ArcTanh
[cxSqrt[x]]172 - 3*b*ArcTanh[c*Sqrt[x]]*(-1 - 2%c™2%x + 3*%c™4*x"2 + 4xc 4*x”
2xLog[1 - E~(-2*ArcTanh[c*Sqrt[x]])]) - 6*axc”4*xx"2*xLog[x] + 6*axc~4*x"2*Lo

gll - c™2*x])/x"2 - bxc~4xPolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]])]
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fricas [F] time = 1.22, size = 0, normalized size = 0.00

bartanh (cx/E) +a

2xh — 43

integral | — , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~3/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(b*arctanh(c*sqrt(x)) + a)/(c”2*x”4 - x73), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f—b artanh (c\/E) +a

(czx — 1)x3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~3/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c”2*x - 1)*x73), x)

maple [B] time = 0.07, size = 348, normalized size = 2.22

2
—2%—(:27&+2c4a In (C\/E )—c4a In (c X — 1)—c4a In (1 +c\x )— b arcta;; (C\/; ) L b arcta:h (C\/; ) +2c*bar

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(-c"2*x+1) ,x)

[Out] -1/2*a/x"2-c"2*a/x+2*c 4xa*x1n(c*x~(1/2))-c 4*a*xln(c*x~(1/2)-1)-c"4*ax1ln(1+c
*x7(1/2))-1/2*b*arctanh(c*x~(1/2)) /x"2-c” 2*b*arctanh (c*x~ (1/2) ) /x+2*xc 4*b*a
rctanh(cxx”™(1/2) ) *1n(c*x~(1/2))-c " 4*xb*arctanh(c*x~(1/2))*1In(c*x~(1/2)-1)-c~
4xb*arctanh (cxx~(1/2))*1n(1+c*x~(1/2))-c"4*xb*dilog(cxx~(1/2))-c " 4xb*dilog(1l

+cxx”(1/2) ) —c"4xbx1n(c*xx~ (1/2) ) *In(1+c*x~(1/2) ) -1/4*c”4*b*1n(cxx~(1/2)-1)"2
+c"4xb*dilog(1/2+1/2%c*xx™(1/2))+1/2%c™4*bx1n(c*x~(1/2)-1)*1n(1/2+1/2xc*x™ (1
/2))+1/4*%c”4xbx1n(1+cxx~(1/2)) "2-1/2*%c ™ 4xbx1n(-1/2%c*x~ (1/2)+1/2) *In (1+c*xx~
(1/2))+1/2%c™4xb*x1n(-1/2xcxx~ (1/2)+1/2)*1n(1/2+1/2*xc*xx~(1/2) ) -1/6*xb*xc/x~(3/
2)-3/2*b*c~3/x~(1/2)-3/4*c 4xbx1n(c*x~ (1/2)-1)+3/4*c 4xbx1n(1+c*x~(1/2))

maxima [B] time = 0.57, size = 291, normalized size = 1.85

—(log (c X + 1) log (—% cVx + %) + Li, (% cVx + %))bc‘l—(log (C\/;) log (—c x + 1) + Li, (—c x + 1))bc
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x73/(-c"2*x+1),x, algorithm="maxima")

[Out] -(log(c*sqrt(x) + 1)*log(-1/2%cx*sqrt(x) + 1/2) + dilog(1l/2*c*sqrt(x) + 1/2)
)*¥bxc”4 - (log(cxsqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*xsqrt(x) + 1))*bxc”

4 + (log(c*sqrt(x) + 1)*log(-c*sqrt(x)) + dilog(c*xsqrt(x) + 1))*bxc”4 + 3/4
*xbxc~4*log(cxsqrt(x) + 1) - 3/4*bkxc”4xlog(cksqrt(x) - 1) - 1/2x(2xc~4xlog(c
*sqrt(x) + 1) + 2xc”4x*xlog(cksqrt(x) - 1) - 2%c74*xlog(x) + (2%xc™2%x + 1)/x72

)*a - 1/12%(3xb*xc”™4xx"2xlog(cxsqrt(x) + 1)72 - 3*bxc™4*x"2*log(-c*sqrt(x) +

1)72 + 18%b*xc”3*x~(3/2) + 2*bkxc*xsqrt(x) + 3*%(2xb*xc”™2*x + b)*log(c*sqrt(x)

+ 1) - 3% (2xb*c”4xx"2xlog(cxsqrt(x) + 1) + 2xb*c™2%x + b)*log(-cxsqrt(x) +
1))/x72

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

_fa+batanh(c\/§)

x3 (czx—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x"3*%(c"2*%x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x"3*(c"2*%x - 1)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

B f a f batanh (C\/E)

- dx-
254 — 3 2xA — y3
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x**3/(-c**2xx+1) ,x)

[Out] -Integral(a/(c**2*x**4 - x**3), x) - Integral(b*atanh(cxsqrt(x))/(c*x*x2*x**4
- x*x3), x)
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3.43 dx

a+btanh " (c Vx
[ ()

x4 (1—c2x)

Optimal. Leaf size=192

c® (a +btanh™’ (c\/E))z
b

ct (a +btanh™ (C\/})) c? (a + b ta
- X - 2

+2c%log (2 -

) (a+ btanh ™! (cyT))

cvVx +1

[Out] -1/15%bxc/x~(5/2)-5/18*b*c”3/x~(3/2)+11/6%b*c 6*arctanh(c*x”(1/2))+1/3*(-a-
b*arctanh(c*x~(1/2)))/x"3-1/2*c"2* (a+b*arctanh(c*x~(1/2)))/x"2-c"4* (at+b*arc
tanh(c*x~(1/2))) /x+c”6*(a+b*arctanh(c*xx~(1/2))) "2/b+2*c”6* (a+b*arctanh (c*x”
(1/2)))*1n(2-2/(1+c*x~(1/2)) ) -b*c~6*polylog(2,-1+2/ (1+c*x~(1/2)))-11/6%b*c™
5/x~(1/2)

Rubi [A] time = 0.57, antiderivative size = 192, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 9, integrand size = 26,

number of rules _ 0.346, Rules used = {44, 1593, 5982, 5916, 325, 206, 5988, 5932, 2447}

integrand size

c? (a +btanh™ (cx/i)) c® (a +btanh™ (c\/E))Z_c‘l (a +btanh™ (c\/E)) _

-1|- +
cvVx +1 ) 2x2 b x

—bc6PolyLog (2,

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"4*x(1 - c~2*x)),x]

[Out] -(b*xc)/(15*%x~(5/2)) - (5%bxc~3)/(18*x~(3/2)) - (11*b*c~5)/(6*Sqrt[x]) + (11
xb*c”6*ArcTanh [c*Sqrt[x]])/6 - (a + bxArcTanh[c*Sqrt[x]])/(3*xx"3) - (c"2*(a

+ b*ArcTanh [c*Sqrt[x]]))/(2%x2) - (c"4*(a + b*ArcTanh[c*Sqrt([x]]))/x + (c
~6x(a + bxArcTanh[c*Sqrt[x]])~2)/b + 2*c~6x(a + bxArcTanh[c*Sqrt[x]])*Logl[2

- 2/(1 + cxSqrt[x])] - b*c"6*%PolyLogl[2, -1 + 2/(1 + c*Sqrt[x])]

Rule 44

Int[((a_) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - axd, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)
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Rule 325

Int[((c_)*(x D))" )*((a_) + (b_)*(x_ )" (@ ))"(p_), x_Symbol] :> Simp[((c*
x)"(m + 1)*(a + bxx™n) " (p + 1))/(a*xcx(m + 1)), x] - Dist[(b*x(m + n*x(p + 1)

+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + bxx™n) p, x], x] /; FreeQ[{a,
b, ¢, p}r, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, c, n, m, p,
x]

Rule 1593

Int[(u_)*((a_)*(x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(nxp)*(a + bxx"(q - p))°n, x] /; FreeQl{a, b, p, g}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 2447

Int[Log[u_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq " m*(1 - u))
/Dlu, x]1}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + bxArcTanh[c*x])"p)/(d*x(m + 1)), x] - Dist[(bxc
xp)/(d*(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2x%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5932

Int[((a_.) + ArcTanh[(c_.)*x(x_)]*(b_.))"(p_.)/((x_)*((d_) + (e_.)*(x))), x
_Symbol] :> Simp[((a + b*ArcTanh[c*x]) p*Log[2 - 2/(1 + (e*xx)/d)])/d, x] -
Dist [(b*c*p)/d, Int[((a + b*ArcTanh[c*x])~(p - 1)*Logl[2 - 2/(1 + (exx)/d)])
/(1 - ¢c”2%x72), x], x] /; FreeQ[{a, b, ¢, d, e}, x] && IGtQ[p, 0] && EqQ[c~
2xd"2 - 72, 0]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x])"p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5988
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)/((x)*((d_) + (e_.)*x(x_)"2)),
x_Symbol] :> Simp[(a + b*ArcTanh[c*x])~(p + 1)/(b*xd*x(p + 1)), x] + Dist[1/
d, Int[(a + bxArcTanh[c*x]) p/(x*(1 + c*x)), x], x] /; FreeQ[{a, b, c, 4, e
}, x] & EqQlc~2*d + e, 0] &% GtQ[p, O]

Rubi steps
a+btanh™! (c\/x btanh ™
f ( \/—) dx = 2Subst fa *btanh (cv) dx, x, \/E
x4 (1 - czx) x7 — c2x?
btanh™
= 2 Subst f a+btanh (cx) dx, x, \/E
x7 (1 - c2x2)
btanh™ btanh™
= 2 Subst f ar an7 () dx, x, Vx| + (202) Subst f a+btanh (cv) dx, x,
x x5 (1 _ szz)

a+btanh™ (cyx) 1 1
= - 323 ( ) + g(bC) Subst (fm dx, X, \/;] + (ZCZ) Subst (J

be a+btanh(cyx) 2 (a+btanh™ (cvx 1
T 1502 3x3( e 222 | ))+5(bCB)SUbStU

|
be 5hbc3 a+btanh™ (c\/E ) c? (a +btanh™ (c\/E )) ct (a + btan

T 15x92  18x32 313 22 X

be 563 11p> a+btanh™ (c\/E) c? (a +btanh™? (c\/E)) ct (z
T2 1807 gyx 323 } 22 )

be  5b®  11b® 11 a+btanh™ (cyx) c2(a+
- _ _ _ A -1 — —
=I5 " 18 ok +—bc tanh (cvx) o

Mathematica [A] time = 0.81, size = 187, normalized size = 0.97

2
—90acbx> log(x) + 90ac*x? + 45ac®x + 90acbx> log (1 - czx) + 304 — 90bc®x3 tanh ™ (C\/E ) +165bc°x°? +
90x3

Warning: Unable to verify antiderivative.

[In] Integratel[(a + bxArcTanh[c*Sqrt[x]])/(x"4*(1 - c~2*x)),x]
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[Out] -1/90%(30%a + 6xb*xcxSqrt[x] + 45*%a*xc”™2xx + 25xb*c”™3%x~(3/2) + 90*a*xc™4*x"2
+ 165%b*c”5*%x~(5/2) - 90*b*c~6xx~3*ArcTanh [c*Sqrt[x]]~2 - 15xbxArcTanh[c*Sq
rt[x]]*(-2 - 3%c™2%x - 6*%c74*x"2 + 11%c™6*x"3 + 12xc”6*x " 3*Log[l - E~(-2%Ar
cTanh[c*Sqrt[x]]1)]) - 90*axc™6*xx~3*Log[x] + 90*a*xc™6xx"3*Logl[l - c™2x*x])/x"

3 - bxc~6*PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x]])]

fricas [F] time = 0.96, size = 0, normalized size = 0.00

bartanh (C\/E) +a

2x5 — 4

integral | - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="fricas")
[Out] integral(-(bxarctanh(c*sqrt(x)) + a)/(c”2*x"5 - x74), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f _bartanh (c\/E) +a

(czx - 1)x4 ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="giac")
[Out] integrate(-(b*arctanh(c*sqrt(x)) + a)/((c™2*x - 1)*x74), x)
maple [B] time = 0.07, size = 381, normalized size = 1.98

c?barctanh (c\/E) c®bIn (C X — 1) In (% + ﬂ) cbIn (—% + %) In (1 +cyx

- —c®b1n (C\/;)ln (1 +C\/§)+ 2/ >

2x2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*xx~(1/2)))/x"4/(-c"2*x+1) ,x)

[Out] -c 4*b*arctanh(c*x~(1/2))/x-c”6*xb*arctanh(c*x~(1/2))*1In(1+c*x”(1/2))-c~6*b*
In(c*x™(1/2))*1In(1+c*xx~(1/2) ) +2*c”6*b*arctanh(c*xx~(1/2) ) *1In(cxx~(1/2))+1/2%
c"6xb*xIn(c*xx~(1/2)-1)*1n(1/2+1/2%c*x~(1/2))-1/2%c"6*xb*x1n(-1/2*xcxx~ (1/2)+1/2
Yx1ln(1+c*x™(1/2))+1/2*c”™6xbx1n(-1/2%c*x~(1/2)+1/2)*1n(1/2+1/2%c*x~(1/2) ) -c~
6*b*arctanh(c*x™(1/2))*1n(c*x~(1/2)-1)-1/2*c"2*b*arctanh(c*x~(1/2))/x"2-11/
6*bxc”5/x7(1/2)-5/18*b*c”~3/x~(3/2)-1/16%b*c/x~ (5/2)-c~6*b*xdilog(c*x~(1/2))-
c"4xa/x-1/2*%c”2*%a/x"2-c"6*xaxln(c*x~(1/2)-1)-c " 6*xax1n(1+c*x~(1/2))-1/4*c”6*b
*1n(cxx~(1/2)-1)"2+c"6xb*dilog(1/2+1/2*%cxx~(1/2))+1/4*c™6xb*x1n(1+c*x~(1/2))
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~2-1/3*b*arctanh (c*x~(1/2))/x"3-11/12xc”6*b*x1n(c*x~(1/2)-1)-c~6*b*dilog(l+c
*x~(1/2) ) +2%c”6*a*xln(cxx™ (1/2))+11/12%c”6*b*1n(1+cxx”(1/2))-1/3*a/x"3

maxima [B] time = 0.56, size = 330, normalized size = 1.72

—(log (c X + 1) log (—% cvx + %) + Li, (% cVx + %))bc6—(log (C\/E) log (—c x + 1) + Li, (—c x + 1))bc

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((at+b*arctanh(c*x~(1/2)))/x"4/(-c"2*x+1),x, algorithm="maxima"

[Out] -(log(c*sqrt(x) + 1)xlog(-1/2*c*sqrt(x) + 1/2) + dilog(l/2*cxsqrt(x) + 1/2)
)*¥bxc”6 - (log(cxsqrt(x))*log(-c*sqrt(x) + 1) + dilog(-c*xsqrt(x) + 1))*bxc”

6 + (log(cxsqrt(x) + 1)xlog(-cxsqrt(x)) + dilog(c*sqrt(x) + 1))*b*c™6 + 11/
12xb*c~6%log(c*sqrt(x) + 1) - 11/12xb*c”6*log(c*sqrt(x) - 1) - 1/6%(6xc”6%1
og(c*xsqrt(x) + 1) + 6*xc 6*xlog(c*sqrt(x) - 1) - 6*xc™6xlog(x) + (6xc™4*x"2 +
3xcT2xx + 2)/x73)*a - 1/180%(45%b*c”6*x"3*log(cxsqrt(x) + 1)72 - 45xb*c™6%*x
“3*log(-cksqrt(x) + 1)72 + 330*b*c”™5*x"(5/2) + BO*b*xc~3*x~(3/2) + 12%bxc*sq
rt(x) + 16%(6%b*c™4*x™2 + 3xb*c™2*x + 2*b)*log(cxsqrt(x) + 1) - 15%(6%bxc”6
*xx"3*1log(cxsqrt(x) + 1) + 6xb*xc™4xx"2 + 3*bxc™2*%x + 2xb)*log(-cxsqrt(x) + 1
))/x73

mupad [F] time = 0.00, size = -1, normalized size = -0.01

dx

_fa+batanh(c\/§)

x4 (czx—l)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-(a + b*atanh(c*x~(1/2)))/(x"4*x(c"2*%x - 1)),x)
[Out] -int((a + b*atanh(c*x~(1/2)))/(x"4*x(c"2*%x - 1)), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

—f a dx_fbatanh(cxﬁ)

25 — A 25 — A
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x*x(1/2)))/x*x*4/(-c**2xx+1) ,x)

[Out] -Integral(a/(c**2*x**5 - x**4), x) - Integral(b*atanh(c*sqrt(x))/(c*x*x2*x**5
- x**4), x)
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f x? (a+b tanh ™! (c\/i ))

d+ex

3.44 dx

Optimal. Leaf size=460

) (a +btanh™! (c\/E)) d? (a +btanh™ (C\/E)) log (( (V- edﬁjé)) d? (a +btanh™} (c\/

X +1)(c
e3 * e3

2
242 log (c\/E+1

[Out] 1/6*b*xx~(3/2)/c/e+b*d*arctanh(c*x~(1/2))/c~2/e"2-1/2*b*arctanh(c*x~(1/2))/c
~4/e-dxx* (a+b*arctanh(c*x~(1/2))) /e 2+1/2%x"2* (a+b*arctanh(c*x~(1/2)))/e-2%
d"2*(a+b*arctanh(c*x~(1/2)))*1n(2/ (1+c*xx~(1/2))) /e~ 3+d"2* (a+b*arctanh (c*x™ (
1/2)))*1n(2*cx ((-d)~(1/2)-e~ (1/2)*x~(1/2)) / (cx(-d) ~(1/2)-e~(1/2)) / (1+c*x~ (1

/2))) /e 3+d"2* (at+b*arctanh (c*x~ (1/2)) ) *1n(2*xcx ((-d) ~(1/2)+e~ (1/2)*x~(1/2))/
(cx(-d)~(1/2)+e~(1/2))/ (1+c*x~(1/2))) /e~ 3+b*xd~2*polylog(2,1-2/ (1+c*x~ (1/2))
)/e"3-1/2xb*d"2*polylog(2,1-2xc* ((-d)~(1/2)-e~(1/2)*x~(1/2))/(cx(-d) ~(1/2) -

e~ (1/2))/(1+c*xx~(1/2))) /e~ 3-1/2%bxd"2*polylog(2,1-2%cx ((-d) ~(1/2)+e”~ (1/2) *x
~(1/2))/(ex(-d)~(1/2)+e~(1/2)) / (1+c*xx~(1/2))) /e”3-b*xd*x~ (1/2) /c/e”2+1/2%b*x
~(1/2)/c"3/e

Rubi [A] time = 0.78, antiderivative size = 460, normalized size of antiderivative
= 1.00, number of steps used = 20, number of rules used = 11, integrand size = 23,

number of rules _ 1,478, Rules used = {43, 5980, 5916, 302, 206, 321, 6044, 5920, 2402, 2315,

integrand size

2447}

) dzPolyLog (2,1 -

) ~ 2c(V-d-+e Vx) 2c(V=d+e Vi) .
bd?PolyLog (2,1~ —2—) bd PolyLog(ZJ ARG (Ve r)evanve) ) 2

e3 23 2e3

Antiderivative was successfully verified.
[In] Int[(x"2*(a + b¥ArcTanh[c*Sqrt[x]]))/(d + e*xx),x]

[Out] -((b*xd*Sqrt[x])/(cxe”2)) + (b*Sqrt[x])/(2xc”3*e) + (b*x~(3/2))/(6xcxe) + (b
xd*ArcTanh [c*xSqrt [x]])/(c"2xe”2) - (bxArcTanh[c*Sqrt([x]])/(2xc~4xe) - (dxx*
(a + bxArcTanh[cxSqrt[x]]))/e”2 + (x72*(a + b*ArcTanh[c*Sqrt[x]]))/(2xe) -
(2%d"2x(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/e”3 + (d"2*%(a + b
xArcTanh [cxSqrt [x]])*Log[(2xc*(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((cxSqrt[-d] -
Sqrtle])*(1 + c*xSqrt[x]))])/e”3 + (d"2x(a + bxArcTanh[c*Sqrt[x]])*Logl[(2*c*
(Sqrt[-d] + Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrt[x]))])/e”
3 + (b*d"2%PolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/e”3 - (b*d™2*PolyLogl[2, 1 - (
2xc*x(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((cxSqrt[-d] - Sqrtle])*(1 + c*xSqrt[x]))]
)/ (2%e~3) - (b*d"2#PolyLogl[2, 1 - (2xc*(Sqrt[-d] + Sqrtle]*Sqrt([x]))/((c*Sq
rt[-d] + Sqrtle])*(1 + cxSqrt[x]))])/(2*e~3)

Rule 43
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Int[((a_.) + (b_)*(x D))" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - axd, 0] && IGtQ[m, O] && ( !IntegerQ[n] || (EqQ[c, 0] && Le
QL7*m + 4%n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 302

Int[(x_)"(m_)/((a_) + (b_.)*(x_)"(n_)), x_Symbol] :> Int[PolynomialDividel[x
“m, a + b*x"n, x], x] /; FreeQ[{a, b}, x] && IGtQ[m, 0] && IGtQ[n, 0] && Gt
Qlm, 2%n - 1]

Rule 321

Int [((c_.)*(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c~(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + n*p + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Logl[2*d*x]/(1 - 2*xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQ[c, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2447

Int[Log[u_J*(Pq_ )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq"m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5916
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Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*(m + 1)), x] - Dist[(bx*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c”2%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*xx))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2xcx(d + e*x))/((c*d + e)*x(1 + c*x))])/e, x]) /; FreeQl[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x )]1*(b_.))"(p_)*x((f_)*(x_))"(m_))/((d_ ) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)"(m - 2)*(a + bxArcTanh[c*x
1)7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx™2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & GtQ[p, 0] && GtQ[m, 1
]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, x]}, Intl[u, x] /; SumQ[ul]l /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlq]l && IGtQ[p, 0] && (GtQl[q, O] || IntegerQ[m])

Rubi steps
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d+ex d + ex?

[elorvni (o) 2subst[ [Ploxbtie) ()

x> (a+b tanh ! (cx))
_ 2Subst ( f X3 (a +0b tanh_l(cx)) dx, x, \x ) (2d) Subst (f dtex?

e e

22 (a+btanh™ (cyx))  (2d)Subst ([ x(a + btanh™(cx)) dx, x, V) (

- 2e B e2 + -
_dx (a+btanh™ (cyx)) x?(a+btanh™ (cy/x))  (bed)Subst (f %ixZ
= — 2 + % + 2
bdvx byx  bx¥2  dx (a +btanh™ (C\/; )) x? (a +btanh™ (C\/E ]
=t o + - > +
ce 2c’e  6ce e 2e

bdvx byx b3 bdtanh”' (cyx) btanh” (cyx) dx(a+bta
T ce? * 2c3e * 6ce c2e? B 2cte B ¢

bd\x byx b2 bd tanh ™" (c\/E) btanh™ (cﬁ) dx (a + bta
=- + + + - -
ce? 2c3e  6ce c2e? 2cte (

bdvx byx bx¥? bdtanh”' (cyx) btanh” (cyx) dx(a+bta
=— + + + - -
ce? 2c3e  6ce c2e? 2cte ¢

Mathematica [C] time = 2.93, size = 558, normalized size = 1.21

b —6c4d2(tanh‘1 (c\/z)(tanh‘l (cvx)+2 log([z tanh ™ (e V& )+1))—L12(—e*2 tanh ™ (e V& )))+Zce\/

6ad? log(d + ex) — 6adex + 3ae®x> +

Warning: Unable to verify antiderivative.

[In] Integrate[(x"2*(a + bxArcTanh[cxSqrt[x]]1))/(d + e*xx),x]

[Out] (-6*axd*exx + 3xa*xe”2xx"2 + 6*xaxd"2xLogl[d + exx] + (b*(2kcxe*x(-3*c™2xd + 2%
e)*Sqrt[x] + c*xe”2*xSqrt[x]*(-1 + c™2*x) - 6%(c”™2*%d - e)*ex(-1 + c”™2%x)*ArcT
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anh [c*Sqrt[x]] + 3*%e™2*(-1 + c~2*x) " 2xArcTanh[c*Sqrt[x]] - 6xc”4*d~2*(ArcTa
nh[cxSqrt [x]]*(ArcTanh[c*Sqrt[x]] + 2*Logl[l + E~(-2*ArcTanh[c*Sqrt[x]])]) -
PolyLog[2, -E~(-2%ArcTanh[c*Sqrt[x]])]) + 3*c™4*d~2%(2*ArcTanh[c*Sqrt[x]]~
2 - (4xI)*ArcSin[Sqrt[(c™2*d)/(c"2%d + e)]]*ArcTanh[(c*exSqrt[x])/Sqrt[-(c”
2xdxe)]] + 2*%((-I)*ArcSin[Sqrt[(c~2*d)/(c"2*d + e)]] + ArcTanh[c*Sqrt[x]])x*
Log[(-2xSqrt [-(c™2*d*e)] + ex(-1 + E~(2*%ArcTanh[c*Sqrt[x]])) + c™2*d*x(1 + E
~(2xArcTanh [c*Sqrt[x]]1)))/((c”2*d + e)*E~ (2*ArcTanh[c*Sqrt[x]]1))] + 2x(I*Ar
cSin[Sqrt[(c™2*d)/(c™2%d + e)]] + ArcTanh[c*Sqrt[x]])*Logl[(2*Sqrt[-(c™2*d*e
)] + ex(-1 + ET(2*%ArcTanh[c*Sqrt[x]])) + c™2*dx(1 + E~(2xArcTanh[c*Sqrt [x]]
)))/((c™2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]))] - PolyLogl[2, (-(c”2*xd) + e - 2%
Sqrt [-(c™2xd*e)])/((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))] - PolyLog[2, (-(c
~2xd) + e + 2xSqrt[-(c™2xd*e)])/((c"2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]1))1)))/
c™4)/(6%e”"3)

fricas [F] time = 0.83, size = 0, normalized size = 0.00

bx? artanh (c\/E) + ax?
ex+d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="fricas")
[Out] integral((bxx~2*arctanh(c*sqrt(x)) + a*x"2)/(exx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (b artanh (C\/E) + a)x2

d
ex +d :

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x~2/(e*xx + d), x)

maple [A] time = 0.10, size = 651, normalized size = 1.42

adx ax? ad’*In (czex + czd) barctanh (C\/E) xd barctanh (c\/E ) x?> barctanh (c\/E) d?In (czex + czd:
- + +

+
ez 2e e3 2 2e e3

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x~2*(atb*arctanh(c*x~(1/2)))/ (e*xx+d),x)
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[Out] -axd*x/e”2+1/2*a*xx"2/e+a*d”2/e " 3*1n(c”2*xexx+c~2*d) -b*arctanh(c*x™ (1/2) ) *x*d
/e"2+1/2*b*arctanh(c*x~(1/2))*x"2/e+b*arctanh(c*x~(1/2))*d"2/e"3*x1n(c"2*e*xx
+c72xd) +1/6%b*x~(3/2) /c/e-b*xdxx~(1/2) /c/e~2+1/2*b*x~(1/2) /c"3/e-1/2/c”2*b/e
~2%1n(c*x~(1/2)-1)*d+1/4/c”4*b*x1n(cxx”~(1/2)-1)/e+1/2/c"2%b/e”2*x1n(1+c*xx~(1/
2))*d-1/4/c”4*xbx1n(1+cxx~(1/2)) /e+1/2*%b*d"2/e"3*1n(c*xx~(1/2)-1) *1n(c™ 2*e*xx+
c"2xd)-1/2%b*d"2/e"3*1n(c*x~(1/2)-1) *In((cx(-d*e) " (1/2)—ex(c*x~(1/2)-1)-e)/
(c*x(-d*e)~(1/2)-e))-1/2*b*xd"2/e"3*1n(c*x~ (1/2)-1)*1n((c*x (-d*e) " (1/2) +e* (c*x
“(1/2)-1)+e) /(c*x(-d*e) ~(1/2)+e) ) -1/2%b*d"2/e"3*dilog ((c* (-d*e) ~(1/2) —ex(c*x
~(1/2)-1)-e)/(cx(-d*e)~(1/2)-e))-1/2%bxd"2/e"3*dilog((cx (-d*e) ™ (1/2) +ex (c*x
“(1/2)-1)+e) /(cx(=d*e)~(1/2)+e))-1/2*b*d"2/e " 3*1n(1+c*x~ (1/2) ) *1n(c~2*e*x+c
~2xd)+1/2%b*d"2/e”"3*1n(1+cxx~(1/2) ) *1n((cx (=d*e) " (1/2) —ex (1+c*xx~(1/2))+e) / (
cx(=d*e)~(1/2)+e))+1/2%bxd"2/e " 3*1n(1+c*x~ (1/2) ) *1n((c*x(-d*e) ~(1/2) +e* (1+cx*
x7(1/2))-e)/(c*x(-d*e) ~(1/2)-e))+1/2xb*d"2/e"3*dilog((c* (-d*e) ~(1/2) -e*x (1+c*
x7(1/2))+e) /(cx(-d*e) ™ (1/2)+e))+1/2%b*d"2/e"3*dilog((cx (-d*e) ™ (1/2) +ex (1+c*
x7(1/2))-e)/(cx(-dxe)~(1/2)-e))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

dx

1 (2421 d 2_24d x?log (cy/x +1 x?log (—cyx +1
” oge§6x+ )+ex - x)+bf g( )dx—bf g( )

2 2 (ex + d) 2 (ex + d)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*(atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="maxima"

[Out] 1/2%a*x(2+d"2xlog(exx + d)/e”3 + (exx"2 - 2xd*x)/e”2) + bxintegrate(1/2xx"2x%
log(cxsqrt(x) + 1)/(e*xx + d), x) - b*integrate(1/2*x"2xlog(-c*sqrt(x) + 1)/
(exx + d), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

fxz (a + batanh (c\/E))

d
d+ex *

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x"2%(a + b*atanh(c*x~(1/2))))/(d + e*xx),x)
[Out] int((x"2%(a + b*atanh(c*x~(1/2))))/(d + e*xx), x)
sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*(a+bxatanh(ckxxx*x(1/2)))/(e*x+d) ,x)

[Out] Timed out
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f x(a+b tanh ™! (c Vx ))

d+ex

3.45 dx

Optimal. Leaf size=374

) (a + btanh™! (C\/;)) d (a +btanh™ (C\/;)) log (( JEH;C Edﬁ\)@)) d (a +btanh™ (C\/E)) 1

2 2 2

2dlog (C\/;H

[Out] -b*arctanh(c*x~(1/2))/c"2/e+x*(a+b*arctanh(c*x~(1/2)))/e+2*xd* (a+b*arctanh(c
*x7(1/2)))*1n(2/ (1+c*xx~(1/2))) /e”2-d*(a+b*arctanh (c*x~(1/2))) *1n(2*c*x ((-d) "~
(1/2)-e~(1/2)*x~(1/2)) / (c*x(-d) " (1/2)-e~(1/2) )/ (1+c*xx~(1/2))) /e~ 2-d* (atb*arc

tanh (c*x~(1/2)) ) *1In(2*c*x ((-d)~(1/2)+e” (1/2)*x~(1/2)) /(cx(-d) ~(1/2)+e~(1/2))
/(1+c*x~(1/2)))/e"2-b*d*polylog(2,1-2/(1+c*x~(1/2))) /e~ 2+1/2xb*d*polylog(2,
1-2xcx ((-d)~(1/2)-e~(1/2)*x~(1/2)) / (c*(-d) ~(1/2)-e~(1/2)) / (L1+c*x~(1/2))) /e~
2+1/2xb*d*polylog(2,1-2xcx((-d)~(1/2)+e~ (1/2)*x~(1/2)) /(cx(-d)~(1/2)+e~ (1/2

))/ (1+c*xx™(1/2)) ) /e"2+b*xx~(1/2) /c/e

Rubi [A] time = 0.48, antiderivative size = 374, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 10, integrand size = 21,

number 911U _ 0.476, Rules used = {43, 5980, 5916, 321, 206, 6044, 5920, 2402, 2315, 2447}

integrand size

) deolyLOg(Z,l—(zcw__d_\/M) ) deolyLog(Z,l— (ZC(‘/‘_“VEW) )

_deolyLog(Z,l—C N Ve )V e) ) eV H)(eV-d k) +@

2 2¢2 2¢2

Antiderivative was successfully verified.
[In] Int[(x*(a + b*ArcTanh[c*Sqrt[x]]))/(d + e*x),x]

[Out] (b*Sqrt[x])/(cxe) - (bxArcTanh[c*Sqrt[x]])/(c"2%e) + (x*(a + b*ArcTanh[c*Sq
rt[x]]1))/e + (2xd*(a + b*ArcTanh[c*Sqrt[x]])*Logl[2/(1 + c*Sqrt[x])])/e"2 -

(dx(a + bxArcTanh[c*Sqrt[x]])*Logl[(2*c*(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sq
rt[-d] - Sqrtle])*(1 + c*Sqrtlx]))])/e”2 - (d*x(a + b¥ArcTanh[c*Sqrt[x]])*Lo
gl(2%cx(Sqrt[-d] + Sqrtlel*Sqrt(x]))/((c*Sqrt[-d] + Sqrtle])*(1 + c*Sqrt[x]
))1)/e”2 - (bxd*PolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/e”2 + (bxd*PolyLog[2, 1

- (2xc*x(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((cxSqrt[-d] - Sqrtle])*(1 + cxSqrt[x]
))1)/(2%e”2) + (b*dxPolyLogl[2, 1 - (2*cx(Sqrt[-d] + Sqrtl[el*Sqrt[x]))/((c*S
qrt[-d] + Sqrtlel)*(1 + c*Sqrtlx]))]1)/(2xe"2)

Rule 43

Int[((a_.) + (b_)*(x D))" (m_.)*((c_.) + (d_)*(x_))"(n_.), x_Symbol] :> Int
[ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d, n},
x] && NeQ[b*c - a*d, 0] && IGtQ[m, 0] && ( 'IntegerQ[n] || (EqQlc, 0] && Le
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QL7*m + 4*n + 4, 0]) || LtQ[9*m + 5%(n + 1), 0] || GtQ[m + n + 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 0])

Rule 321

Int[((c_.)*x(x D))" (m )*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[(c~(
n - D*(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + n*p + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, x],
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rule 2315

Int[Logl(c_.)*(x_)1/((d_ ) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + c*d, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Logl[2*xd*x]/(1 - 2xd*x), x], x, 1/(d + e*xx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*xd] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~"(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x]]}, Simp[C*PolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]], Expon[Pq, x]]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*x(m + 1)), x] - Dist[(b*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c™2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5920
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*xx)]/(1 - c™2xx72), x], x] - Dist[(b*c)/e, Int[Log[(2xc*x(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*x72), x], x] + Simp[((a + b*ArcTanh[c*x])*
Log[(2kcx(d + exx))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2*d"2 - e~2, 0]

Rule 5980

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d_) + (
e_.)*(x_)"2), x_Symbol] :> Dist[f~2/e, Int[(f*x)~(m - 2)*(a + bxArcTanh[c*x
D7p, x], x] - Dist[(d*f72)/e, Int[((f*x)"(m - 2)*(a + b*ArcTanh[c*x]) p)/(
d + exx~2), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && GtQ[m, 1
]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_ )I*(b_.))"(p_)*((f_)*(x_))"(m_.)*((d_) + (e
_)*(x_)"2)7(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£xx)"mx(d + e*x"2)7q, x]}, Intlu, x] /; SumQ[ul]l /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQlql && IGtQ[p, 0] && (GtQlg, O] || IntegerQ[m])

Rubi steps



293

d+ex d + ex?

1 3 -1
J rlasbranh (o4%) dx=2SubSt(f aALLIING) dx,x,\/;)

x(a+b tanh_l(cx))

_ 2 Subst ( f X (a +Db tanh_l(cx)) dx, x, \/§) (2d) Subst (f d+ex? dx,

e e

2 [
X (a +btanh™ (C\/E)) (bc) Subst (f 1_32—2362 dx, x, \/E) (2d) Subst (f (_E
= p — ; _
btanh™!
b\/} 4 X (a + btanh_l (C\/;)) N dsubSt (f %_h\/;;x) dx/ X, \/E) ~ dSUbS
B ce e 63/2

) byx _btanh_l (C\/;) x(a+btanh_1 (c\/E)) 2d(a+btanh_1 (c\/E))

+ +
ce c%e e 2
byx b tanh ™ (c\/E ) X (a +btanh™ (c\/E )) 2d (a +btanh™ (c\/E )) |
T e c%e " e * 2
byx b tanh ™ (C\/E) X (a +btanh™} (c\/E)) 2d (a +btanh™! (c\/E)) |
T e c%e i e * 2

Mathematica [A] time = 1.46, size = 337, normalized size = 0.90

Zb(tanh_1 (c Vx ) (ZCzd log(e_2 tanh ™ (c ‘&)+1)+czex—e)—czdLiz(—e_2 tanh™" (c V) ) +c2dtanh™! (c Vx )2+C€\/J_C )
—2ad log(d + ex) + 2aex + =

Warning: Unable to verify antiderivative.

[In] Integrate[(x*(a + bxArcTanh[c*Sqrt[x]]))/(d + ex*xx),x]

[Out] (2xaxe*xx - 2*xaxd*Logl[d + exx] + (2xb*(cxexSqrt[x] + c”2*d*ArcTanh[c*Sqrt [x]
172 + ArcTanh[c*Sqrt[x]]*(-e + c™2%e*xx + 2%c”2*d*Log[l + E~(-2xArcTanh[c*Sq
rt[x]1)]) - c”2xd*PolylLog[2, -E~(-2xArcTanh[c*Sqrt[x]]1)]1))/c”2 - b*d*(2*Arc
Tanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt [x]] + Logl[l + ((c”™2*d + e)*E~(2%ArcTanh[c*
Sqrt[x]]1))/(c™2*xd - 2xc*Sqrt[-dl*Sqrtle] - e)] + Logl[l + ((c™2*xd + e)*E~ (2%
ArcTanh[c*Sqrt[x]]))/(c™2xd + 2*c*Sqrt[-d]*Sqrtle] - e)]) + PolyLog[2, -(((
c"2*%d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c™2*d - 2*xcxSqrt[-d]l*Sqrtle] - e))] +
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PolyLog[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c™2*d + 2*c*Sqrt[-d]*
Sqrtle] - e))1))/(2*e”2)

fricas [F] time = 0.78, size = 0, normalized size = 0.00

bx artanh (C\/E) + ax
ex+d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*xx~(1/2)))/(e*x+d),x, algorithm="fricas")
[Out] integral((bxx*arctanh(c*sqrt(x)) + axx)/(e*xx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f (b artanh (c\/E) + a)x .

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)*x/(e*xx + d), x)

maple [A] time = 0.06, size = 539, normalized size = 1.44

ax adln (czex + czd) barctanh (C\/E) x barctanh (c\/E) dIn (czex + czd) bd In (c x — 1) In (czex -+ czd)
+ — —_ -

e e? e e? 22

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*(a+b*arctanh(c*x”(1/2)))/(e*x+d) ,x)

[Out] a*x/e-a/e”2xd*1n(c”2*e*x+c”2*d)+b*arctanh(c*x~(1/2))*x/e-b*arctanh(c*x~(1/2
))/e”2xd*1n(c”2*e*xx+c™2xd) -1/2xb/e " 2*%d*1n(c*x™ (1/2) -1) *1n(c"2*e*x+c~2*d) +1/
2xb/e " 2xd*1n(cxx~(1/2)-1)*1n((cx(-d*e) " (1/2)-ex(c*x~(1/2)-1)-e) / (c*x(-d*e) ~(
1/2)-e))+1/2%b/e"2*¢d*1n(c*x~ (1/2)-1)*1n((c*(=d*e) " (1/2) +ex(cxx~(1/2)-1)+e)/
(cx(=dx*e)~(1/2)+e))+1/2xb/e"2*d*dilog((cx (-d*e) ~(1/2)-e* (c*x~(1/2)-1)-e)/(c
x(—d*e)~(1/2)-e))+1/2*%b/e”2xd*dilog((c* (-d*e) " (1/2)+ex(c*xx~(1/2)-1)+e) / (c*(
-d*xe) " (1/2)+e))+1/2*b/e " 2xd*1n(1+c*x~(1/2) ) *1n(c " 2xe*xx+c”2*d) -1/2*b/e " 2*d*1
n(1+c*x”(1/2) ) *1In((c*x(-d*e) " (1/2) —e*x (1+c*x™(1/2) ) +e) / (c*x (~d*xe) ~(1/2)+e) ) -1/
2xb/e”2*xd*1n (1+cxx™ (1/2) ) *1n((cx(=d*e) ~(1/2) +e*x (1+c*xx~(1/2))-e) / (cx(=d*e) ~(
1/2)-e))-1/2xb/e"2*d*dilog((cx(~d*e) " (1/2)-e* (1+cxx~(1/2))+e) /(c*(-dx*e) ~(1/
2)+e))-1/2xb/e"2+d*dilog((cx(~d*e) " (1/2)+e* (1+cxx~(1/2))-e)/(c*x(-d*e)~(1/2)
-e))+b*x~(1/2)/c/e+1/2/c”2%b*1n(c*x~ (1/2)-1) /e-1/2/c"2*b*x1n(1+c*x~(1/2)) /e
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maxima [F] time = 0.00, size = 0, normalized size = 0.00

xlog (—c x + 1)

x dlog(ex +d) xlog(c x+1) f
”(E_ 2 )+bf 2 (ex +d) ax=b 2 (ex +d) ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*arctanh(c*x~(1/2)))/(exx+d),x, algorithm="maxima")
[Out] ax(x/e - d*log(e*xx + d)/e”2) + bxintegrate(1/2*x*log(c*sqrt(x) + 1)/(e*xx +
d), x) - bxintegrate(1l/2xx*log(-c*sqrt(x) + 1)/(e*xx + d), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

a + batanh (c\/E))

x (
f d+ex ax

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x*(a + b*atanh(c*x~(1/2))))/(d + e*x),x)
[Out] int((x*(a + b*atanh(c*x~(1/2))))/(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

a+ batanh (c\/E ))

x(
f d+ex ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(a+b*atanh(ckxxx*x(1/2)))/(e*x+d),x)

[Out] Integral(x*(a + bxatanh(ckxsqrt(x)))/(d + exx), x)
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a+btanh " (c Vx
[ ()

d+ex

3.46 dx

Optimal. Leaf size=318

(a +btanh™ (cx/})) log( (VA Ve VR) )) (a +btanh™ (C\/E)) log ((ci;;fﬁ:\/gfjé))_zlog (L) (a -

( x+1)(c ~d—+fe cyx+1
e e l

[Out] -2*(a+b*arctanh(c*x~(1/2)))*1n(2/(1+c*x~(1/2)))/e+(a+b*arctanh(c*xx~(1/2)))*
In(2%cx ((-d)~(1/2)-e~(1/2)*x~(1/2)) / (cx(-d) " (1/2)-e~(1/2) )/ (1+c*xx~(1/2))) /e
+(at+b*arctanh (c*x~(1/2))) *1n(2*xcx ((-d) ~(1/2)+e” (1/2)*x~(1/2)) / (c*x(-d) ~(1/2)
+e7(1/2))/ (1+c*xx~(1/2))) /e+b*polylog(2,1-2/(1+c*x~(1/2))) /e-1/2*b*polylog(2
,1-2%cx ((-d)~(1/2)-e~ (1/2)*x~(1/2)) / (c*x(-d) " (1/2)-e~(1/2)) / (1+c*xx~(1/2))) /e
-1/2*xb*polylog(2,1-2xc* ((-d)~(1/2)+e~(1/2)*x~(1/2))/(cx(-d) ~(1/2)+e~(1/2))/
(1+cxx~(1/2))) /e

Rubi [A] time = 0.32, antiderivative size = 318, normalized size of antiderivative
= 1.00, number of steps used = 11, number of rules used = 5, integrand size = 20,
number of rules _ ) 250, Rules used = {6044, 5920, 2402, 2315, 2447}

integrand size

B 2(:(\/:1—\/5\/}) _ ZC(\/—_d+\/E\/§) |
_bPolyLog (2, 1 (v 1)V —e) ) i bPolyLog (2, 1 N EEs bPolyLog (2 1 - \/§+1) ) (a + bt
2e 2e e

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (-2*(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/e + ((a + b*ArcTanh[
cx3qrt [x]]) *Log[(2%c*x(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel])*
(1 + c*xSqrt[x]1))])/e + ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqr
tle]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrt[x]))]1)/e + (b*PolyLogl2,
1 - 2/(1 + cxSqrt[x])])/e - (b*PolyLog[2, 1 - (2xc*(Sqrt[-d] - Sqrt[e]l*Sqr
t[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + c*Sqrt[x]))]1)/(2xe) - (b*PolylLogl[2, 1 -
(2%c*(Sqrt[-d] + Sqrtlel*Sqrt([x]))/((c*Sqrt[-d] + Sqrtlel)*(1 + c*Sqrt[x])
)1)/ (2%xe)

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + c*xd, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
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c, d, e, £, g}, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]1/(1 - c™2%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2xcx(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2%c*(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, Xx] && NeQ[c™2*d"2 - e72, 0]

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_) + (e
_)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£*x)"m*x(d + exx"2)"q, x]}, Intlu, x] /; SumQ[ul] /; FreeQ[{a, b, c,
d, e, f, m}, x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQlgq, 0] || IntegerQ[m])

Rubi steps
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d+ex d + ex?

-1 -1
fa + btanh (c\/E) = 2 Subet fx(a + btanh (cx)) e \/;)

= 2 Subst f[ 2\/—(\/— \/Ex) 2\/_(\/_d+\/5x)

a+b tanh_l(cx) a+btanh (cx) ] . x \/—]

Subst ( atbtanh” (cx) dx, x, \/E) Subst ( a+btanh” (ex) dx, \/E)

__ V=d —ex N REEEE
v v
v bt (o)) tog (i 2g) (o btant” (e1F))og O
2 (a+btanh™ (i/;)) log (1+c\/') (2 +btanh™ (cyi)) fog (i_(_d@)ﬁf}
2 (a+btanh™ (:\/E)) log (1+C \F) (a+btanh™ (cvx)) fog (%@)ﬁf}
€ e

Mathematica [C] time = 1.62, size = 432, normalized size = 1.36

(—dc2+e—2\/—c2de )6_2 tanh_l(c‘/}) (—dc2+e+2\/—c2de )e_z tanh_l(c\&) ¥

b|Li + Li +4isin”! - tanh
2 dc2+e 2 dc2+e ( c2d+e )
alog(d + ex)

e
Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(d + e*x),x]

[Out] (axLogld + exx])/e - (b*(-2*ArcTanh[c*Sqrt[x]]1"2 + (4*I)*ArcSin[Sqrt[(c™2*d

)/ (c™2xd + e)]]*ArcTanh[(cxe*Sqrt[x])/Sqrt[-(c"2*d*e)]] + 2%ArcTanh[c*Sqrt[
x]]1*(ArcTanh[c*Sqrt [x]] + 2*Log[l + E~(-2%ArcTanh[c*Sqrt[x]])]) - 2*%((-I)*A
rcSin[Sqrt[(c™2*d)/(c™2*%d + e)]] + ArcTanh[cxSqrt[x]])*Log[(-2*Sqrt [-(c~2*d
xe)] + ex(-1 + E~(2%ArcTanh[c*Sqrt[x]])) + c”2*d*(1 + E~(2*ArcTanh[c*Sqrt[x
11)))/((c2*d + e)*E~(2*xArcTanh[c*Sqrt[x]]))] - 2*(I*ArcSin[Sqrt[(c~2*d)/(c
~2xd + e)]] + ArcTanh[c*Sqrt[x]])*Log[(2*Sqrt[-(c~2*d*e)] + ex(-1 + E~(2*Ar
cTanh[c*Sqrt[x]])) + c”2*xd*x(1 + E~(2xArcTanh[c*Sqrt[x]])))/((c”2*xd + e)*E~(
2xArcTanh [c*Sqrt[x]]1))] - 2*PolyLog[2, -E~(-2*ArcTanh[c*Sqrt[x]])] + PolyLo
gl2, (-(c™2xd) + e - 2*Sqrt[-(c™2xd*e)])/((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x
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11))]1 + PolyLogl[2, (-(c™2*d) + e + 2*Sqrt[-(c™2xd*e)])/((c™2xd + e)*E~(2*Ar
cTanh [c*Sqrt [x]1))]1))/(2*e)

fricas [F] time = 0.61, size = 0, normalized size = 0.00

bartanh (c\/E) +a

ex +d

integral

7

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*xx+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(exx + d), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f bartanh (c\/E) +a

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(cksqrt(x)) + a)/(exx + d), x)
maple [A] time = 0.06, size = 462, normalized size = 1.45

cV-de —e

aln (czex + czd) bln (czex + czd) arctanh (c\/E) bln (c X — 1) In (czex + czd) bln (C\/; - 1) In ( "
+ + -
e e 2e 2e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/(exx+d),x)

[Out] a/ex1n(c”2*exx+c”2*d)+b/e*x1n(c”2*exx+c~2*d) *arctanh(c*x”(1/2))+1/2*b/e*x1n(c
*x7(1/2)-1) *1n(c™2%exx+c”2%d) -1/2%b*x1n(cxx~(1/2)-1) /ex1In((c*x (-d*e) " (1/2) -e*
(cxx~(1/2)-1)-e)/(c*x(-d*e)~(1/2)-e))-1/2*b*In(c*x~(1/2)-1) /ex1In((c*(-d*e) ~(
1/2)+ex(cxx~(1/2)-1)+e)/(cx(-d*xe)~(1/2)+e) ) -1/2*b/e*dilog((c*x(-d*e)~(1/2)-e
*x(cxx~(1/2)-1)-e)/(cx(~d*e)~(1/2)-e))-1/2*%b/e*dilog((c*x (-d*e) " (1/2) +e* (c*x~
(1/2)-1)+e)/(c*x(=d*e)~(1/2)+e))-1/2*b/e*x1n(1+cxx~ (1/2) ) *1n(c " 2xe*x+c~2*d) +1
/2*xb*1n(1+cxx” (1/2)) /exIn((cx (=d*e) ~(1/2) —ex (1+cxx~ (1/2))+e) / (cx(=d*e) " (1/2
)+e))+1/2xb*x1n(1+c*x”(1/2)) /ex1n((c*x (=d*e) ~(1/2)+ex (1+c*x~(1/2))-e) / (cx (-d*
e)~(1/2)-e))+1/2+b/exdilog((c* (-d*e) ~(1/2) -ex(1+c*x~(1/2))+e)/(cx(-d*xe)~(1/
2)+e))+1/2xb/exdilog((c*x(-d*e) ~(1/2)+ex(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))
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maxima [F]  time = 0.00, size = 0, normalized size = 0.00

log (cy/x +1 log (—cy/x +1 1 d
bf—g( )dx—bf el )dx+—a 0g (ex + d)
2(ex +4d) 2(ex +4d) e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/(e*xx+d),x, algorithm="maxima"

[Out] bxintegrate(1/2*log(cxsqrt(x) + 1)/(e*x + d), x) - b*integrate(1/2*log(-c*s
grt(x) + 1)/(exx + d), x) + axlog(exx + d)/e

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

fa+batanh(c\/§)

d+ex
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(d + e*x),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(d + e*x), x)

sympy [F] time = 0.00, size = 0, normalized size = 0.00

dx

f a + batanh (C\/E)

d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/(exx+d),x)

[Out] Integral((a + b*atanh(cksqrt(x)))/(d + ex*x), x)
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a+btanh " (c Vx
[ ()

x(d+ex)

3.47 dx

Optimal. Leaf size=358

o btan (o) tog [T ) (o bt et (2T 210 (1)
F d

[Out] axln(x)/d+2*(a+b*arctanh(c*x”(1/2)))*1n(2/(1+c*x~(1/2)))/d-(a+b*arctanh (c*x
~(1/2)))*1n(2*xc*x ((-d)~(1/2)-e~ (1/2)*x~(1/2) ) / (cx(=d) ~(1/2)-e~(1/2) ) / (1+c*x~
(1/2)))/d-(atb*arctanh (cxx~(1/2)) ) *1n(2*cx ((-d) " (1/2)+e~ (1/2)*x~(1/2)) / (c*(
-d)~(1/2)+e”(1/2))/(1+c*x~(1/2))) /d-b*polylog(2,-c*xx~(1/2))/d+b*polylog(2,c
*xx~(1/2))/d-bxpolylog(2,1-2/(1+c*x~(1/2)))/d+1/2*bxpolylog(2,1-2*xc*((-d)~ (1
/2)-e~(1/2)*x~(1/2))/(cx(-d)~(1/2)-e~(1/2))/ (1+c*x~(1/2)) ) /d+1/2*b*polylog(

2,1-2%cx ((-d)~(1/2)+e~ (1/2)*x~(1/2)) / (c*x(-d) ~(1/2)+e~(1/2)) / (1+c*xx~(1/2)))/

d

Rubi [A] time = 0.59, antiderivative size = 358, normalized size of antiderivative
= 1.00, number of steps used = 15, number of rules used = 11, integrand size = 23,

number of rules _ ) 478, Rules used = {36, 29, 31, 1593, 5992, 5912, 6044, 5920, 2402, 2315,

integrand size

2447}

( —d—+fe x) _ ZC(\/—_d+\/E\/§) 9
bPolyLog(2,1—( (v \/E) bPolyLog (2,1 (V1) Vod Ve bPolyLog(Z 1- ﬁ+1) bPolyL

2d 2d d

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x*(d + e*x)),x]

[Out] (2x(a + b*ArcTanh[c*Sqrt[x]])*Log[2/(1 + c*Sqrt[x])])/d - ((a + bxArcTanh[c
*Sqrt [x]])*Log[(2xc*(Sqrt[-d] - Sqrtle]l*Sqrt[x]))/((c*Sqrt[-d] - Sqrtle])*(
1 + cxSqrt[x]))])/d - ((a + bxArcTanh[c*Sqrt[x]])*Log[(2*c*(Sqrt[-d] + Sqrt
[el*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrtlx]))])/d + (a*xLoglx])/d -
(b*PolyLog[2, 1 - 2/(1 + cxSqrt[x])])/d + (b*PolyLog[2, 1 - (2*c*(Sqrt[-dl]
- Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel)*(1 + cxSqrt[x]))])/(2*xd) + (b*
PolyLogl[2, 1 - (2*c*x(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(
1 + cxSqrt[x]))]1)/(2%d) - (b*PolyLogl[2, -(c*Sqrt[x])])/d + (b*PolyLogl[2, c*
Sqrt[x]1])/d

Rule 29
Int[(x_)~(-1), x_Symbol] :> Simp[Logl[x], x]
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Rule 31

Int[((a_) + (b_.)*(x_))~(-1), x_Symbol] :> Simp[Log[RemoveContent[a + bxx,
x]1/b, x] /; FreeQ[{a, b}, xl]

Rule 36

Int[1/(((a_.) + (b_)*(x))*((c_.) + (d_.)*(x_))), x_Symbol] :> Dist[b/(b*c
- a*xd), Int[1/(a + b*x), x], x] - Dist[d/(b*c - a*d), Int[1/(c + d*x), x],
x] /; FreeQ[{a, b, c, d}, x] && NeQ[b*c - ax*xd, 0]

Rule 1593

Int[Cu_.)*((a_)*x(x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(nxp)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQlq - pl]

Rule 2315

Int[Log[(c_.)*(x_)1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQl{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2402

Int[Log[(c_.)/((d.) + (e_)*x(x))1/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, gt, x] && EqQlc, 2*d] && EqQ[e~2*f + d~2xg, 0]

Rule 2447

Int[Loglu_J*(Pq_)~(m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))

/D[u, x]1}, Simp[CxPolyLog[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&

PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents[u,
x] [[2]], Expon[Pq, x]]

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b*PolyLog[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, xI

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + bxArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
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[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + exx))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*d + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d_) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + bxArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !'(EqQ[m, 1] && NeQ[a, 0]
)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (f*x)"mx(d + e*x"2)"q, x]}, Intl[u, x] /; SumQ[ul]l /; FreeQ[{a, b, c,
d, e, £, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQlg, 0] || IntegerQ[m])

Rubi steps



f a+btanh™ (c\/E)

304

3 a+b tanh_l(cx)
x(d + ex) dx = 25ubst f dx + ex3 ax, %, \/;)
_ a + btanh ' (cx)
= 2 Subst f " (d " ex-’-) dx, x, \/E)
B a+btanh '(cx) ex(a+btanh™ (cx))
= 2 Subst f [ o - p (d " exz) dx, x, \x
2 Subst (f u+bta+h_1(cx) dx, x, \/E) (2e) Subst (f (a+btanh (cx)) i x, \/_)
- d B d
a+btanh ~(cx) a+b tanh
_alog) Dip(-evk) PLip(eyk) 2O (f (_zv&(w—d—wsx) it
- d d d d
_ alog(x) ~ bLiz( x) .\ bLi, (c\/E) Ve Subs t(f i (CX) dx, \/E) ) f
- d d d d
] (Vi)
) 2 (a + btanh (c\/_)) log (1+cﬁ) ) (a +btanh” (C\/—)) log ((c‘/_d Ve)(1+evi),
- d d

) _ o(V=d—eyx)
2 (a +btanh™ (C\/E)) log (1+cﬁ) (‘1 +btanh™! (C‘/;)) log ((Cf/_(_d_:i/é)(1+cx/)§))

d B d

) _ o(V=d-vevx)
2 (a +btanh™ (C\/E)) log (1%%) (” +btanh™ (C‘/E)) log ((Cf/_(—d_j/g)(nc\/)E),

d - d

Mathematica [A] time = 1.15, size = 302, normalized size = 0.84

2alog(d + ex) — 2alog(x) + bLi, [—

-1 4
(dC2+e)e2 tanh (C‘/}) ] (dC2+€)€2 tanh (c\ﬁ) o (CZd
dCz—Z\/—_d \/Ec—e + ble - dc2+2\/—_d \/Ec_e + Zb tal’lh (Cﬁ) log ?

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[c*Sqrt[x]])/(x*x(d + exx)),x]

[Out] -1/2%(-4xb*ArcTanh[c*Sqrt[x]]~2 - 4xb*ArcTanh[c*Sqrt[x]]*Log[l - E~(-2*ArcT
anh[c*Sqrt[x]])] + 2xbxArcTanh[cxSqrt[x]]*Logl[l + ((c™2*d + e)*E~(2xArcTanh
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[cxSqrt[x]]))/(c™2xd - 2xc*Sqrt[-d]*Sqrtle] - e)] + 2*bxArcTanh[c*Sqrt[x]]*
Log[l + ((c™2xd + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c”2*d + 2xc*Sqrt[-d]*Sqrt[e
1 - e)] - 2xaxLogl[x] + 2xa*Logld + e*x] + 2*b*PolyLog[2, E~(-2*ArcTanh[c*Sq
rt[x]]1)] + b*PolyLogl[2, -(((c™2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c™2%d - 2
xc*Sqrt [-d]*Sqrte] - e))] + bxPolyLog[2, -(((c™2*d + e)*E~(2xArcTanh [c*Sqr
t[x]1))/(c™2xd + 2xc*Sqrt[-d]*Sqrtle] - e))])/d

fricas [F] time = 0.71, size = 0, normalized size = 0.00
bartanh (c\/E) +a

integral ,X
& ex? + dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d) ,x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(e*x”2 + d*x), X)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f bartanh (c\/E) +a

(ex + d)x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((e*xx + d)*x), x)

maple [A] time = 0.07, size = 540, normalized size = 1.51

2aln (c\/E) aln (czex + czd) 2barctanh (C\/E) In (C\/E) barctanh (c\/E) In (czex + czd) bln (C\/§ — 1)
— + —_ —
d d d d p

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x/(e*xx+d) ,x)

[Out] 2*a/d*1n(c*x~(1/2))-a/d*x1ln(c”2*e*x+c~2*d) +2xb*arctanh(c*x~(1/2))/d*1n(c*x~ (
1/2))-b*arctanh(c*x~(1/2))/d*1n(c"2*e*xx+c™2%d)-1/2*b/d*1n(c*x~(1/2)-1)*1n(c
“2%exx+c”2*xd) +1/2*xb/d*1n(c*x~ (1/2)-1) *In((cx(-d*e) ~(1/2)-ex(c*x~(1/2)-1)-e)
/(cx(=d*e)~(1/2)-e))+1/2%b/d*1n(c*x~(1/2)-1)*1In((c* (-d*e) " (1/2) +e*x(c*xx~(1/2
)-1)+e)/(cx(-d*e)~(1/2)+e) ) +1/2*b/d*dilog((c* (-d*e)~(1/2)-ex(cxx~(1/2)-1)-e
)/ (cx(-d*e)~(1/2)-e))+1/2%b/d*dilog((c* (-d*e) ~(1/2)+ex(c*xx~(1/2)-1)+e) / (c*(
-dxe) " (1/2)+e))+1/2*b/d*1n(1+c*x~ (1/2) ) *1n(c™2*e*x+c~2*d) -1/2*b/d*1n (1+c*x~
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(1/2)) *1n((c*(-d*e) " (1/2) -e*x(1+c*x~ (1/2) ) +e) / (cx (-d*e) ~(1/2)+e) ) -1/2%b/d*1n
(1+c*x™(1/2))*1n((cx (-d*e) ~(1/2) +ex (1+c*x™(1/2) ) -e) / (c*(-d*e) " (1/2)-e) ) -1/2
*b/d*dilog((c*x(-dxe)~(1/2)-ex(1+c*xx”~(1/2))+e)/(cx(-dxe)~(1/2)+e))-1/2xb/d*d
ilog((cx(-d*e) ~(1/2)+ex(1+c*xx~(1/2))-e)/(cx(-d*e)~(1/2)-e))-b/d*dilog(cxx"(
1/2))-b/d*dilog(1+c*x~(1/2))-b/d*1n(c*x~(1/2) ) *1n(1+c*xx~(1/2))

maxima [F]  time = 0.00, size = 0, normalized size = 0.00

_a(log (ex +d) log(x)) N bf log (c X + 1) b logg—cx/i + 1) 0
d d ’ 3

(exg +d\/§)\/§ Z(exz +d\/§)\/§

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x/(exx+d) ,x, algorithm="maxima"

[Out] -a*x(log(e*x + d)/d - log(x)/d) + bxintegrate(1/2*log(cx*sqrt(x) + 1)/((e*x™(
3/2) + dxsqrt(x))*sqrt(x)), x) - bxintegrate(1/2xlog(-c*sqrt(x) + 1)/((exx”
(8/2) + d¥sqrt(x))*sqrt(x)), x)

mupad [F] time = 0.00, size = -1, normalized size = -0.00

dx

fa+batanh(cx/§)

x (d+ex)

Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(x*x(d + exx)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x*(d + ex*x)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(c*x**(1/2)))/x/(exx+d) ,x)

[Out] Timed out
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a+btanh (c Vx )
f x2(d+ex)

Optimal. Leaf size=413

3.48 dx

2elog (—2=) (o btanh ™ (cyF)) ¢+ btantt™ (ey))tog [ LY &)) e (a+ btanh™ (cy&)

2 * 2

[Out] b*c~2*arctanh(c*x~(1/2))/d+(-a-b*arctanh(c*x~(1/2)))/d/x-a*ex1n(x)/d~2-2*e*
(atb*arctanh(c*x~(1/2)))*1n(2/(1+c*x~(1/2))) /d"2+e*x (a+b*arctanh (c*x~(1/2)))
*1n (2*%cx ((-d)~(1/2)-e~ (1/2)*x~(1/2)) / (c*x(-d) " (1/2)-e~(1/2)) / (1+c*x~(1/2)))/
d"2+e* (a+b*arctanh(cxx~(1/2) ) )*In(2*xc*x ((-d) ~(1/2)+e~(1/2)*x~(1/2)) / (c*x(-d)~
(1/2)+e~(1/2))/ (1+c*x~(1/2)) ) /d"2+b*e*polylog(2,-c*x~(1/2))/d"2-bxexpolylog
(2,c*x~(1/2))/d"2+b*e*xpolylog(2,1-2/(1+cxx~(1/2)))/d"2-1/2*%b*e*polylog(2,1-
2xcx ((-d)~(1/2)-e~ (1/2)*x~(1/2)) / (c*(-d)~(1/2)-e~(1/2)) / (1+cxx~(1/2))) /d"2-
1/2*%bxe*polylog(2,1-2%cx((-d)~(1/2)+e~(1/2)*x~(1/2))/(cx(-d)~(1/2)+e~(1/2))
/ (1+c*xx~(1/2)))/d"2-b*xc/d/x~(1/2)

Rubi [A] time = 0.72, antiderivative size = 413, normalized size of antiderivative
= 1.00, number of steps used = 19, number of rules used = 13, integrand size = 23,
number of rules _ 0.565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920,

integrand size

2402, 2315, 2447}
) _ ( —d- ex/a_c) B ZC(\/—_UH-\/E\/;)
bePolyLog (2’1 _ cﬁ+1) bePolyLog (2,1 (v 1) (v \/E)) bePolyLog (2,1 (va+){cvd )] bePo
72 B 242 242 *

Antiderivative was successfully verified.
[In] Int[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*(d + ex*x)),x]

[Out] -((b*c)/(d*Sqrt[x])) + (bxc~2*ArcTanh[c*Sqrt[x]])/d - (a + b*ArcTanh[c*Sqrt
[x]1)/(d*x) - (2%ex(a + bxArcTanh[c*Sqrt([x]])*Log[2/(1 + c*Sqrt[x])])/d"2 +

(ex(a + bxArcTanh[c*Sqrt[x]])*Log[(2xc*(Sqrt[-d] - Sqrtle]*Sqrt[x]))/((c*S
grt[-d] - Sqrtle])*(1 + c*Sqrt[x]))])/d"2 + (ex(a + bxArcTanh[c*Sqrt[x]])*L
og[(2*%cx(Sqrt[-d] + Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] + Sqrtle]l)*(1 + c*Sqrtlx
1))1)/d°2 - (axexLogl[x])/d"~2 + (b¥exPolyLog[2, 1 - 2/(1 + c*Sqrt[x])])/d 2
- (bxexPolyLog[2, 1 - (2xc*(Sqrt[-d] - Sqrtle]*Sqrt([x]))/((c*Sqrt[-d] - Sqr
tle])*x(1 + cxSqrt[x]))])/(2%d"2) - (b*exPolyLog[2, 1 - (2%c*x(Sqrt[-d] + Sqr
t[e]*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + cxSqrt[x]))]1)/(2%d"2) + (b*e*Po
lyLog[2, -(c*Sqrt(x])])/d"2 - (bxexPolyLogl[2, cx*Sqrt[x]])/d~2

Rule 44
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Int[((a_) + (b_.)*(x ))"(m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*d, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQl[{a, b}, x] && NegQl[a/b] && (Gt
Qla, 0] || LtQ[b, 01)

Rule 325

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_)*(x_)"(m_))"(p_), x_Symbol] :> Simp[((c*
x)"(m + Dx*(a + bxx™n) " (p + 1))/(a*xcx(m + 1)), x] - Dist[(b*x(m + nx(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + bxx™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}r, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, c, n, m, p,
x]

Rule 1593

Int[(u_)*((a_)*x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(n*p)*(a + bxx~(q - p))°n, x] /; FreeQ[{a, b, p, q}, x] && IntegerQ[n] &&
PosQ[q - pl

Rule 2315

Int[Logl[(c_.)*(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLog[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQle + cx*d, 0]

Rule 2402

Int[Logl[(c_.)/((d_) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
t[e/g, Subst[Int[Log[2xd*x]/(1 - 2*d*x), x], x, 1/(d + e*x)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQl[c, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2447

Int [Loglu_l*(Pq )~ (m_.), x_Symboll :> With[{C = FullSimplify[(Pq m*(1 - u))
/Dlu, x11}, Simp[C*PolyLogl2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
x] [[2]]1, Expon[Pq, x]1]

Rule 5912
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Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Log[x], x
1 + (-Simp[(b*PolyLog[2, -(c*x)])/2, x] + Simp[(b*PolyLogl[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_)) " (m_.), x_Symbol]

:> Simp [((d*x)~(m + 1)*(a + b*ArcTanh[c*x]) p)/(dx(m + 1)), x] - Dist[(b*c
*p)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c”2%
x~2), x1, x] /; FreeQ[{a, b, ¢, d, m}, x] & IGtQ[p, 0] && (EqQlp, 1] Il In
tegerQ[m]) && NeQ[m, -1]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*x))
/((cxd + e)*(1 + c*x))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2*c*(d + exx))/((c*d + e)*x(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, X] && NeQ[c™2*d"2 - €72, 0]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]1*(b_.)) " (p_.)*x((f_.)*(x_))"(m_))/((d_ ) + (
e_.)*(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] - Dist[e/(d*f72), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x])"p)/(d + exx”
2), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[p, 0] && LtQ[m, -1]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))*(x_)"(m_.))/((d_) + (e_.)*(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + bxArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] && IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]

)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_) + (e
_)*x(x_)72)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x]1)7p, (fxx)"mx(d + exx~2)7q, x]}, Int[u, x] /; SumQ[u]] /; FreeQ[{a, b, c,
d, e, £, m}, x] && IntegerQ[ql && IGtQ[p, 0] && (GtQ[g, 0] || IntegerQ[m])

Rubi steps



a+btanh™ (c\/E)
x2(d + ex)

J

dx = 2 Subst (f
= ZSubst[f

-1
2 Subst ( [ gy, \/;) (2¢) Subst ( [
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a+b tanh_l(cx)
dx3 + exd

dx, x, \/E)

a + btanh ™ (cx)
x3 (d + exz)

dx, x, \/E)

a+btanh™! (cx)
x(d +ex2)

dx, x, \/E)

0+ btanh ™ (cyF) (bc)Subst( I mdx,x,\/z) (Ze)Subst( [ ( i
+ —

d d

a+b tanh

b _a+btanh” (evx) (be) subst ([

dx d

1
oz dx, x, \[x ) (2e) Subst ( o

dv/x

dx d

be  bc®tanh™ (c\/E) a+btanh ™ (C\/E) aelog(x) beLi, (—c\/E) b
N d B dx e T e T
be  bc®tanh™! (C\/§) a+btanh ™ (C\/}) aelog(x) beLi, (—c\/E) b
NN d B dx T T e

bc? tanh™! (C\/;) a+btanh™! (C\/E) 2e (‘1 +btanh™" (C\/g)) log (]

_ be
NN d ) i ) P

be  btanh (cyF) a+btanh (cyF) 26(a+btanh (cvF))log
NN d ) i ) P

be  bc?tanh™ (c\/E) a+btanh (C\/E) 2e (” +btanh™ (C\/; )) log (]
- — + — —

Mathematica [A]

e|Liy |-
_Zae log (\/§)+ae log(d + ex) o opet ( 2 (
dx

d? d?

d dx d?

time = 1.64, size = 360, normalized size = 0.87

+2tanh”’ (CV

(dC2+e)ez tanh_l(c \/J?) L (dC2+E)62 tanh_l(cﬁ)
dc2—2-d \Jec—e |- dc2+2v-d \Jec—e
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Warning: Unable to verify antiderivative.

[In] Integrate[(a + b*ArcTanh[c*Sqrt[x]])/(x"2*x(d + e*x)),x]

[Out] -(a/(d*x)) - (2xaxexLogl[Sqrt[x]])/d"2 + (axexLogld + ex*x])/d"2 + 2%bxc~4*(-
1/2%((c*d) /Sqrt[x] + ArcTanh[c*Sqrt[x]]*((d*x(1 - c™2xx))/x + exArcTanh[c*Sq
rt[x]] + 2%exLog[l - E~(-2*ArcTanh[c*Sqrt[x]])]) - e*PolyLog[2, E~(-2*ArcTa
nh[cxSqrt[x]1]1)]1)/(c™4xd~2) + (ex(2xArcTanh[c*Sqrt[x]]*(-ArcTanh[c*Sqrt[x]]

+ Logl[l + ((c™2*%d + e)*E~(2%ArcTanh[c*Sqrt[x]]))/(c™2%d - 2*cxSqrt[-d]*Sqrt

[e] - e)] + Logl[l + ((c™2*%d + e)*E~(2%ArcTanh[c*Sqrt[x]]))/(c™2*d + 2*c*Sqr
t[-dl*Sqrtle] - e)]) + PolyLog[2, -(((c™2xd + e)*E~(2*ArcTanh[c*Sqrt[x]]))/
(c7™2*%d - 2xc*Sqrt[-d]l*Sqrtle] - e))] + PolyLog[2, -(((c™2xd + e)*E~(2%ArcTa
nh[cxSqrt[x]1]))/(c™2*d + 2xcxSqrt[-d]l*Sqrtle] - e))]1))/(4*c”4*xd~2))

fricas [F] time = 0.67, size = 0, normalized size = 0.00

bartanh (c\/E) +a

ex3 + dx?

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~2/(e*x+d),x, algorithm="fricas")
[Out] integral((b*arctanh(c*sqrt(x)) + a)/(e*x”3 + d*x~2), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

f bartanh (c\/E) +a

(ex + d)x? ax

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"2/(e*x+d),x, algorithm="giac")
[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((e*xx + d)*x72), x)

maple [A] time = 0.07, size = 620, normalized size = 1.50

a 2aeln (C\/E) aeln (czex + czd) barctanh (c\/E) 2barctanh (C\/E) eln (cx/a—c) barctanh (c\/E) elr
i &2 P T P i P

Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*xx~(1/2)))/x"2/(e*xx+d) ,x)
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[Out] -a/d/x-2*a/d"2*exln(c*x~(1/2))+a*e/d"2*x1n(c " 2*e*x+c”2*d) -b*arctanh (c*x~(1/2
))/d/x-2*b*arctanh(c*x~(1/2))/d"2*e*x1ln(c*x” (1/2) ) +b*arctanh (c*x~(1/2))*e/d”
2x1n(c”2*e*xx+c~2*xd) -b*c/d/x"(1/2)-1/2*xc"2*b/d*1n(cxx~(1/2)-1)+1/2*c”2*b/d*1
n(1+cxx~(1/2))+b/d"2*exdilog(c*x~(1/2))+b/d"2*e*dilog(1l+c*x” (1/2))+b/d"2*e*
In(c*x™(1/2))*In(1+c*xx~(1/2))+1/2%b/d" 2*ex1n(c*xx~(1/2)-1) *1n(c™2*e*xx+c~2*d)
-1/2%b/d"2*ex1n(c*x~(1/2)-1)*1In((cx(-d*e) " (1/2) —ex(c*x~(1/2)-1)-e) / (cx(-d*e
)" (1/2)-e))-1/2*%b/d"2*ex1n(c*x~ (1/2)-1) *1In((c*x (-d*e) ~(1/2)+e*x (c*x~(1/2)-1)+
e)/(cx(-dxe)~(1/2)+e))-1/2%b/d"2*exdilog((c* (-dxe) ~(1/2)-ex(c*xx~(1/2)-1)-e)
/(c*x(-d*e)~(1/2)-e))-1/2xb/d"2xexdilog((c*(-d*e) " (1/2)+ex(c*x~(1/2)-1)+e)/(
cx(=d*e)~(1/2)+e))-1/2*b/d"2xex1n (1+c*x~ (1/2) ) *In(c™2*exx+c~2*d) +1/2*b/d" 2%
exIln(1+c*x™(1/2))*In((cx(-d*e) " (1/2)-ex(1+c*xx~(1/2) )+e) /(cx(-d*e) " (1/2)+e))
+1/2xb/d"2*e*x1n(1+c*xx” (1/2) ) *1n((c*x(=d*e) ~(1/2)+e*x (1+cxx~(1/2))-e) / (cx(-d*e
)" (1/2)-e))+1/2%b/d"2%exdilog ((c*x (-d*e) ~(1/2) —ex(1+c*xx~(1/2))+e) / (cx(-d*e)~
(1/2)+e))+1/2xb/d"2*e*xdilog((cx (~d*e) "~ (1/2)+e*x (1+cxx~(1/2))-e) /(c*x(-d*e)~ (1
/2)-e))

maxima [F] time = 0.00, size = 0, normalized size = 0.00

5 3

a(elog (ex+d) elog(x) 1 )+ bf log (c X +1) log (—c X +1)
- T 5 3
2 (fzxE + dxi)\/E 2 (ex§ + dxi)\/;

7 P T dx—b dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~2/(e*x+d),x, algorithm="maxima"

[Out] a*x(exlog(e*x + d)/d"2 - exlog(x)/d"2 - 1/(d*x)) + b*integrate(1/2*log(c*sqr
t(x) + 1)/((exx™(5/2) + d*x~(3/2))*sqrt(x)), x) - bxintegrate(1l/2*log(-c*sq
rt(x) + 1)/((exx~(5/2) + d*x~(3/2))*sqrt(x)), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

dx

fa+batanh(cx/§)

x2 (d +ex)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*xx~(1/2)))/(x"2x(d + e*x)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x"2%(d + e*x)), x)

sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((atb*atanh(cxx**(1/2)))/x*x2/(e*x+d) ,x)

[Out] Timed out
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a+btanhf1@?J§)
x3(d+ex)

Optimal. Leaf size=506

dx

349 |

2 -1 2 -1 2c ‘/___\/E\/E ) -1
Zezlog(cﬁ+1)(a+btanh (C\/;)) e (a+btanh (C\/E))log((c\/;c(+1)d(m/—_d— )e)) e (a+btanh (C\/E)

a3 a3 ‘

[Out] -1/6*b*xc/d/x"(3/2)+1/2%¥b*c 4*arctanh(c*x~(1/2))/d-b*c " 2*e*arctanh(cxx~(1/2)
)/d"2+1/2*(—a-b*arctanh(c*x~(1/2)))/d/x"2+e*x(a+b*arctanh(c*x~(1/2)))/d"2/x+
axe”2*1n(x)/d"3+2*xe"2* (atb*arctanh(cxx~(1/2)))*1n(2/(1+c*x~(1/2)))/d"3-e" 2%
(atb*arctanh(c*x~(1/2)))*1n(2*xc* ((-d) ~(1/2)-e~(1/2)*x~(1/2)) / (c*x(-d) ~(1/2) -
e~ (1/2))/(1+c*xx~(1/2)))/d"3-e"2*x(a+b*arctanh(c*x~ (1/2)) ) *In(2*c*x ((-d) " (1/2)
+e~(1/2)*x~(1/2)) / (c*x(=d)~(1/2)+e~(1/2)) / (1+c*xx~(1/2))) /d"3-b*xe~2*xpolylog(2
,—c*x~(1/2))/d"3+b*e”2xpolylog(2,c*x~(1/2))/d"3-bxe 2*polylog(2,1-2/(1+c*x"
(1/2)))/d"3+1/2%b*xe~2*polylog(2,1-2*cx((-d)~(1/2)-e~ (1/2)*x~(1/2)) / (c*x(-d)~
(1/2)-e~(1/2))/ (1+c*x~(1/2))) /d~3+1/2xb*xe~2*polylog(2,1-2xc* ((-d) " (1/2)+e~ (
1/2)*x~(1/2))/ (cx(-d) ~(1/2)+e~(1/2) )/ (1+c*x~(1/2))) /d~3-1/2*%b*c~3/d/x~(1/2)
+bxcxe/d"2/x~(1/2)

Rubi [A] time = 0.87, antiderivative size = 506, normalized size of antiderivative
= 1.00, number of steps used = 24, number of rules used = 13, integrand size = 23,

number of rules _ ) 565, Rules used = {44, 1593, 5982, 5916, 325, 206, 5992, 5912, 6044, 5920,

integrand size

2402, 2315, 2447}

20(V=d-+e \x 2¢(V=d ++/e V) )
be

2 __2 be?PolyL 2,1- be?PolyL 2,1-
bePolyLog (2,1~ £ be*Poly "g( T (e e>) Y "g( RV
- 7 + ¥ + B -

Antiderivative was successfully verified.
[In] Int[(a + bxArcTanh[cxSqrt[x]])/(x"3*(d + e*x)),x]

[Out] -(b*c)/(6%d*x~(3/2)) - (bxc~3)/(2*d*Sqrt[x]) + (b*xcxe)/(d"2*xSqrt[x]) + (b*c
“4xArcTanh [c*Sqrt [x]])/(2*d) - (b*xc”™2xexArcTanh[c*Sqrt[x]])/d"2 - (a + b*Ar
cTanh [c*Sqrt [x]])/(2xd*x~2) + (ex(a + bxArcTanh[cxSqrt[x]]))/(d"2*x) + (2%e
“2x(a + bxArcTanh[c*Sqrt[x]])*Log[2/(1 + cxSqrt[x])])/d"3 - (e"2x(a + b*Arc
Tanh [c*Sqrt [x]])*Log[(2%cx(Sqrt [-d] - Sqrtlel*Sqrt[x]))/((cxSqrt[-d] - Sqrt
[e])*(1 + c*xSqrt[x]))])/d~3 - (e”2*(a + b*ArcTanh[c*Sqrt[x]])*Log[(2*cx(Sqr
t[-d] + Sqrtlel*Sqrt[x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*Sqrt[x]))])/d~3 +
(axe~2*Log[x])/d~3 - (b*e"2xPolyLogl[2, 1 - 2/(1 + cxSqrt[x])])/d"3 + (bxe~2
*PolyLog[2, 1 - (2%cx(Sqrt[-d] - Sqrtlel*Sqrt[x]))/((c*Sqrt[-d] - Sqrtlel)*
(1 + cxSqrt[x]))])/(2%d"3) + (b*e~2*PolylLog[2, 1 - (2xc*(Sqrt[-d] + Sqrtle]
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xSqrt [x]))/((cxSqrt[-d] + Sqrtle])*(1 + c*xSqrtlx]))])/(2%d"3) - (bxe~2%xPoly
Log[2, -(c*Sqrt[x])])/d~3 + (b*e~2xPolyLog[2, c*Sqrt[x]])/d~3

Rule 44

Int[((a_) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.), x_Symbol] :> Int[
ExpandIntegrand[(a + b*x) m*(c + d*x)"n, x], x] /; FreeQ[{a, b, c, d}, x] &
& NeQ[b*c - a*xd, 0] && ILtQ[m, O] && IntegerQ[n] && !'(IGtQ[n, 0] && LtQ[m
+n+ 2, 0])

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]11)/(Rtl[a, 2]1*Rt[-b, 2]1), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQ[b, 0])

Rule 325

Int[((c_)*(x D))" )*((a_) + (b_)*(x_)" (@ ))"(p_), x_Symbol] :> Simp[((c*
x)"(m + 1)*(a + bxx™n) " (p + 1))/(a*xcx(m + 1)), x] - Dist[(b*(m + n*x(p + 1)
+ 1))/(a*xc”nx(m + 1)), Int[(c*x)"(m + n)*(a + bxx™n)"p, x], x] /; FreeQ[{a,
b, ¢, p}r, x] && IGtQ[n, 0] && LtQ[m, -1] && IntBinomialQ[a, b, ¢, n, m, p,
x]

Rule 1593

Int[(u_)*((a_)*x(x_)"(p_.) + (b_)*(x_)"(q_.))"(n_.), x_Symbol] :> Int[uxx
“(nxp)*(a + bxx"(q - p))°n, x] /; FreeQl{a, b, p, g}, x] && IntegerQ[n] &&
PosQlq - p]

Rule 2315

Int[Logl[(c_.)*x(x_)]1/((d_) + (e_.)*(x_)), x_Symbol] :> -Simp[PolyLogl[2, 1 -
cxx]/e, x] /; FreeQ[{c, d, e}, x] && EqQ[e + cxd, 0]

Rule 2402

Int[Logl[(c_.)/((d ) + (e_.)*x(x_))]/((f_) + (g_.)*(x_)"2), x_Symbol] :> -Dis
tle/g, Subst[Int[Log[2*d*x]/(1 - 2xd*x), x], x, 1/(d + exx)], x] /; FreeQ[{
c, d, e, £, g}, x] & EqQlc, 2*d] && EqQ[e~2*f + d~2x*g, 0]

Rule 2447

Int[Log[u J1*(Pq )~ (m_.), x_Symbol] :> With[{C = FullSimplify[(Pq m*(1 - u))
/D[u, x11}, Simp[C*PolyLogl[2, 1 - ul, x] /; FreeQ[C, x]] /; IntegerQ[m] &&
PolyQ[Pq, x] && RationalFunctionQ[u, x] && LeQ[RationalFunctionExponents [u,
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x] [[2]], Expon[Pq, x]]

Rule 5912

Int[((a_.) + ArcTanh[(c_.)*(x_)]*(b_.))/(x_), x_Symbol] :> Simp[a*Logl[x], x
1 + (-Simp[(b*PolyLog[2, -(c*x)])/2, x] + Simp[(b*PolyLog[2, c*x])/2, x]) /
; FreeQ[{a, b, c}, x]

Rule 5916

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_.)*((d_.)*(x_))"(m_.), x_Symbol]

:> Simp[((d*x)~(m + 1)*(a + b*ArcTanh[c*x])“p)/(d*x(m + 1)), x] - Dist[(bx*c
xp)/(d*x(m + 1)), Int[((d*x)"(m + 1)*(a + b*ArcTanh[c*x])~(p - 1))/(1 - c 2%
x~2), x], x] /; FreeQ[{a, b, c, d, m}, x] && IGtQ[p, 0] && (EqQlp, 1] || In
tegerQ[m]) && NeQ[m, -1]

Rule 5920

Int[((a_.) + ArcTanh[(c_.)*(x_)1*(b_.))/((d_) + (e_.)*(x_)), x_Symbol] :> -
Simp[((a + b*ArcTanh[c*x])*Log[2/(1 + c*x)])/e, x] + (Dist[(b*c)/e, Int[Log
[2/(1 + c*x)]/(1 - c™2*%x72), x], x] - Dist[(b*c)/e, Int[Logl[(2*cx(d + e*xx))
/((cxd + e)*x(1 + c*x))]/(1 - ¢c™2*%x72), x], x] + Simp[((a + bxArcTanh[c*x])*
Log[(2%c*x(d + e*x))/((cxd + e)*(1 + c*x))])/e, x]) /; FreeQ[{a, b, c, d, e}
, x] && NeQ[c™2%d"2 - e~2, 0]

Rule 5982

Int[(((a_.) + ArcTanh[(c_.)*(x_)]*(b_.)) " (p_)*((f_.)*(x_))"(m_))/((d ) + (
e_.)*x(x_)"2), x_Symbol] :> Dist[1/d, Int[(f*x) m*(a + b*ArcTanh[c*x]) p, xI]
, x] - Distle/(d*f"2), Int[((f*x)"(m + 2)*(a + b*ArcTanh[c*x]) p)/(d + e*xx”
2), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[p, 0] && LtQ[m, -1]

Rule 5992

Int[(((a_.) + ArcTanh[(c_.)*(x_ )]*(b_.))*x(x )" (m_.))/((d.) + (e_.)*x(x_)"2),
x_Symbol] :> Int[ExpandIntegrand[a + bxArcTanh[c*x], x"m/(d + e*x~2), x],
x] /; FreeQ[{a, b, c, d, e}, x] & IntegerQ[m] && !(EqQ[m, 1] && NeQ[a, O]
)

Rule 6044

Int[((a_.) + ArcTanh[(c_.)*(x_)I*(b_.))"(p_)*((f_)*(x_)) " (m_.)*((d_) + (e
_I)*(x_)"2)"(q_.), x_Symbol] :> With[{u = ExpandIntegrand[(a + b*ArcTanh[c*
x])7p, (£f*x)"m*x(d + exx"2)"q, x]}, Intl[u, x] /; SumQ[ul] /; FreeQ[{a, b, c,



d, e, £, m},

Rubi steps

x] && IntegerQ[q]l && IGtQ[p, 0] && (GtQ[q, O]

f a+btanh™! (C\/E)

x3(d + ex)

dx = 2 Subst (f
= ZSubst[f

a + btanh ' (cx)

dx> + ex”

a + btanh ' (cx)

x,x,\/;)
dx,x, \/’)
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|| IntegerQ[m])

x° (d + exz)
nh! btanh™ ( )
2 Subst ( [t g x,\/;) (2¢) Subst ( frse g, \/_)
d - d

1+ btanh™ (c \/;) (bc) Subst ( f (

dx X, \/_) (26) Subst (f a+bta2§

- 2dx? - 42
3 1
be a+btanh™ (C\/; ) e (a +btanh ™ (C\/; )) (bc ) Subst (f x2(1-c2
“6dr? 242 ¥ ’ 24
be bc? bce a+Dbtanh™ (C\/E ) e (a +btanh™ (C\/E )) (bCE
6dx32 2d+/x " 2rx 2dx? " d?x i
be bc3 bce  bcttanh”’ (c\/E) bc%etanh ™! (C\/E) a + btanh
T6d 2dvx | devE 24 } P ) 2
be bc3 bce  bcttanh” (c\/E) bc%etanh ™" (C\/E) a + btanh
RN N 24 ) Pz ) 2
be bc3 bce  bc*tanh™ (c\/E) bc%e tanh ™ (C\/;) a + btanh
RN N 24 ) Pz ) 2
be bc3 bce  bcttanh™ (c\/E) bc%e tanh ™ (c\/E) a + btanh
RN N 24 ) Pz ) 2d
be bc3 bee  bc*tanh™ (c\/E) bc%e tanh ™ (c\/i) a + btanh
T6d?  2d\x | x| 24 ) Pz ) 24
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Mathematica [A] time = 2.74, size = 394, normalized size = 0.78
(dC2+€)62 tanh_l(cx/})

dc2—2~/—d \Jec—e

(d62+e)€2 tanh™! (C v

+Liy | —————————
2( dc2+2=d Je c—

3ad? + 6ae?x? log(d + ex) — 6adex — 6ae®x? log(x) + b [3ezx2 [L12 [—

Warning: Unable to verify antiderivative.

[In] Integrate[(a + bxArcTanh[cxSqrt[x]])/(x"3*(d + e*x)),x]

[Out] -1/6%(3%a*d™2 - 6*axdke*xx - 6Gkakxe”2*%x~2*Log[x] + 6xaxe”2xx"2xLogl[d + exx] +
b* (cxd*Sqrt [x]*x(d + 3*%c™2xd*x - 6%exx) - 3*xArcTanh[c*Sqrt[x]]x(d*(-1 + c~2
*xx)*(d + c72*d*x - 2%e*x) + 2%e”2xx”2xArcTanh[cxSqrt[x]] + 4xe”2*xx"2*Logl[1

- E7(-2xArcTanh[c*Sqrt[x]])]) + 6%xe”2xx"2*PolyLog[2, E~(-2*ArcTanh[c*Sqrt[x

1101 + 3*%e”2*xx~2* (2*%ArcTanh [c*Sqrt [x]]*(-ArcTanh[c*Sqrt [x]] + Logl[l + ((c~2

*d + e)*E~(2xArcTanh[cxSqrt[x]]))/(c™2*d - 2*c*Sqrt[-d]*Sqrtle] - e)] + Log

[1 + ((c™2%d + e)*E~(2xArcTanh[c*Sqrt[x]]))/(c™2xd + 2*c*Sqrt[-d]*Sqrt[e] -

e)]) + PolyLog[2, -(((c™2*d + e)*E~(2*ArcTanh[c*Sqrt[x]]))/(c™2*d - 2*c*Sq
rt[-d]*Sqrt[e] - e))] + PolylLogl[2, -(((c”2*d + e)*E~(2xArcTanh[c*Sqrt[x]]))
/(c™2*d + 2*xcxSqrt[-d]*Sqrtle] - e))]1)))/(d"3*x"2)

fricas [F] time = 0.70, size = 0, normalized size = 0.00

bartanh (cx/a—c) +a

ext + dx3

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x"3/(e*x+d),x, algorithm="fricas")
[Out] integral((bxarctanh(c*sqrt(x)) + a)/(exx”4 + d*x~3), x)

giac [F] time = 0.00, size = 0, normalized size = 0.00

dx

f bartanh (c\/E) +a

(ex + d)x3
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((atb*arctanh(c*x~(1/2)))/x~3/(e*x+d),x, algorithm="giac")

[Out] integrate((b*arctanh(c*sqrt(x)) + a)/((exx + d)*x~3), x)

maple [A] time = 0.08, size = 741, normalized size = 1.46

cV—de —e(1+C\/§)+e

cV—de+e

b dil cV—de +e(1+c«/a_c)—e
¢ arog cV—de—e barctanh (c\/E) c*bIn (1 + c\/E) c*bIn (C\/E
28 ) 28 T 24 ad 4

be? dilog (
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((at+b*arctanh(c*x~(1/2)))/x"3/(exx+d) ,x)

[Out] 1/4*c”4xb/d*1n(1+c*x”(1/2))-1/4*c”4*b/d*1n(cxx~(1/2)-1)-b/d"3*e"2*dilog(c*x
~(1/2))-b/d"3xe"2xdilog(1+c*x~(1/2))+1/2xb/d"3*e"2xdilog((c* (-d*e) ~(1/2) -ex*
(c*xx™(1/2)-1)-e) /(c*x(=dxe)~(1/2)-e))+1/2xb/d"3*xe"2xdilog((c* (-d*e) ~(1/2) +ex*
(c*xx™(1/2)-1)+e) /(c*x(=dxe)~(1/2)+e))-1/2xb/d"3*e"2xdilog((c* (-d*e) ~(1/2) -ex*
(1+c*x~(1/2))+e) /(c*x(-dxe) ~(1/2)+e) ) -1/2%b/d"3*e"2*dilog ((c* (-d*e) " (1/2) +e*
(1+c*xx~(1/2))-e) /(cx(-d*xe)~(1/2)-e))-1/2*b*arctanh(c*x~(1/2))/d/x"2+2*a/d"3
*e"2+xIn(c*x™(1/2))—a*xe”2/d"3*1ln(c " 2*e*xx+c”~2*xd) +a/d " 2*xe/x-1/2*c”2*xb/d"2*1n (1
+c*xx”(1/2) ) *xe-1/2*a/d/x"2+b*c*xe/d"2/x" (1/2) -b*arctanh (c*x~ (1/2) ) *e~2/d"3*1n
(c™2*e*x+c™2xd)-1/2%b/d"3*e”"2x1n(c*x~ (1/2)-1) *1n(c"2*e*x+c~2%d) +1/2*b/d"3*e
“2%1In(c*x”(1/2)-1)*1n((cx(-d*e) ~(1/2)-e*x(cxx~(1/2)-1)-e)/ (cx(=d*xe) " (1/2) -e)
)+b*arctanh(c*x~(1/2))/d"2*xe/x+1/2%¥b/d"3*e”2*x1n(c*x~(1/2)-1) *1n((c* (-d*e) ~(
1/2)+ex(cxx~(1/2)-1)+e) /(cx(=d*e) ~(1/2)+e) ) +1/2%b/d"3*e” 2x1In (1+c*xx~(1/2) ) *1
n(c™2xexx+c”2%d)-1/2%b/d"3*e”"2x1n (1+c*x~ (1/2) ) *In((cx(-d*e) "~ (1/2) —e*x (1+c*x~
(1/2))+e) /(cx(-d*xe) " (1/2)+e))-1/2%b/d"3*e” 2*1n (1+c*x~ (1/2) ) *1n((c*x(-d*e) "~ (1
/2)+ex (1+cxx~(1/2))-e)/ (cx(=d*e) ~(1/2)-e) ) +1/2xc™2%b/d"2*1In(c*x~ (1/2) -1) *xe-
b/d"3*e"2x1n(c*x~(1/2)) *1n(1+c*x”~(1/2) ) +2*b*arctanh(c*x~(1/2))/d"3*e"2*1n(c
*x~(1/2))-1/6xbxc/d/x~(3/2)-1/2*%b*c~3/d/x~(1/2)

maxima [F] time = 0.00, size = 0, normalized size = 0.00

2

7

1 (2e210g(ex+d) 22 log(x) 2ex—d)+bf log (cv/x +1) log (-cvx +1)
B - 7 5
Z(exE + dxi)\/E Z(exE + dxi)\/E

e e 2 x-b z dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*arctanh(c*x~(1/2)))/x~3/(e*x+d),x, algorithm="maxima"

[Out] -1/2%ax(2*xe”2*log(e*xx + d)/d~3 - 2xe"2xlog(x)/d~3 - (2xexx - d)/(d"2*x"2))
+ bkxintegrate(1/2*log(cxsqrt(x) + 1)/((exx™(7/2) + d*x”(5/2))*sqrt(x)), x)
- bxintegrate(1/2*log(-c*sqrt(x) + 1)/((exx~(7/2) + dxx~(5/2))*sqrt(x)), x)

mupad [F]  time = 0.00, size = -1, normalized size = -0.00

dx

fa+batanh(cx/§)

x3 (d +ex)
Verification of antiderivative is not currently implemented for this CAS.

[In] int((a + b*atanh(c*x~(1/2)))/(x"3*%(d + e*x)),x)
[Out] int((a + b*atanh(c*x~(1/2)))/(x"3*%(d + e*x)), x)
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sympy [F(-1)] time = 0.00, size = 0, normalized size = 0.00

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((atb*atanh(cxx**(1/2)))/x**3/(e*x+d) ,x)

[Out] Timed out



Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: x)

(* ::Subsection:: *)
(*GradeAntiderivative[result,optimal] *)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex*)

(¥ "C" if result involves higher level functions than necessaryx*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
I1f [ExpnType [result] <=ExpnType [optimall],
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If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
If [LeafCount [result] <=2*LeafCount [optimal],
IIA" s
||Bll] ,
||Cl|] s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
||Cl| s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*xexpression based on the functions it involves*)

(1
(¥2 = algebraic functionx)

rational functionx)

(¥3 = elementary functionx*)

(x4 = special functionx)

(*5 = hyperpergeometric functionx)
(6 = appell functionx)

(¥7 = rootsum functionx)

(*8 = integrate functionx)

(¥9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expn] ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType lexpn[[1]1]1],2]1],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunction@[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]1],
If [SpecialFunctionQ[Head [expnl],
Apply [Max, Append [Map [ExpnType, Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]l],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],6]],
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If [Head [expn]===RootSum,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],7]1],
If [Head[expn]===Integrate || Head[expn]===Int,
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

},funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, Coshlntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{Hypergeometric1F1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]

4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()
# if leaf size is "too large". Set at 500,000
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#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount (result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType (result);
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result" ,ExpnType_result," ExpnType_optimal=",
ExpnType_optimal);
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
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if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
print("result do not contain complex, this assumes optimal do not
as well");
fi;
if leaf_ count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType (result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:
#

# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
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#

#Nasser 032417

is_contains_complex:= proc(expression)
return (has(expression,I));

end proc:

The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function
hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

H OH HF H OH HF H H H R H
© 0 N O O WN -
n

ExpnType := proc(expn)
if type(expn,'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' " ') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4,apply (max,map (ExpnType, [op(expn)])))
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elif HypergeometricFunctionQ(op(0,expn)) then
max (5,apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,E1lipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u),op(2. .nops(u),u))
end if
end proc:
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#leafcount (u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple

leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:

4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count (expr):
#sympy do not have leaf count function. This is approximation
return round(l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfil]
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def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow):  #type(expn,' ~""')

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, ' *™")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args([1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
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elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(O,
expn))
ml = max(map(expnType, list(expn.args)))
return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):
ml = max(map(expnType, list(expn.args)))
return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,
return max(7,ml1)
elif str(expn).find("Integral") != -1:
ml = max(map(expnType, list(expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count_result
leaf_count_optimal

leaf _count(result)
leaf_count (optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"




4.0.4 SageMath grading function
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#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

debug=False;

def tree_size(expr):
i
Return the tree size of this expression.
win
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is Nonme:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False

def is_elementary_function(func):
debug=False
m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot','sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh','cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch'
'arctan2', 'floor', 'abs'
]
if debug:
if m:

,'sgn',
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print ("func ", func , " is elementary_function")
else:

print ("func ", func , " is NOT elementary_function")

return m

def is_special_function(func):
debug=False
if debug: print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi', 'fresnel sin','fresnel cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi','cosh_integral', 'gamma’','log_gamma', 'psi,zeta’,
'polylog','lambert_w', 'elliptic_£f','elliptic_e',
'elliptic_pi','exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):

return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):
debug=False

if debug: print ("Enter is_atom")

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:

if expn.parent() is SR:
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return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],
Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)
if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.argsl[1i],

Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
else:

return max(3,expnType (expn.operands() [0]) ,expnType (expn.operands ()
[1]1)) #max(3,expnType (expn.operands() [0]),expnType (expn.operands() [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]))
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return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)

return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it

#is checked before calling the grading function that is passed.
#but kept it here.

ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))

return max(8,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

if debug: print ("Enter grade_antiderivative for sagemath")

leaf _count_result = tree_size(result) #leaf_count(result)
leaf_count_optimal = tree_size(optimal) #leaf_count(optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
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if leaf_count_result <= 2x%leaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as
well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:
return "C"
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